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Eight Kinds of Graphs of BCK-algebras Based on Ideal and Dual 
Ideal 


Atena Tahmasbpour Meikola 4* 


' Department of mathematics. Islamic azad university, central Tehran branch, Iran; 


* Correspondence: atena.tahmasbpour63@gmail.com. 


Abstract: In this paper, at first we introduce the concepts of ideal-annihilator, dual ideal- annihilator, 
right- ideal- annihilator, left- ideal- annihilator, right- dual ideal- annihilator, left- dual ideal- 


annihilator. Then by using of these concepts, we constructed six new types of graphs in a bounded 
BCK-algebra (¥%=,0) based on ideal and dual ideal which are denoted by 
&,(X), dp (XY). A(X). 2,(4), Ae (2), and Ey (CX), respectively. Then basic properties of graph 
theory such as connectivity, regularity, and planarity on the structure of these graphs are 


investigated. Finally, by utilizing of binary operations « and v, we construct graphs F; (X) and 
Yr (X), respectively, some their interesting properties are presented. 


Keywords: BCK- algebra; Diameter; Chromatic number; Euler graph. 


1. Introduction 


Algebraic combinatorics is an area of mathematics that employs methods of abstract algebra in 
various combinatorial contexts and vice versa. Associating a graph to an algebraic structure is a 
research subject in this area and has attracted considerable attention. In fact, the research in this 
subject aims at exposing the relationship between algebra and graph theory and at advancing the 


application of one to the other. The story goes back to a paper of Beck [4] in 1998, where he 


introduced the idea of a zero-divisor graph of a commutative ring 2 with identity. He defined F(R) 
to be the graph whose vertices are elements of # and in which two vertices x and y are adjacent if 
and only if xy = 0. Recently, Halas and Jukl in [7] introduced the zero divisor graphs of posets. The 


study of the zero-divisor graphs of posets was then continued by Xue and Liu in [23], Maimani in 


[12]. More recently, a different method of associating a zero-divisor graph to a poset P was 
proposed by Lu and Wu in [11]. In this paper, we deal with zero-divisor graphs of BCI/BCK-algebras 
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based on ideal and dual ideal. Imai and Iseki [8] in 1966 introduced the notion of BCK- algebra. In 
the same year, Iseki [9] introduced BCI-algebra as a super class of the class of BCK- algebras. Jun and 


Lee [10] defined the concept of associated graph of BCK- algebra and verified some properties of this 


graph. Zahiri and Borzooei [24] associated a new graph to a BCI-algebra 4 which is denoted by 


G(X), this definition is based on branches of ¥, Tahmasbpour in [16, 17] studied chordality of graph 


defined by Zahiri and Borzooei and introduced four types of graphs of BCK- algebras which are 


constructed by equivalence classes determined by ideal / and dual ideal /*. Also, Tahmasbpour in 


[18, 21] introduced two new graphs of lattice implication algebras based on LI-ideal. Further, 


Tahmasbpour in [19, 20] introduced two new graphs of BCK-algebras based on fuzzy ideal #; and 
fuzzy dual ideal »;", two new graphs of lattice implication algebras based on fuzzy filter uz and 


fuzzy LI- ideal #4. Futhermore, Tahmasbpour in [22] introduced twelve kinds of graphs of lattice 


implication algebras based on filter and LI- ideal. This paper is divided into six parts. 
In Section 2, we recall some concepts of graph theory such as connected graph, planar graph, 


outerplanar graph, Eulerian graph, and chromatic number, among others. 


Section 3, is an introduction to a general theory of BCK- algebras. We will first give the notions of 
BCI/BCK- algebras, and investigate their elementary and fundamental properties , and then deal 


with a number of basic concepts, such as ideal, and dual ideal, among others. 
In Section 4, inspired by ideas from Behzadi et al. [5], we study the graphs of BCK-algebras which 


are constructed from ideal-annihilator and dual ideal-annihilator, denoted by ®; (X), Sy (x), 


respectively. 
In Sction 5, inspired by ideas from Behzadi et al. [5], we study the graphs of BCK- algebras which are 


constructed from right- ideal- annihilator, left- ideal- annihilator, right- dual ideal- annihilator, left- 


dual ideal- annihilator, denoted by 4 A(X). QZ (x), Ay (x), Le (xX) respectively. 
In Section 6, inspired by ideas from Alizadeh et al. [3], we introduce the associated graphs ¥;(%) 


and Y; (X) which are constructed from binary operations “ and v, respectively. 


2. Preliminaries of graph theory 


In this section, for convenience of the reader, we recall some definitions and notations concerning 


graphs and posets for later use. 
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Definition 2.1. ([3, 6]) For a graph G, we denote the set of vertices of G as V(G) and the set of edges 
as E(G). A graph G is said to be complete if every two distinct vertices are joined by exactly one 
edge. The greatest induced complete subgraph denotes a clique. If graph & contains a clique with 
elements, and every clique has at most ™ elements, we say that the clique number of & is m and 
write w(G) =n. Also, a graph & is said to be connected if there is a path between any given pairs of 
vertices, otherwise the graph is disconnected. For distinct vertices x and y of &G, let d(x. y) be the 
length of the shortest path from x to y and if there is no such path we define d(x, y) =. The 
diameter of G is diam(G) = supid(x, y):x,y € V(G)}. Also, the girth of a graph G, is denoted by 
gr(G), is the length of the shortest cycle in G if G has a cycle; otherwise, we get gr(G) =o. The 
neighborhood of a vertex x is the set N(x) = ty € V(G); xy € E(G)}. Graph 4F is called a subgraph 
of G if VIA) CV(G) and E(H) © ECG). A graph & is called regular of degree k when every vertex 
has precisely * neighbors. A cubic graph is a graph in which all vertices have degree three. In other 
words, a cubic graph is a 3- regular graph. Moreover, for distinct vertices x and ¥, we use the 
notation x — y to show that is x connected to y. Let P= (V.=) be a poset. If x= y but x+y¥, 
then we write x = y. If x and ¥ are in ¥, then ¥ covers * in P if x < y and there is no zEY, 
with x <z< ¥. Two sets {x € P;x covers 0} and {xe P;lcoversx}, denoted by Atom(P) and 
Coatom(P), respectively. Let L & P, we say £ is a chain if for all x.y E€L,x£= y or y= x. Chain L 
is maximal if for all chain L’,L & £" implies that £ = L’. 

Definition 2.2. ([4]) If K is the smallest number of colors needed to color the vertices of & so that no 
two adjacent vertices share the same color, we say that the chromatic number of G is K and write 


y(G) = K. Moreover, we have ¥(G) = w(G). 
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Definition 2.3. ([6]) A closed walk ina graph G containing all the edges of & is called an Euler line 
in G. A graph containing an Euler line is called an Euler graph. We know that a walk is always 
connected. Since the Euler line (which is a walk) contains all the edges of the graph, an Euler graph is 
connected. Euler’s theorem says that the connected graph © is Eulerian if and only if all vertices of 
G are of even degree. 

Definition 2.4. ([2]) A subdivision of a graph is any graph that can be obtained from the original 


eraph by replacing edges by paths. Graph © is planar if it can be drawn in a plane without the edges 


having to cross. Proving that a graphis planar amounts to redrawing the edges in such a way that 
no edges will cross. One may need to move the vertices around and the edges may have to be drawn 


in a very indirect fashion. Kuratowski’s theorem says that a finite graph is planar if and only if it 


does not contain a subdivision of Ks or 43.3. The clique number of any planar graph is less than or 


equal to four. 


Definition 2.5. ([15]) Let G be a plane graph. A face is a region bounded by edges. An undirected 


eraph is an outerplanar graph if it can be drawn in the plane without crossing in such a way that all 
of the vertices belong to the unbounded face of the drawing. There is a characterization of 


outerplanar graphs that says a graph is outerplanar if and only if it does not contain a subdivision of 


Ky or Ky. 
Definition 2.6. ([14]) The number g is called the genus of the surface if it is homeomorphic to a 
sphere with g handles or equivalently holes. Also, the genus g of a graph © is the smallest genus 


of all surfaces in such a way that the graph © can be drawn on it without any edge-crossing. The 


eraphs of genus zero are precisely the planar graphs since the genus of a plane is zero. The graphs 


that can be drawn on a torus without edge- crossing are called toroidal. They have a genus of one 


since the genus of a torus is one. The notation y(G) stands for the genus of a graph 6G. 
Theorem 2.7. ([1]) For the positive integers m and %, we have: 

a o | is ‘ . 

(i) yk) = [= (n —3)(n— 4)] ifn, 


(ii) y(Kmn) = [2 Gm — 2)(n — 2)] if mn B 2. 
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3. Introduction of BCI/BCK- algebras 


In this section, we submit some concepts related to BCI/BCK-algebra, which are necessary for our 


discussion. 


Definition 3.1. ({13]) A BCI- algebra (4.*,0) is an algebra of type (2.0) satisfying in the following 


conditions: 


(BCI 1) ((x* y) = (x =z)) + (z*y) =0, 
(BCI2)x*0=0, 
(BCI3)x*y =0,y*x =0 imply y=x. 
If X satisfies in the following identity: 
(wx eX) (0+x =0), 
Therefore * is called a BCK-algebra. Any BCI ECK- algebra X satisfies in the following conditions: 
(i)(x+(x=y))*y = 0, 
(ii)x*x =0, 
(iii)(x * y) « z = (xz) *y, 
(iv) x = y implies x* z= y*z and *y=z#x,forany ZEA. 
Moreover, the relation = was defined by * = y+ x*y =0, forany x.y € 4, whichis a partial 


order on 4. (4,*,0) is said to be commutative if it satisfies for all x.y € 4, 
x (x+y) =y=(y*x) 


Definition 3.2. ([13]) A subset / is called an ideal of * if it satisfies the following conditions: 
@o0ed, 
Givxy EX (xeyeLy eloxel). 


Anideal P of * is prime if x * (x *¥)€P implies x EP or yEP. 
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Note: A BCK- algebra‘ is said to be bounded if there exists ¢ © 4 in sucha way that x = @ for any 


x € X, and the element # is said to be the unit of 4. In a bounded BCK-algebra, we denote ¢ *x by 


N(#). 


Definition 3.3. ([13]) A nonempty subset /* of a bounded BCK-algebra * is said to be a dual ideal 


of x if 


(ier, 


(ii) N(Nx*Ny) eI" and ye!” imply x € 1”, forany x.y €X. 


A dual ideal P’ of X is prime if N(Nx «(Nx = Ny)) € PY implies x € P’ or y€ P’. 


Theorem 3.4. ({13]) Let 4 be a bounded BCK-algebra with the greatest element 1. Then, the 


following statements hold for any *.¥ € *: 


(Q)N1=0 and NO=1. 


(ii)Nx+ Ny < yx. 


(iii)y <x implies Nx < Ny. 


Theorem 3.7. ({13]) Let * be a bounded BCK-algebra. Then * is commutative if and only if 
xay = x(x * y), xvy = N(NxaNy). 


4. Graphs of BCK-algebras based on ideal and dual ideal by the concepts of ideal- annihilator, 
dual ideal- annihilator 


Definition 4.1. Let A be anonempty subset of 1, J and !” be an ideal, a dual ideal of #, 


respectively. Then, the set of all zero-divisors of A by / and !” are defined as follows: 
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(i) Ann, A = {x EX:xeaelora*sx €LWa € A}. 


Gi) Ann jA = {x € X¥:N(Nx « Na) € I” or N(Na + Nx) € I", Wa € A}. 


Proposition 4.2. Let 4 and & be nonempty subsets of *, J and !* be an ideal, a dual ideal of *, 


respectively. Then, the following statements hold: 


(@) 1Uf1} © Ann, A, IY UfO} S Ann, A. 

Gi) If ASB then Ann,B € Ann, A and Am »~B CS Ann, A, 

(i) If 0 € A, then Ann,A = Ann,(A —{0%) and Ann,A= Ann (A — {O}). 

(iv) If 1 € A, then Ann,A = Ann,(A—{1) and Ann» A= Ann, (A— {1}. 

(v) Ann,f =X and Anny!” = X, 

(wi) If J = {0},1" = {1}, then we have 

Ann,A = fy: yis comparable to any element in Al 

Ann «A= fy: yis comparable to any element in A}. 

Proof. (i) Let x € I, then by Definition 3.1 (iti), we have x* a E/,¥a EA, Also, x#1=0,¥x EX, 
So [WU {1} & Ann, A. Similarly, we can prove I° U {0} & Ann» A, 

(if) Suppose that x © Ann,B, then x* bel or be xe], ¥beE 8B, but A&&, therefore x*bET or 
be xEl,Whe A.ie x € Ann;A, hence Ann,& © Ann,A. 

(iit) According to Definition 4.1(%), we have Ann,;4A =fM,., A4nn,;a. Also, Ann, {0} = X. Then, 
Ann, A = Ann,(A — {0}). Similarly, we can prove Anny A = Ann» (A — {0}). 

(iv) According to Definition 4.1(@), we have Ann,;A =f",., Ann,;a. Also, Ann, {1} = X. Then, 


Ann,A = Ann, (A — {1}). Similarly, we can prove Anny A = Ann» (A — {1}). 
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(v7) Let xE4X, we know by Definition 3.1 (iii), a*xeEl,v¥ael, then x € Ann,!, hence 
Ann,I = X, Similarly we can prove Annpl” = X. 

(vi) The proof is easy. 

Definition 4.3. Let J and !” be an ideal, a dual ideal of *, respectively. Then, we have: 

(i) ®,(X) is a simple graph, with vertex set ¥ and two distinct vertices x and y being adjacent if 
and only if Ann, ix, yi = IU {1}. 

(ii) CQ) is a simple graph, with vertex set ¥ and two distinct vertices x and y being adjacent if 
and only if Ann y{x, y} = J" U {0}. 


Example 4.4. Let 4 = {0,a,5,c¢,1} and the operation * be defined by the following table: 





Therefore, (4,*.0) is a bounded BCK-algebra. Also, we have 


E (Spo, (x) ) =E (2, (x) ) = fab, be, ac}. 


Theorem 4.5. Let J and !” be an ideal, a dual ideal of 4, respectively. Then the following 


statements hold: 


(i) N,({0}) = N,(1}) = 6, where G = #,(¥). 

(i@) N,({0}) = N,(@1})) = 6, where G = @,(X). 

Proof. (i) We know Ann,{0} =X and Ann,fl} =X, for all xEX.x=0.1, we have, 
TU {x,1} © Ann, {x}. Then IU x, 1} © Ann,{0,x} and JU {x,1} © Ann,{x.1}, for all x EX.x #01. 


So, by Definition 4.3 (i) of graph ©, (Xx), for all x € ¥,x = 0,1. is connected to elements 0,1 if 
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and only if x €J, if x € J, then by proposition 4.2 (v), Ann,{x} =X. So, 0.1 are not connected to 
x, forall x € 4, 

(iit) We know Annp{0} =X and Annpfl} =X , for all xEX.x=0,1 , we _ have, 
Pu {0.x} © Annye{x} . Then [YU {0.x} © Ann,y{0,x} and MU{0,2} CAnnp{x, 1}, for all 
x €X,x # 0.1. So, by Definition 4.3 (i) of graph ®y (X), for all x € ¥.x # 0.1.x is connected to 
elements 0,1 if and only if x €/", then by Proposition 4.2 (1), Ann w{x} =X, So, 0,1 are not 
connected to x, forall x € X. 

Theorem 4.6. Let ¥ = {0,1} U Atom(¥),/) ={0} and I" = {1} be an ideal, a dual ideal of X, 
respectively. Then, £ (b, (x)) = E(@,. (x) ) = {xy; x,y € Atom(X)}. 
Proof. We know Ann 9, LO} =X and Anno, Uj =A , by proposition 4.2 (vi) , since 
X = Atom(X) U {0,1}, we have, for all x € Atom(X), ANN ro, {x} = {0,x.1}. On the other hand we 
know Anny te ¥} = Anny ix} MN Ann, {y}. Then by Definition 4.31) of graph ®;, (¥), x and ¥ 
are adjacent if and only if x.y © Atom(%). Similarly, we have Ann 1; LOF =X and Ann ry Ud =x, 
for all x € Atom(X), Ann cay i} = (0.x, 1}. Then by Definition 4.3(i) of graph ®;1, (X), x and y are 
adjacent if and only if x.y € Atom(*). 
Theorem 4.7. Let ¥ = {0,1} U Atom (X¥). Then, the following statements hold: 
(i) w (© p90) = [Atom(X)]. 
(ii) w (&;,,08)) = |Atom (2). 
Proof. (i) Straightforward by Theorem 4.6(¢). 
(it) Straightforward by Theorem 4.6(it). 


Theorem 4.8. Let J! = {0} and /* = {1} be an ideal, a dual ideal of *, respectively. Then the 


following statements hold: 
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Gi) N(x) = {y:y is not comparable to x}, where G = ®,(X),x # 0,1. 


Git) N-Ux}) = fy: y is not comparable to x}, where G = ®,(XY),x = 0,1. 


Proof. (f) We have, for all x € 4.x = 0,1, Ann, {x} = {yi y is comparable to x}. On the other hand 
we know Am oy y} = Ann po i¥} 9 Ann, {y}. Then by Definition 4.3 (i) of graph Pq, (X¥), x and 
y are adjacent if and only if and ¥ are not comparable to each other. 

(it) We have, for all x € 4,x + 0,1, Ann,,, {x} = {yi y is comparable to x}. On the other hand we 
know An ry LF = Ann pty ®t n Ann 1, {¥}. Then by Definition 4.3 (it) of graph Pi (Xx) x and ¥ 
are adjacent if and only if x and y are not comparable to each other. 


Theorem 4.9. Let / and !* be an ideal, a dual ideal of *, respectively. Then the following 


statements hold: 


(ale,@)) = Ul. 


(i) a(@(X)) = I'l. 


Proof. (i} We suppose that x.yEl . Then by Proposition 4.2 (1) , we have, 
Ann,{x} =A, Ann,{y} =A. Therefore, by Definition 4.3 (i) of graph ,(X). xy EE (,(x)). 
Therefore, by Definition 2.1 of independent set, we have al’, (x)) > [I]. 

(it) We suppose that x,y € /". Then by Proposition 4.2 (1), we have, Anny {x} = A, Anny fy} = 4, 
Therefore, by Definition 4.3 (ii) of graph Py (xX) xyEE (@,. Cx)). Therefore, by Definition 2.1 of 
independent set, we have al ® r (x)) = [l*|. 


Theorem 4.10. Let | ¥] > 2 and I bea prime ideal, I” be a prime dual ideal of ¥. Then the 


following statements hold: 
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(i) @,(4) is an empty graph. 


(i) @, CX) is an empty graph. 


Proof. (i) We suppose, on the contrary, that @,(X) is not an empty graph. Then there exist 
x.y EX, such that xve E(@,(X)) . So, by Definition 43 (ti) of graph ©, (Xx), we have, 
Ann, {x,y} = [ U {1}. On the other hand, since |¥ —I| > 1, wecan choose z€ X,z €L,z #1. Since ! 


is a prime ideal, then z*x El or *Z El, and z*yeEl or y*zE€l, hence z€ Ann, {x,y} that is 
contradiction, complete proof. 


(ii) We suppose, on the contrary, that © (¥) is not an empty graph. Then there exist x.y € X, 
such that x¥E E(@~(X)) . So, by Definition 43 (ii) of graph @ (X¥) , we have, 
Ann » {x,y} = IY U {0}. On the other hand, since |¥ —J°| > 1, we can choose z€ Xz €1".2 = 0. 
Since J” is a prime dual ideal, then N(Nz*Nx)}el* or N(Nx*Nz) eI” and N(Nz*Ny) eI” or 


N(Ny* Nz) el", hence z € Ann,{x, y} that is contradiction, complete proof. 


5. Graphs of BCK- algebras based on ideal and dual ideal by the concepts of right- ideal- 


annihilator, left- ideal- annihilator, right- dual ideal- annihilator, and left- dual ideal- annihilator. 


Definition 5.1. Let J and I be an ideal, a dual ideal of * , respectively. Denote 


Ann® {x} =fyeX:xeyeTh Anny {x} =fyeXiyexe lh Ann*. {x} = fy eX: N(Nx+Ny) er} 
Anniv {x} = fy ¢ X:N(Ny* Nx) € I'} 


, which are called right- ideal- annihilator, left- ideal- annihilator, right- dual ideal- annihilator, left- 


dual ideal- annihilator, respectively. 

Definition 5.2. Let J and !” be an ideal, a dual ideal of *, respectively. Then, we have: 

(i) A(X) is a simple graph, with vertex set * and two distinct vertices x and y being adjacent if 
and only if Ann? {x} c Ann} fy} or Ann? fy} = Ann? {x1 there is an edge between x and y in the 
graph 2,(X) if and only if Ann;{x} © Ann; fy} or Annj{y} S Ann; {x}. 
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(ii) Aw (X) is a simple graph, with vertex set ¥ and two distinct vertices x and y¥ being adjacent if 

and only if Ann®, {x} - Ann‘ fy} or Ann®. fy) c Anni {x}, there is an edge between x and ¥ in the 
oy ek Pa | Sent sacl 

graph Ey (X) if and only if Annje {x} © Ann} fy} or Ann} {y} © Anny fx}. 


Example 5.3. Let 4 = {0.a,5,c,1} and the operation * is given by the following table: 





a 
| 0 @ 
ala O O O ODO 
b/ b a 0 a O 
e|ec ee OO 
l1| 1 e¢e¢«¢ a0 


Therefore, (¥.+,0) is a bounded BCK- algebra, /* = {c.1} is a dual ideal of *. Also, in the Figure 2, 


we can see the graphs Arg, OY), Fp, CO, Ap OY), and Ey(X). 


Li i 
hs A. 
r _ } 1 os Ls Pa ‘t iF 5 a. 
P . ! 1 * a i \ oy, 
c= — ——— 
a 1 ra I 4 i 1 | 
4 i “ta ee a} J \ hh, 1 i 
5 ; a. a i t i “a 4 j 
\ eal “ait 1, i ° i i 
i, I a | l 
id blero Gah J Anyi, 2yayes 


Proposition 5.4. Let / and !* be an ideal , a dual ideal of 4, respectively. Then, the following 


statements hold: 

(ala, (x)) = max{|Al; A is a chain in Xt. 

(ii)eo(2,(X)) > max{|Al; A is a chain in X}. 

(iii)o( Ap (X)) = max{| Al; A is a chain in X}. 

(iv) co( Zp (x)) > max{|Al;A is a chain in X}. 

Proof. (i) According to Definition 3.1 (iv),if x = y then, x* z= y *z.On the other hand now we 
let x = y,z € Ann# {fy}. Then, by Definition 5.1, y *z € I. So, by Definition 3.2 of ideal, x * z EI. So, 
z € Ann} {x}. Then, Anni {y} = Annj {x}. xyek (4; (x)), complete proof. 
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(ii) According to Definition 3.1 (iv),if « = y then, z*¥y = z*x.On the other hand now we let 
x = y,z € Ann} {x}. Then, by Definition 5.1, z * x € I. So, by Definition 3.2 of ideal, z*y €J.So, 
z € Anny fy}. Then, Anni {x} c Anny {y}, xy e E(Z, (x)), complete proof. 

(iii) According to Definition 3.1 (iv), Theorem 3.4 (iii), if x = y then N(Nx*Nz) <= N(Ny * Nz). 
On the other hand now we let x = y.z € Ann#{x} then, by Definition 5.1 N(Nx * Nz) € I". So, by 
Definition 3.3 of dual ideal, N(Ny*Nz) el” .So, z € Ann®fy} then, 

Ann’. {x} © Ann’. fy}, xy € E(Ay (X)), complete proof. 

(ix) According to Definition 3.1 (iv), Theorem 3.4 (iit), if = y then N(Nz*Ny) = N(Nz * Nx). 
On the other hand now we let x = y.z € Annif{y} then, by Definition 5.1 N(Nz*Ny) € I". So, by 
Definition 3.3 of dual ideal, N(Nz*Nx) EI" .So, 2 € Annt{x} then, 

Anny fy} © Anny {x}, xy € E(Z»(X)), complete proof. 


Theorem 5.5. Let / and !* be an ideal, a dual ideal of 4, respectively. Then, the following 


statements hold: 


(£)A,C®) is connected, diam(A,C¥)) < 2, gr(A,CX)) = 3. 
(iz), is connected, diam(Z,08)) <2, gr(Z,(4)) =3. 
(i@)A~(X) is connected, diam(A»(¥)) <= 2, gr(Ap(X)) = 3. 
(iv) Z(X) is connected, diam(f~(¥)) <= 2. gr(E~(X)) = 3. 


Proof. (i) For all x € X,0 = x = 1, then by Proposition 5.4 (i), 0.1 are connected to any element in 


¥. So, A,;C¥) is connected, diam(A,(X)) = 2, gr(A,(¥)) = 3. 
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(it) Forall x € 4,0 = x = 1, then by Proposition 5.4 (ii), 0,1 are connected to any element in *. So, 


F,C¥) is connected, diam(Z,(X)) = 2, gr(Z,(X)) = 3. 


(iit) For all x € 4,0 = x = 1, then by Proposition 5.4 (iii), 0,1 are connected to any element in *. 


So, Ay (X) is connected, diam(Ay(X)) = 2, gr(Ap(X)) = 3. 


(iv) Forall x € 4,0 = x = 1, then by Proposition 5.4 (it), 0,1 are connected to any element in +. 


So, E(¥) is connected, diam(Z,(¥)) = 2, gr(Z p(X) ) = 3. 


Theorem 5.6. Let / and !” be an ideal, a dual ideal of +, respectively. Then, the following 


statements hold: 


(i) A,C¥) is regular if and only if it is complete. 


(ii) Z,(2) is regular if and only if it is complete. 


(iii) A(X) is regular if and only if it is complete. 


(iv) ICQ is regular if and only if it is complete. 


Proof. (i) Suppose that A,(X) is regular. By Theorem 5.5(i), deg(0) =|X1 —1. Since A,CX) is 


regular, for all x € ¥, deg) = |X] — 1. Hence, A;(X) is complete. Conversely, a complete graph is 


regular. 


(ii) Suppose that 2,(¥) is regular. By Theorem 5.5(ii), deg(0) = 1X1 — 1. Since I,C¥) is regular, for 


all x € X,deg(x) = |X| — 1. Hence, £;(%) is complete. Conversely, a complete graph is regular. 


(iit) Suppose that A; (X) is regular. By Theorem 5.5(iii), deg(0) = |X] —1. Since A, CX) is regular, 


for all x € X¥,deg(x) = |X] — 1. Hence, Ay(X) is complete. Conversely, a complete graph is regular. 
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(iv) Suppose that Iy(X) is regular. By Theorem 5.5(iv), deg(0) = [Xl — 1. Since I)(X) is regular, 
for all x € X,degGc) = |X| — 1. Hence, Z;(X%) is complete. Conversely, a complete graph is regular. 
Proposition 5.7. Let ¥ be a chain, J and I” be an ideal, a dual of ¥, respectively. Then, the 


following statements hold: 


(i)A,(X), r (X). Ay (X), and £ ‘i (X) are planar graphs if and only if || = 4. 

(ii) A,(X), £,(X), Ap CQ), and Ey (X) are outerplanar graphs if and only if |A| = 3. 

(iii) Ay(X), £)(X), Ap (X), and Ey (X) are toroidal eraphs if and only if || = /. 

Proof. (i} According to Proposition 5.4, A,(X),2,(X), Ap GQ), and Zp CX) are complete graphs, 
respectively, if |X| = 5, then A,(X), 2,(4), Ay GQ), and Ey CX) have a subgraph isomorphic to 5, 
respectively, then by Kuratowski’s theorem A;(¥).2;(¥). Ap (¥), and Ip (¥) are not planar, 
respectively. Conversely, we know; has five vertices, hence if A,(X), ,(X), Ay CX), and Ep CX) are 
not planar, respectively, then Ay;(¥).2;(¥).Ap(¥), and Ip (¥) have at least five vertices, 
respectively, which is contrary to |4| = 4. 

(it) According to Proposition 5.4, A,(X), £,(X), Ay (x), and ry (X) are complete graphs, 
respectively, if |X| = 4, then A,(X), £,(X), Ay GQ), and Ey (CX) have a subgraph isomorphic to Ka, 
respectively, then by Definition 2.5 A;(¥),I;(¥).Ap(¥), and Ip (X) are not outerplanar, 
respectively. Conversely, we know, has four vertices, hence if A(X), £,(X), Ap (X), and re (xX) 
are not outerplanar, respectively, then A(X), £,(X), Ap (X), and ry (¥) have at least four vertices, 
respectively, which is contrary to |4| = 3. 

(iit) According to Proposition 5.4, A(X), £,(X), Ap (x), and Le (X) are complete graphs, 


respectively, if |X| = 3, then A,(X),2,(4), Ay GO), and Ey CX) have a subgraph isomorphic to *g, 
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respectively, then by Theorem 2.7 A;(X),2;(¥). Ap (YQ), and Ey (X) are not toroidal, respectively. 
Conversely, we know, has eight vertices, hence if A,(X),2;(4), Ar GQ), and Ey (€X) are not 
toroidal, respectively, then A,;(¥),2;(¥), Ap (4), and Lp (¥) have at least eight vertices, respectively, 


which is contrary to |4| = 7. 


6. Graphs of BCK- algebras based on ideal and dual ideal by the binary operations A and V. 


From now on, * isa bounded commutative BCK-algebra. 

Definition 6.1. Let / and !” be an ideal, a dual ideal of *, respectively. Then, we have: 

(2) ¥;(¥) is a simple graph, with vertex set ¥ and two distinct vertices x and y are adjacent if and 
only if xay ET, 

(ii) YQ) is a simple graph, with vertex set ¥ and two distinct vertices x and y are adjacent if and 
only if xvy € 1”. 


Example 6.2. Let 4 = {0.a,5,¢,d,1} and the operation * be defined by the table: 





I 
0 
0 
0 
0 
0 
0 








« & «= b 
TABLE 3 


Therefore, (¥,,0) is a bounded commutative BCK-algebra. It is easy to verify that J = {0,a} is an 
ideal of *. Also, we let /° = {1} be a dual ideal of *, then in the Figure 3 , we can see the graphs 


¥,O) and Yr CQ). 


A *s, Pa rt ang 
aft FY A nd i i ‘ ‘ ae 
- # i “ o# é ie % a 


FIGURE 3 
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Lemma 6.3. Let J and !* be an ideal, a dual ideal of *, respectively. Then, the following statements 


hold: 


(i) deg) = |X] — 1, in the graph (4), where x € I. 

(ii) deg (x) = |X] — 1, in the graph VCO), where x € I”. 

Proof. (i) Let x € /.y¥ be an arbitrary element in 4, then y *(y* x) €/. Since y (y +x) <= x,J isan 
ideal of ¥.So, s¥ EF (y (x) ), complete proof. 

(it) Let x E€f*.y be anarbitrary element in *,then NiNy« (Ny * Nx)) eI”. Since 

N(Ny « (Ny * Nx)) = x,I" is a dual ideal of ¥.So, xy € E (Ys Cx)), complete proof. 


Theorem 6.4. Let / and !” be an ideal, a dual ideal of *, respectively. Then, the following 


statements hold: 


(2) ,(4) is regular if and only if it is complete. 


(ii) Yy CY) is regular if and only if it is complete. 


Proof. (i) Let CX) bea regular graph. By Lemma 6.3 {i}, we have deg(0) = |X] — 1. Now, since 


¥,(X) is regular, then for any x € X,deg(x) = |X| — 1. This means that ¥;(¥) is a complete graph. 


Conversely, a complete graph is regular. 


(if) Let ¥CX) bea regular graph. By Lemma 6.3 (it), we have deg(1) = |X] — 1. Now, since VC) 


is regular, then for any x € X,deg(x) = |X| — 1. This means that Yj (4) is a complete graph. 


Conversely, a complete graph is regular. 


Proposition 6.5. Let J and !”* be an ideal, a dual ideal of +, respectively. Then, the following 


statements hold: 


(w0(¥%()) = I. 


Atena Tahmasbpour Meikola, Eight Kinds of Graphs of BCK-algebras Based on Ideal and Dual Ideal 


Neutrosophic Sets and Systems, Vol. 33, 2020 18 
(if) o(¥e(X)) = LL. 

Proof. (i) Straightforward by Lemma 6.3 (i). 

(ii) Straightforward by Lemma 6.3 (ii. 


Theorem 6.6. Let / and !” be an ideal, a dual ideal of 4, respectively. Then, the following 


statements hold: 


(i) ¥;C¥) is connected, diam(¥,(X)) <2 

(ii) ¥(®) is connected, diam(Y¥(X)) = 2. 
Proof. (i) Straightforward by Lemma 6.3 (i). 
(if) Straightforward by Lemma 6.3 (ii). 


Theorem 6.7. Let J and !” be an ideal, a dual ideal of *, respectively. Then, the following 


statements hold: 


(i) gr (Y; (x) ) = 3. 

(ia) gr (¥~(X) ) = 3. 

Proof. (i) Let a = 0 be anelement in /.x be an arbitrary element in *, then 9-a-—x-0O isa 
cycle of length 3 in ¥;(¥), complete proof. 

(it) Let 2 = 1 be anelement in /*.x be an arbitrary element in +1, then 1—a—x-—-—1 isacycle of 
length 3 in ¥j~(X), complete proof. 


Proposition 6.8. Let / and !* be an ideal, a dual ideal of *, respectively. Then, the following 


statements hold: 


(i) If ¥,;(X) is planar, then |/| = 4. 
(it) If ¥; (X) is outerplanar, then |/| = 3. 
(iii) If Y,(X) is toroidal, then |I| = 7. 


(iv) If Y,(*) is planar, then |/"| = 4. 
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(v) If ¥; (X) is outerplanar, then |/"| = 3. 

(vi) If Y,(X) is toroidal, then |/"| = 7. 

Proof. (i) According to Lemma 6.3 (i), ¥,(X) isa complete graph on /, if || =4 then }} (X) has a 
subgraph isomorphic to K; which by Kuratowski’s theorem, ¥;(¥) is not planar. 

(it) According to Lemma 6.3 (i), ¥,CX) is a complete graph on [, if |J| =4 then ¥,CX) has a 
subgraph isomorphic to Ky which by Definition 2.5, %;(¥) is not outerplanar. 

(iit) According to Lemma 6.3 (i), ¥,CX) is a complete graph on J, if |f| = 7 then ¥,CX) has a 
subgraph isomorphic to K; which by Theorem 2.7, ¥;(¥) is not toroidal. 

(iv) According to Lemma 6.3 (it), Fy (X) isa complete graph on !”, if |J"| = 5 then Fy (X) has a 
subgraph isomorphic to K; which by Kuratowski’s theorem, Yj» (¥) is not planar. 

(v7) According to Lemma 6.3 (ii), YC) is a complete graph on I”, if |J°| = 4 then Yj CY) has a 
subgraph isomorphic to Ky which by Definition 2.5, ¥y(%) is not outerplanar. 

(vi) According to Lemma 6.3 (it), Fy (X) is a complete graph on !”, if |/"| = 7 then Fy (X) has a 
subgraph isomorphic to Kz which by Theorem 2.7, ¥j(X) is not toroidal. 


Theorem 6.9. Let J and !* be an ideal, a dual ideal of *, respectively. Then, the following 


statements hold: 


(i) If CY) is an Euler graph then |X| is odd. 
(ii) If YG) is an Euler graph then [%| is odd. 
Proof. (i) According to Lemma 6.3 (i), for all x €/, deg(x) = |X! —1. Now, if CX) is an Euler 


eraph then degree of every vertex in / is even. So, |4| is odd, complete proof. 
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(it) According to Lemma 6.3 (ii), for all x € J, deg(x} = |X| —1. Now, if ¥ Cf) is an Euler eraph 
then degree of every vertex in /” is even. So, || is odd, complete proof. 


Theorem 6.10. Let / and /* be an ideal, a dual ideal of 4, respectively. Then, the following 


statements hold: 


(CQ) If f =Myeien PF; and, for each 12 j 2 n.! FM yeieniz; %, where F; are prime ideals of ¥. Then 


o(¥,CX)) =n = 7(¥(X)). 


(if) If I” =Mysien Ff and, foreach l= j En!" FN yeien ie; Pi, where Fi are prime dual ideals of *. 


a 


Then w (Ys (x) =n= x (Ye (x) ). 


Proof. (¢}) For each j with l1=j=, consider an element *; in (or j P.) — PF. We have 
A= {[x,,..,2,} is a clique in |; CX). Hence cal Y;, (x)) = 1. Now, we prove that yl¥Cx)) = m Define 
a coloring f by putting f(x) = minti:x €R}. Let fle) =k, x and y be adjacent vertices. So, 


xé€FP, and xay Ef. Since ®, is prime, y&7,, and so f (y) = k. Now, since cal ¥,(X)) = (hy), 


the result hold. 


(it) For each | with 1=j=m, consider an element *; in (ee PY) — PY. We have 
A= {x4,...%,}) is a clique in Fy (¥). Hence cal Y;~ (x)) =. Now, we prove that y(¥~CX) ) =n. 
Define a coloring f by putting f(x) = minti;x € PR’l. Let flr) =k, x and y be adjacent vertices. 
So, x@PF and xvyel”. Since FR is prime, yE FR, and so fly) #k. Now, since 
ca(¥~(X)) = y(¥~CX)), the result hold. 


Theorem 6.11. Let / and /* be an ideal, a dual ideal of *, respectively. Then, the following 


statements hold: 
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(i) If ! =M;<.; 7, where F; are prime ideals of *, ] is an infinite set and, for each i€ J, 1 =je; F. 


Then col ¥, (0X) ) = 0 = 77, Cx) ). 


(it) If J =M;~.; FB’ where F* are prime dual ideals of *, | is an infinite set and, for each te J, 


i FN ei Pr. Then cal ¥,» x) == 7 (Ys (x)). 


Proof. (i) For each i € /, there exists *; © (Nei Pi — P.). Now, one can easily see that the set of x; 


forms an infinite clique in }; (X). Since iy (xy) = x(% wx) ), the assertion holds. 


(it) For each i € J, there exists *; € (n jet PP — Pp’). Now, one can easily see that the set of «; forms 
an infinite clique in }y CX). Since cal Y,~ (x)) = (he (x)), the assertion holds. 
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Abstract: In paper, neutrosophic soft points with the concept of one point greater than the other and 
their properties, generalized neutrosophic soft open set known as soft b-open set, neutrosophic soft 
separation axioms theoretically with support of suitable examples with respect to soft points, 
neutrosophic soft by-space engagement with generalized neutrosophic soft closed set, neutrosophic 
soft b2-space engagement with generalized neutrosophic soft open set are addressed. In continuation, 
neutrosophic soft bg-space behave as neutrosophic soft b2-space with the plantation of some extra 
condition on soft bg-space, neutrosophic soft b3-space and related theorems, neutrosophic soft b,- 
space, monotonous behavior of neutrosophic soft function with connection of different neutrosophic 
soft separation axioms, monotonous behavior of neutrosophic soft function with connection of 
different neutrosophic soft close sets are reflected. Secondly, long touched has been given to 
neutrosophic soft countability connection with bases and sub-bases, neutrosophic soft product spaces 
and its engagement through different generalized neutrosophic soft open set and close sets, 
neutrosophic soft coordinate spaces and its engagement through different generalized neutrosophic 
soft open set and close sets, Finally, neutrosophic soft countability and its relationship with Bolzano 
Weirstrass Property through engagement of compactness, neutrosophic soft strongly spaces and its 
related theorems, neutrosophic soft sequences and its relation with neutrosophic soft compactness, 


neutrosophic soft Lindelof space and related theorems are supposed to address. 


Keywords Neutrosophic soft set (NSS),neutrosophic soft point, neutrosophic soft b-open set and neutrosophic 


b-separation axioms. 
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1. Introduction 


Cagman et al. [1] defined the concept of soft topology on a soft set, and presented its related 
properties. The authors also discussed the foundations of the theory of soft topological spaces. Shabir 
and Naz [2] addressed soft topological spaces with a fixed set of parameters over an initial universe. 
The notions of soft open sets, soft closed sets, soft closure, soft interior points, soft point 
neighborhood, soft separation axioms and their basic characteristics are addressed. The authors 
reflected that a soft topological space gives birth to a family of crisp topological spaces that are 
parameterized. The authors scanned a soft topological space's subspaces, and explored open and soft 
closed sets of characterization w. r. t. soft open set. Finally, the authors tackled in depth the notion T; 
spaces, soft normal space and soft regular spaces. 

Bayramov and Gunduz [3] investigated some basic notions of STS by using soft point 
concept. Later on the authors addressed T;-soft spaces and the ties between them. Finally, the authors 
defined soft compactness and leaked out some of its important characteristics. 

Khattak et al [4] introduced the concept of softa-open soft 6-open, soft a-separations axioms 
and soft B-separation axioms in soft single point topology. The authors have addressed soft (a, {) 
separation axioms with regard to ordinary points and soft points in soft topological spaces. 

Zadeh [5] exposed the concept of fuzzy set. The author described that a fuzzy set is a class of 
objects with a continuum of grades of membership. The authors furthers defined the set through a 
membership feature, assigning membership grade to each group candidate. The notions of inclusion, 
union, intersection, complement, relation, convexity, etc. have been applied to such sets, different 
properties of these notions have been developed in the sense of fuzzy sets. In particular, it has been 
proven that a soft separation axiom theorem for convex fuzzy set ignored the prerequisites of 
mutually exclusive fuzzy sets. 

Atanassov [6] developed the ‘intuitionistic fuzzy set’ (IFS) concept, which is an extension of 
the ‘fuzzy set’ definition. The authors explored different properties including operations and set-over 
relationships. Bayramov and Gunduz [7] introduced some important features of intuitive fuzzy soft 
topological spaces and established the intuitive soft closure and interior of an intuitive soft set. 

In addition, their research also addressed intuitionistic fuzzy continuous mapping and structural 
characteristics. Deli and Broumi [8] defined for the first a relation on neutrosophic soft sets. 

The new concept allows two neutrosophical soft sets to be composed. It is conceived to extract useful 
information by combing neutrosophical soft sets. Eventually a decision making approach is based on 
neutrosophic soft sets. 

In anew approach, Bera and Mahapatra [9] introduced the concept of cartesian product and 
the neutrosophic soft sets in a new approach. Some properties of this principle were discussed and 
checked with relevant examples from real life. Smarandache [10] for the first time initiated the 
concept of neutrosophic set which is generalization of the intuitionistic fuzzy set (IFS), and 
intuitionistic set (NS). Some related examples are presented. Peculiarities between NS and IFS are 
underlined. 

Maji [11] broadened the Smarandache analysis. The author used the idea of soft set 
neutrosophic set and incorporated neutrosophic soft set. On neutrosophic soft set those meaning and 


related operations were addressed. 
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Bera and Mahapatra [12] developed topology formulation on a neutrosophic soft set (NSS). 

This study studies the notion of neutrosophic soft interior, neutrosophic soft closure, neutrosophic 
soft neighborhood, neutrosophic soft boundary, normal NSS and their basic properties. 
Topology and topology for subspaces on the NSS are described with appropriate examples. It also 
developed some related properties. In addition to this, the concept of separation axioms on 
neutrosophic soft topological space was introduced along with investigation of several structural 
features. 

Khattak et al. [13] for the first time leaked out the idea of neutrosophic soft b-open set, 
neutrosophic soft b-closed sets and their properties. Also the idea of neutrosophic soft b- 
neighborhood and neutrosophic soft b-separation axioms in neutrosophic soft topological structures 
are reflected. Later on the important results are discussed related to these newly defined 
concepts with respect to soft points. The concept of neutrosophic soft b-separation axioms of 
neutrosophic soft topological spaces is diffused in different results with respect to soft points. 
Furthermore, properties of neutrosophic soft bT; -space (i=0, 1, 2, 3, 4) and some associations between 
them are discussed. 

C.G. Aras et al. [14] leaked out some basic notions of neutrosophic soft sets and redefined 
some neutrosophic soft point concept. Later on the authors addressed some neutrosophic soft T;- 
space and the relationships among them. 

T. Y. Ozturk et al. [15] re-defined some operations on neutrosophic soft sets differently as 

defined by others authors. The authors supported and defended their approach through interesting 
examples. The authors further beautifully addressed different results with this new approach. 
M Al-Tahan, B Davvaz [16] discussed a relationship between SVNS and neutrosophic N-structures 
and study it. Moreover, the authors apply results to algebraic structures (hyper structures) and prove 
that the results on neutrosophic X-substructure (sub hyper structure) of a given algebraic structure 
(hyper structure) can be deduced from single valued neutrosophic algebraic structure (hyper 
structure) and vice versa. 

Adeleke et al. [17] studied refined neutrosophic rings, Substructures of refined neutrosophic 
rings and their elementary properties and it is shown that every refined neutrosophic ring is a ring. 
Adeleke et al. [18] studied refined neutrosophic ideals and refined neutrosophic homomorphism 
along their elementary properties. Madeleine et al. [19] provided a connection between neutrosophic 
N-structures and subtraction algebras. In this regard, the authors introduced the concept of 
neutrosophic N-ideals in subtraction algebra. Moreover, the authors studied its properties and find 
out a necessary and sufficient condition for a neutrosophic N-structure to be a neutrosophic X—ideal. 
M. Parimala et al. [20] introduced the notion of neutrosophic aw-closed sets and study some of the 
properties of neutrosophic aw-closed sets. Further, the authors investigated neutrosophic aw- 
continuity, neutrosophic aw-irresoluteness, neutrosophic aw connectedness and neutrosophic contra 
aw continuity along with examples. Abdel-Basset et al. [21] proposed a powerful framework based 
on neutrosophic sets to aid with patients with cancer. Abdel-Basset et al. [22] developed a novel 
intelligent medical decision support model based on soft computing and IOT as the use of 
neutrosophical sets decision-making. Abdel-Basset et al. [23] concentrated on the evaluation of 
supply chain sustainability based on the two critical dimensions. The authors further added that the 


first is the importance of evolution metrics based on economic, environmental and social aspect, and 
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the second is the degree of difficulty of information gathering. The authors guaranteed that the aim 
of this paper increase the accuracy of the evacuation. Abdel-Basset et al. [24] suggested that this article 
proposed a hybrid combination between analytical hierarchical process (AHP) as an MCDM method 
and neutrosophic theory to successfully detect and handle the uncertainty and inconsistency 
challenges. 

A. Mehmood et al. [26] introduced generalized neutrosophic separation axioms in neutrosophic soft 
topological spaces. A. Mehmood et al. [27] discussed soft a-connectedness, soft a-dis-connectedness 
and soft a-compact spaces in bi-polar soft topological spaces with respect to ordinary points. For 


better understanding the authors provided suitable examples. 


2. Preliminaries 
In this section we now state certain useful definitions, theorems, and several existing results for 
neutrosophic soft sets that we require in the next sections. 


Definition2.1 [13] NSS ona father set (X)is characterized as: 
(x, Tgntophic (x), I gntophic (x), F jntophic (x): XE (X)) 
T:(X) — ]0-,17[ 
JI(X) > J0-, 1°, 
Aneutrosophic — EF: (X) -_ ]o- 1+] 
, so that’s it 
O-<{T+I+F}< 3". 
Definition 2.2[10] let (X) be a father set, 1??™*”°'°"be a set of all conditions, and £L((X)) denote the efficiency 
set of (X). A pair (f, 1?°77"°"°" )is referred to as a soft set over(X), wherefis a map given byf: J?" > L((X)). 
For ne qParemeter | 47m) may be viewed as the set of softset elements (f, d?°7"°°"), or as a set of n —estimated 


the soft set components, 1.e. (f, ear amere = {(n, t(”) NE parameter Me parameter uty LU(X))}. 


Definition 2.3 [7] Let (X) be a father set, 1??77™e" be a set of all conditions, and £((X)) denote the efficiency 


Set of (X). A pair (f, 1?°7"°"" jis referred to as a soft set over(X), where fis a map given by: H?¢7¢™°"r > L((X)). 
Thena (NS)set(f, d?272™e"er lover (X)is a set defined by a set of valued functions signifying a mapping 
parameter > 

L((X)),is referred to as the approximate (NS) function(f, Pen aTChe Yin other words, the (NS) is a group of con 
ditions of certain elements of the set £({X))so it can be written as a set of ordered pairs: 

(F, Daa = (((n, x, Tiy@) ligy@), Fecgy@): # E (X)]]): NE gparameter} Obviously, Viay@) lice) @), Fegy@) E 
[0,1Jare membership of truth, membership of indeterminacy and membership of falsehoodf().Since the 


supremum of eachT,I, F is 1, the inequality that 07 = Tig @ + La) + Fry) < 3+ is obvious. 
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Definition 2.4 [5] let(j, Parameter) be a(NSS) over the father set(X). The complement of (j, ee as) is 
signified (Ff, parameter)" and is defined as follows: 
(F, jparameter )” — (1, |x, Tiay@» 1 —- lice) @), F(x) @i x € (X)]]): NE spear 
It's clear that 
((j jparameter)”\e _ (j Heerameter 

Definition 2.5 [9] Let (f,7) and (6,7) two (NSS) over a father(X). (f,n)is supposed to be NSSS of (f,n) if 
Ti@@ § Tan@digy@ < Igo, Frae@ = FouyoV 1 € qparameteray x E(X). It is signifies as (f,n)& 
(p,n) .(f,n)is is said to be (NS) equal to (f,n) if (f,2) is (NSSS) of (6,1) and (f,n) is NSSS of if 


(Ff, n).It is symbolizedas(f,n) = (p,n). 


3. Neutrosophic Soft Points and Their Characteristics 


Definition 3.1 Let(f,,1)&(f2,1) be two (NSSS) over a fatherset(X)s.t. (f1,”) # (f2,7). Then their union is 


signifies as (f,, n)U(f2, 2) = (f3, 2) &is defined as(f3,n) = {(~ “Ti a@ lege, F; (2:4) 
“ME parameter 


Tayo = max|Ty, go Tc, 
Where, Te (xy) = max| eer I (wo) 


Fay = min[F;, ayo, Fay 
Definition 3.2 Let(f,,”)&(f2,n) be two (NSSS) over the father set(X)s.t.(f1,72) # (f2,7). Then their 
intersection is signifies as (f1,7”) Fi (f2,n) = (f3,n)&is defined as follows(f3,2) = 


(x. [> T~@)@) Ie (xy) Fa: (x)|) : nasparameter where Th = min|Ts cay, T@@: Ie (xy@) _ 


min| I (x) I, (x) Fy, (x) (x) = MAX Fe, (x), Fy (x) ) 


Definition 3.3 NSS et(f, n) be a (NSS) over the father set (X) is said to be a null neutrosophic soft set 
TET 9) = 0, Ley @ = 0, Fig =1,,VeEn &Vx E (X). it is signifies as O(x) 1). 

Definition3.4 NSS (F, n) over the father set(X)It is said to be an absolute neutrosophical softness i 
fT.) =, Ly @) = 1, Figy@ =0;VeEn&V xX E(X). 


It is signifies as 1qy) n).clearly, Oxy ny” = Lexy ny &1exy ny = V¢x) 2): 
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Definition 3.5 Let NSS((X), qe eremeter be the family of all NS soft sets over the father set (X)and 
TC NSS({X), qperemerer) then is said to be aNS soft topology on (X)it: 


(1)-0 (x) ny» Lexy ny ET 
(2).The union of any number of NS soft sets in tbelongs to T, 


(3).The intersection of a finite number of (NS) soft sets in in tbelongs to t.Then (XL) deer ameter) ie 


said to be a (NSTS) over (X). Each member of t is said to be a NS soft open set. 

Definition 3.6 Let ((X), t.A?%™™e"e") be a NSTS over (XV&(F, [Parameter he a NSset over (X).Then 
(7, dParameter ) is supposed to be a NS closed set iff its complement is a NS open set. 

Definition 3.7 LetNSbe the family of all NS over father set(X) and x €(X)theNS Xap) 18 


supposed to be a N point, for 0 <ab, c < 1 and is defined as follows:x,,, .w = 


(a,b,c) provided y= x} _ . . . | | 
pee provided y # x}" It is obvious that every (NS) is actually the union of its N points 


Example 3.8 Suppose that (X) = {x,,x,} then N set A = {(x,, 0.1,0.3,0.5), (>, 0.5,0.4,0.7)}is the union 


of N pointsx, ,, &H2 4 Now we define the concept of NSpoints for NSsets. 


.1,0.3,0.5) .5,0.4,0.7) ° 


Definition 3.9 Let NSS({(X) )be the family of all N soft sets over the father set (X). Then NSS (Xa,b,)) “1S 


called a NSpoint, for every x€& (X),0 <fabc}< lex frarameter == and is defined as 


(a,b,c)providede =eAy=x 


follows:x° yw = 
(abe ™ . b,c)providede #eAYyYF#x 


Definition 3.10 Suppose that the father set (X)is assumed to be 


(X) = {x1,%2}& the set of conditions byd?2"7™"er" = f{e,,e,} . Let us consider NSS(f, d?7™™"°"") over 


e, = {(x,, 0.3,0.7,0.6), (>, 0.4,0.3,0.8)} 


= (,040608)12.030702) °° 


the father set (X) as follows:(j, d?27emeer) = 


e4 
X "1(0.3,0.7,0.6), 


= x2, 
G qperameter Vis the union of its NS points oe ne 


e4 
X ~2(0.4,0.3,0.8) 


€2 
x“ 2(0.3,0.7,0.2). 


—_ [(e1 = ((%1, 0.3,0.7,0.6), (2, 0,0,1)} 
7 tl €2 = ((%1, 0,0,1), (X2, 0,0,1)} 
ge _ { €, = {(x1,0,0,1), (x2, 0,0,1)} 

1(0.4,0.6,0.8) C€> = {(X1, 0.4,0.6,0.8), (x2, 0,0,1)} 

— [(e, = {(x1, 0,0,1), (2, 0.4,0.3,0.8)} 
7 tl €2 ((%1, 0,0,1), (X2, 0,0,1)} 
x22, _ i ey (41, 0,0,1), (X2, 0,0,1)} 

(0.3,0.7,0.2) ~ |le, = {(2, 0,0,1), (0.3,0.7,0.2)} 


e4 
“ 1(0.3,0.7,0.6) 


Where, 


e4 
x “2(0.3,0.7,0.6) 
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Definition 3.11 Let(f, qearemeter \be a NSS over the father set(X).we say that x* (ape € (F, HeCreuerer) 


read as belonging to the NSS (f, d?¢77™2"er ) whenever a < Tigy@,b < lignw,¢ F Faye. 


Definition 3.12 Let x° (a5, and ae) “/) be two NSpoints. For the NS points Over father set(X), we 
say that the NSpoints are distinct pointsx® (a5, 1 xe! Gilde 0 (),qparametery. It is clear that x* (45,) 


and 20°" (a) 6/¢/) are distinct NS points if and only if x > y or x < y or e/ > e ore! <e. 


4. Neutrosophic Soft b-Separation Axioms 
In this phase we define generalized neutrosophic soft separation axioms. 
Definition 4.1 Let ((X) , t, AP@™meter) be a NSTS over (X) & (7, dParameter ) be a neutrosophic soft set 


over (X).Then (jf, dParameter ) is supposed to be a NSb-open_ if Cae = 


cl (int ((F qparamenes ))) U int (cl ((F aParemers ))) and NS b-close if (apes 3 
ne (ct (arm ))) me (in (Garner )), 

Definition 4.2 Let ((X), T,qParameter) be a NSTS over(X) , and A hey F ye! (a/,6/,e/) OF 

A Gnet Yelp Ic) areNSPoints. If there exist NSb open sets (f, H?77"e"e" )Qcg, Parameter) such that 
* abo) E (F, ner amneter), abo) nG, [parameter ) = 0c qparametery at ye! (al phe!) EG [parameter 


4" Cal phe) n (7, te =s 0 (%,yparameter), Then ((X), t, qperameter) is called a NSbo 


Definition 4.3 Let ((X), Teer emereD) - “‘DeauNS1 5 over (X) , and X° (ap. > ye! (al p/ ef) OF BE (iin = 
ye (a/,b/,¢/) are NS points. If there exist NSb open sets(f, [Parameter \ ag, ORE INEED ys 


eine E (F, HP ERODE? Ve" fies n G, ane ker) = 0 (q ywarameter OT Y™ (a 5/1) 'z 
(G, HE AUGMELET) ; 


YH" Cal phe) n (7, ACen eter) — 0 (%,yoarameter, Then ((X), t, gp onamecer is called a NSby. 


Definition 4.4 Let ((X), T, qParameter) be a NSTS over(X) , and X* (ane) > ¥" Oalp Ic!) 
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X* (a,b,c) X Y" Cal pl sare NSpoints. if 3 NSb open sets (7, qPerenierer )&G, parameter) ¢ ¢, 


ie Gat E (F, ae & Ya 7 ) E G, qparameter) & (F, AP OEGIIREST. n G, | Darameter’) = 


0(q,yparameter), Then ((X), r,AParameter) is called a NSbz space. 


Example 4.5 Suppose that the father set (X)is assumed to be 
(X) = {x1,%,} & the set of conditions by AParameter — fee,} . Let us consider NS set 


(7, dPorameter) over the father set (X) & «% & 41 be 


e2 e4 
1(0.1,0.4,0.7)’ * 1(0.2,0.5,0.6)’~ 2(0.3,0.3,0.5) 2(0.4,0.4,0.4) 


NS points. Then the family 1 = {0(@q, parameter), 1((q%,yparametery, Cig Ore (te emcee) 
; Cs, HO CraMEreE , (7 AC CRONLe!)), (ig see) (fo, Ne GremereT), , yi AP PneEeter , (igs alae ; 


where Gis Aer ameren) — 7% (fey eee) — 7&2 (igre) = 


1(0.1,0.4,0.7)’ 1(0.2,0.5,0.6)’ 


eaten is qPerameter) = (ia HP Crees!) U es a (fo, Hees | = (fi, A Per ameter ) U 
(hag eenren)), ey = (ios HP eraverSE U (gee aneter) pe ee") = (f., HP OPEEESD U 
(155 eperemeter ) U 2 Gea 


(ig, ie is a NSTSover the father set 


€2 4 
1(0.1,0.4,0.7 ¥ “1(0.2,0.5,0.6)* —2(0.3,0.3,0.5),2°29(9.4.9.4,0.4) 


(X). Thus ((X), T, qParameter) be aNSTSover the father set (X). Also ((X), Eee meer AS NS Dp 


structure but it is not NSb, because for NSpoints 4G ((X), t, Parameter) not 


€2 
1,0.4,0.7) © ~2(0.4,0.4,0.4)’ 


NSb,. 
Example 4.6 Suppose that the father set (X)is assumed to be 
(X) = {x1,x2}& the set of conditions byd?™e™*"er = fe,, e,}. Let us consider NSset (f, d?2"2™!e") over the father 


set (XB 4 (4 &x 9 09 be NSpoints. Then the family t= 


€2 €4 
1,0.4,0.7)" 1(0,2,0.5,0.6)"~ 2(0.3,0.3,0.5) .4,0.4,0.4) 


{0(%),grarameter), 1 ((%,goarameter), (fi, He erOmereDy, (fz, HC RSOMEESE) (f3, Heer ameter), (fa, HORDEMENS!.), (fs, HOPE, (f6, AU EEOELSD) 


(Fr, HOA? OMete (fs, HP eHOMErCr enone (fas, panamere , where (fi, HOOT AALEE Ve = jparameter) = 


1(0.1,0.4,0.7)’ 


(fz, dearameter) Geren) — es eck, (cere = (fz, dparameter ) v 


€2 = 71 
X 1. (0.2,0.5,0.6)’ X2(0.3,0.3,0.5)’ 


(ipgaee een). (6, NO GTCIET a (idee eee U Pe (i aeeremeren) = (gare U 
(fa, HV anernelery. (fs, qPCrOmeter ) = (i aperemeter ) U Cr (fo, HeGraTErer | = ((aeeemeter U 
(fa, ea ign) = (yeeeeener | U (fas AP eremEteT Cee eter = (eee) U 


aye eee) U Ee Oe ee ag = (i, pee emetee U (ipo eer) U 
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(fa, HUGPOMERET (fia, HOUT eINeter) =: (fz, Gee U (f3, He Cr aTeler) U (fa, HVOrOTNeter (faa, NU aremeter = 
(iene ) U (jase eereerer) U (fa, HOAROTCEEE U (ig dP oremeter = 


is a NSTSover the father set (X). Thus ((X), 1, dParameter) 


ey €2 ey 
{x 1(0.1,0.4,0.7)’ * “1(0.2,0.5,0.6)? ~ Tee ee 


be a(NSTS) over the father set (X). Also ((X), Ene lel as NS Di structure." (9 4 9.40.7) 9 4.0.4,0.4)? ((X), T, 
Dena not NSbp. 
Theorem 4.7 Let ((X), 7, APa7¢meter) be a(NSTS) over the father set(X). Then ((X), t, dParameter) be a NSb, 


structure if feach NSpointis a NS b-closed set. 


Proof. Let ((X), r, 4Pa7emeter) be a NSTSover the father set(X) . (x? (ap, dPa70"e" )be an arbitrary NSpoint.We 


establish (x° (a,p,, d?077"°""" ) is a N soft b-open set. Let(y (api ely spe ener) emote), “Then 
ae ey ( ye! (al /¢) apenrerr) > (x*% 5.0, [parameter ) ae ( ye! (al /!) spent!) 2 ( ye! (al /!) peers) ai 

( O° alpl ety aperamster ) = ( £° abo) parameter ) ay ( O° al sidly Sparen) oe. ( O° (alsidy spanarcier) 
This means that (y fre Il) Heerameter &( x? ap, dParameer ) are mutually exclusive NSpoints. 
Thus x > y or x < y or e/ >e ore/ <e.orx >>y or x << y or e/ >> e or e/ <<e. Since((X), Cpe eee) 
be a NSb,_ structure, Ja NSb-open set (G,dParameter) so that (Yai p/efy apace) E 
G, parameter) &(x° (a.50), Heer Uee) n G, parameter) = 0 ((%),goarameter) Since, (x? (45,0), De n 
(G, (parameter) — 0 (65, garametery So ( ye (al 6/l) agen) E (G, qParameter) c ( #2 (ab) parameter) Thus 
(xe Goh ne is a NSb-open set, i.e.,(x° apo ee is a NSb-closed set. Suppose that each NSpoint 
(ae eal jis a NSb-closed set.Then Cx apa, TParameter ) “is a NSb-open set. Let (x? OT i eae) n 
( al sily sleeramiten _ 0% Tanarametery Te ( ys? (a!!!) spe) c 


(2 cape), TParameter)” B(72 a4 9, dParameter ) n (£2 apa droremeter)” = 0 (2) gparametery So ((X), Eesremeter) be a 
NSb-b, space. 


Theorem 4.8 Let ((X), t, d?¢@™eter) be a (NSTS)over the father set(X). Then ((X), 7, qParameter) is NS- 


b,spaceiff for distinct NS points (ae (amu dParometer a (ye! y ‘fl pane) there exists a NSb-open set 


(7, sp arametcr. containing 5 but not Cage rah deatemcecs ) s.t. Cage ble) spareetss) ¢ (7, Paro TclCr . 
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Proof Let(x? 5,9, d?7umre"e") > (y°’ (a/p/e/) series) be two NSpoints in NSbT, space. Then i disjoint 

NSopen sets (i, parameter ) &(G, fParameter)s. ¢. (erase parameter ) c (i, parameter ) g ( ye! fal she) apanamcte) EC 

(ZG, [parameter) since ( x" ab) parameter ) n ( ye! fal she) apenancler ) = 0 (5, goaramerer) & 

(i, parameter ) n (g, qparameter) — 0% Ty qvaremecer. ( ye (al bil) seer mteees | ¢ (i, parameter ) = 

(ue ia ey Parone) @ (FaPerAMetT), Next suppose that (2% apy ATM) > (2% ag) yy APaTEMeT), Ba 

NSb open set (i, [parameter ) containing (x° (abe), parameter ) Rie woe ( ye! falsely Bpecanrcren ) ee. ( y!! false) uperaneer ¢ 
(j, parameter) that is (jf, parameter) a (F yparameter) are mutually exclusiveNSbopen' sets supposing 

( £° ab) parameter ) g ( ye! (al s/ep sreramete? in eat. 


Theorem 4.9 Let ((X),t, dP27@™eter) be a NSTS over the father set(X). Then ((X), 1, dP¢™emeter) isNS b- 
T,space if every NS point (ae aon) E (F, Oar eanerer E ((X), T, Neue) If there exists a NSb open 
set G, parameter) ¢. t. (2° ca» 5 pearance) EG, parameter) Cc (G, qparameter) Cc (j, Jparameter) Then ((X), L, 


parameter) a NSby space. 


Proof. Suppose (2 Gare HCOrAMEECE ) r] (ow b/ /) jenenciet = 0((%),qparameter) . Since ((X), (ae HUOTAIVETE! 1S 
NSb, space. (x? (apo, dParameter a (ye! »/ prenee areNS b close sets in ((X), Ge eee) hen 


(x® (ape, [parameter ) E (va hay apananicter ye = ((X), 1, qParameter) Thus da NS b open set J, parameter) ¢ 
((X), t, parameter. 2 (x? (a5), [parameter ) E (G, qParameter) < (GF qparameter) 
(4 (api ely apenencier Ve Canehaoe (¥ (aip/ely qe) E (J, qParameter)g 


G, parameter n (G, jparameter))* = O((%),qrarameter), 1. e. ((X), ie He Cratrerer is a NS soft NSbospace. 


5. Characterization of other NS b-Separation Axioms 

Definition 5.1. Let ((X), t, d?¢™™eter) be a NSTS over the father set (X). (7, Deas be a NSbclosed set and 
(xe CT n (F, HP eLeTNEter) = 0(%),yparameter). If 1NS b-open sets 
(FG, parameter) &(F, parameter) s.t. (2 Gio, ye anameter) E Gi parameter) (7, parameter) Cc 


(G5, BP avGMELer) & xe Bic Poe emeuer n Gr OGL OM ELEE _— 0 ae yparamereny + then (X), T, parameter is called 
(a,b,c) ((X),4 ) 
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a NS b-regular space. ((X), t, AP2™#™te") is said to be NSb3space, if is both a NSregular and NSb, space. 
Theorem 5.2. Let ((X), T, [Parameter) be a NSTSover the father set (X). ((X), T, [Parameter) is soft b-T; spaceif f 
for every (2° (ab) BP OTameE SE ) ra (F, ePorameter t.e, G, parameter ) = ( (X) ; tT, [parameter ) 
s.t. (x° Cabo MP eremcter) EG, [parameter ) Cc (G, qparameter) Cc (F, se eemeter 

Proof. Let ((X), T, [Parameter) is NSh3space 

&(xe anole one) E (jf, HP OKaIEECE | E ((X), T, qperemeter Since ((X), t, qParameter) is NSNST3 space for 
the NS point(x* (ap, HPOPATNEEL VR b-closed set (Ff, jparameter)" (Gye ee Ge AP eeen) gee 
(x (ano) AP PCGMCEE) e (Gi parameter) (, Jparameter)” = (Ge, [parameter ) &(G,, parameter) an (Go, Parameter) = 
0(%),yoarameter) . Then we have(x° gion) SiG le CPMees eG Veneer) Ca (y, HO anaCteT). Since 
(Zs, parameter )c nN Shclosed set.(G,, dparameter) C (Gp, parameter)c 

Conversely, let (x° Gone) N(#, NeGramerer) = 0 ((%) aparameter) &(H 5 nea be a NSb closed set. 
(4° apg dee ene") a (H, Jparameter)" & from the condition of the theorem, wehave (x° aoe) E 
(G, (parameter) — (G, parameter) Cc (Hf, jparameter)” Thus ( © (ab) qparameter) E 

(G, [earameter) Cy Parameter) Cc (G, qparameter)c &(G, parameter) ¢ (G, qparameter)c = 0( {) qparameter). So ((X), L, 
parameter) ic NSbzspace. 

Definition 5.3. Let ((X), T, [Parameter) be a NSTSover the father set (X) . This space is a NSnormal space, if for 
every pair of disjoint NSb closed sets (f,,d?7¢™elr)&(Fz, dParameter) 3 disjoint NSb open sets 
Gu, parameter) &(Go, parameter) s.t. cA AP anaimerey | Cc (Zi; parameter) &(To, Parameter’) Cc (as, parameter), 

((X), t, HParameter) is said to be a NSbyspaceif it is both a NSnormal and NSb, space. 

Theorem 5.4. Let ((X), T, [Parameter he a NSTSover the father set (X) . This space isa NS bT, space ©, for each 
NS b closed set (F, HP ePOMete! Vand NSbopen set (G, dP¢7™e"er) with (F, UAE AIEEST C (G, qParameter) 4a NSbopen 
aes (D, parameter ) ef (i, parameter ) a (D, parameter ) 7 (D, dparameter ) C (J, qParameter) 

Proof. Let ( (4) , T, Parameter ) be a NS by, over the father set Cay & let (F, Ae Cc 
(G, dperameter) Then (G, dPparameter)c is is a NSb closed set and (F, a MG ee eee = 0(,qrarameter). 
Since(X), T, Parameter) be a NS by, space, INS b-open sets (Dy, HPOT OMELET VSD HVAT OTNCEEE |S t. (f Per ometer Cc 
(Di, parameter), (J, qParameterye < (P,, parameter ) &(Dy, parameter ) nN (Dy, parameter ) _ 0%) gparamerery. Thus 
(F, jparameter) Cc (D,, qarameter ) Cc (Dp, qparameter)” c G, [parameter (D,, qparameter\ "is a NS by closed satand 


(Dane meter) Cc (Da, aparameter)” So (i, Parameter’) Cc (Diaper emeter) Cc (Digderemetes ) Cc G, Parameter) 
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Conversely, let (f,,d?¢7emeter )@ (fz, dParameter) be two disjoint NSb closed sets. Then (f,,d?¢7¢meer) c 
(fz, Jparameter)” From the condition of theorem, there exists a NS b open set(D, HeOTOELeD) s.t. (f, ye Cc 
(D, qParameter) (D,, dparameter ) ae, parameter )< Thus (B, dPparameter )a(H, parameter) are NSb open sets 
and (fj,dParameter) c (f;, qparameter)° | (F yparameter) c (B, qparameter) &(D, qparameter ) &.(B, qparameter)" _ 
0(%),qoarameter’. 


((X), t, HParameter) be a NS b, space 


6. Monotonous behavior of NS b-Separation Axioms 

Theorem 6.1. Let (X°"”,I,0) be NSST such that it is NSb Hausdorff space and (Y°"*”,%,0) be any NSST. 
Let (f, 0):(X°'”, F, 0) > (Y°#, %, 0) be a soft fuction such that it is soft monotone and continuous. Then 
(Y°r?, & A) is also of characteristics of NSb Hausdorfness. 

Proof: Suppose (x° Gee er) (xe (oe). € x°T such that either («° Gon es), > 


ney Pe) or a ane teren) < BGreg ). Since (f,0) is soft monotone. Let us 


1 1 1 e parameter 
suppose the monotonically increasing case. So, (22 exert ) > 
e parameter 1 1 
B (28 (pqdParameter) Or (x (a,b,c) d ) < B (222 (apqdParameter) implies that B (222 (apqdParemeter) > 
$ (x2 JOTH (28 (poAParameter) = B (208 cpodParemeter) respectively. Suppose 
/ / j / 
(y° Ci mh /y seenaretcr) ; (y° (a/ /) qeeraneeey E Yortp such that (y° (a/ »/ /) searemseer | > 
J J 1 J J 2 , J 1 
/ / / / 
e arameter e arameter e arameter e arameter 
(y (a/,b/,c/)? a ), ae (y (a/,b/,c/) at ) ° (y (a/,b/,c/)? a 3 me (y (a/,b/,c/)? a? ), ~ 


/ / / ; 
(y (a/,p/¢/) saa or (y° (a/,b/¢/) seeranee < (y (a/,p/,¢/) oa respectively such that 


1 
/ ter \ _ / j _ . 
(8 (af) Frere) = Bleteaneyarerameier) (Ca) g/L meer) = Bxetanoyaneramerer) Since, (LET, F, 9) is 


NSb Hausdorff space so there exists mutually disjoint NS b-open sets (21,0) and (&2,0) €(X"”,5, 0) => 


$((h4,0)) and $((£2,0)) € (Y", §, 0). We claim thatf (£1, 0)) 0 £((42, 9)) = 0% grarametery. Otherwise 


$k, 0)) fal $((Ro, 0)) - 0 (%),aparametery A Suppose | (£2 (aii pii eit iOaee, E $k, d)) ral KR, d)) — 
e// arameter e// arameter 
(t (al/p// eft) A? . ), E $((h1,0))& (t (al p/l,e/1)1 AP : ) E $((k2,0)), 


(£2 (aii pit gity ieee) E $£((h1,0)), # is soft one — one = J (401 (ali pit ery Parameter ) E (R1,0)s.t. 
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// // // 
(t : rr), = f ((z é ianyrrones | (t gyro). E $((k2,0)) => 
5 (2 nuit, ipereimeter), E (Ro, a) s.t. (er (ah lt ell) pee), = f ((4°" (eit pill) penne) — 
$ ((40" (ai oll JN) apenas) ) = f ((4°" (ai al laa ) Since, $ is soft one — one => 
oe 2 aie 3 


// 
= (¢ CH aks E 


// t 
= (t° (a//,b//,c//)) anaes . 


// t 
(t° (al/,6//,¢//)» qParame =) 


2 3 


£ (1, 9)), (t a eilghetny cement) E $((h2,0)) > (t ieee). E $((£1,0)) NF C(R2,0)). This 
is contradiction because (1,0) N (kz, 0) = 0(),goaramerer). SO, $ ((#4, 0)) N $((R2,0)) = 


e arameter e arameter 
(2° apo? ), > (2 Goo? ie or 


e arameter e arameter 
(2° Gun” ), < (4% ano? ),= 


0((%),yparameter). Finally, (x  (a,b,¢)» ee) * f ((2* avs aa) t ((%° apo, arent), a 
or f (Cen). ae (x ‘Gag ) 
= f (Ganges). ) aS (Ce ge 


Given a pair of points 


f / j / 
e parameter e parameter crip e parameter 
(y (a’,b/,c/)’ dl i} (y (a/,b/,c/) : ), aa . (v (a/,b/,c!)? ), = 


(oO aip/ ger enee) We are able to find out mutually exclusive NSb open sets $((#4,0)), $((#2,0)) € 
a 2 


(YY? BA) s.t. Cage). E £((#1,9)), Cegen™), E £((#2,0)). this proves that 


(yr? %,0) is NSb Husdorff space. 

Theorem 6.2. Let(X°"”, 5, 0) be NSST and (Y°"*”, &, 0) be an-other NSST which satisfies one more condition 
of NSb Hausdorffness.Let (f, 0) : (X°"”, , 0) — (Y°'#, %,0) be a soft fuction s.t. it is soft monotone and 
continuous. Then (X°"”, &, d) is also of characteristics of NSb Hausdorfness. 

Proof: Suppose (%° (a5.), aa Be Cae aaa Ee x°r such that either (%° a5.) Panes) > 
Cage aa) or (x? (ab,0)) a Peramshet Cee ane Sa Oy 7 us suppose the NS monotonically 
meneasing Case: SO; (Ai gpa, Perel” ) (ar (aes POPNeE ) On (ae pa APOTemerer) a 

(x° (ab), aPaRCTELH implies that §((x° (abe) apareneres).) = 


ACC aa CRY LP AEE) or $ ((x*% (ap. cea) < 


£((£? (ab,0) BPEPAnEIES ) ) respectively. Suppose (Gal p/ely Eeeiane): ; (Cal p/efy oe) E yore 


e/ arameter e/ arameter e/ arameter 
such that (y (a/,p/e/) A >(y (a/ p/p , or | y (a/,p/e/ A < 


1 1 
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/ / / / 
e parameter e parameter e parameter e parameter 
(v"" (ais/ery ), 80 (# (arareryt ) > sey ), rH aiwary i 


e/ parameter ; e/ pee) — 
(y (a/,p/c/) ), respectively such that (y (a/,p//) 4 = 


/ 
$U(£" abo, eae (y° (a! b/c!) a _— E(x? (ab, sae oe t. Coens oe = 
B*(Hr) and (2% (a5,9,.dParemeter) | = 


_ / j / / i ; 
$ “(ye (a//¢/) TICE) since (y (a/,p/,e/) aperanei=s (y° (a//¢/) ca 0 EY"? but (VEER. L 0) 


is NSb Hausdorff space. So according to definition (y°’ (a/,5/ ners) > 
a 1 


sjeaiancrer ) jeune) 


< (y°’ (a/6/ pee) . There definitely exists NS b- 


ef 
Or \yY (a/,6/,c/)? : 


/ 
(y° (a/,b/,c/)? 


2 1 


open sets (4,0) and (2,0) €(Y°”,%,0) such that Cage ey) pene) E(R,,0) and 
me 1 


Cage b//) eee) E (£2,0) and these two NS b-open sets are guaranteedly mutually exclusive because 
ree 2 


the possibility of one rules out the possibility of other. Since $~*((£,,0)) and #~*((22,0)) are NS open in 


(xert”, F, A). Now, F-1((hy, 8)) HFA, OY) = F(A, 0) A (Ap, 0)) = $-1(B) = 


ees / = / = 
0 (%),avarameter) and (y Co). E (hy, 0) = $ “(ye Gite) ) E f 1((h,, d)) = 


/ = / 
Coa aaialuaiaa I E ((k1,0)), (y° nee), E(k2,0)>f “(ye Cig) E 


$~* (#2, 0)) implies that (xe (a,b,c)? a E ((R2,0)). We see that it has been shown for every pair of distinct 
points of X°’”, there suppose disjoint NS b-open sets namely, $~*((#,,0)) and $71((R2,0)) belong to 
(x°r?,%,0) such that (x? apo, ee Ef 4(,,0)) and (*% apo, REPGINEID E $C, 0)) 
Accordingly, NSST is NS b Hausdorff space. 

Theorem 6.3. Let(X°"”, , 0) be NSST and (Y°"”, &, 0) be an-other NSST.Let(¥, 0)(X°"'?, F, 0) — (Y°°'#, &, 0) 


be a soft mapping such that it is continuous mapping. Let (Y°"”,T,0) is NSb Hausdorff space Then it is 
ouaranteed jaat {(( 20° (ase), dParameter), ( ae pean) f (( Paes: parameter) ) _ 
f (9° (ei /e!y qpeare)) is a NSb closed sub-set of (X°"#?, 5,0) x (X°'#,T, 4). 

Proof: Given that(X°"’”, T, 0) be NSST and (Y°"”, §, 0) be an-other NSST.Let(f, 0)(X°'”, T, 0)  (Y'#, §, 0) 
be a soft mapping such that it is continuous mapping. (Y°"’”,T,0) is NSb Hausdorff space Then we 


will prove that {((x%ero, qveramerer (¥ (al p/efy qpnanee))) f ((2* eno, qpeamete))) = 
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f ((o eis/e/y qpEane=))) is a NSb closed sub-set of (X°*”,T,0) x (Y#,&, 0). Equavilintly, we will prove 
that ( e Neer rere) e/ parameter \)\. ( e Hear RELEL ) = e/ parameter a NS 
a x (a,b,c)» N\Y (a/,b/,c/)? . t x (a,b,c) = |Yy (a/,b/,¢/)? 1S 

b-open sub-set of (X Pi UAYxX(XT#,T,0) . Let (#0. qearemeter Cage b/¢/) appar) E 

e parameter e/ parameter ; e parameter 
{ (x (a,b,c) 4 ), (y (a/,0/,e/) 4 with (x (a,b,c) 4 ) > 
(0 (a 5 iy siperemieter ; f ((@* qe uae ater) ) = 

/ ‘ / 

f ((y° (a/,6/¢/) aparece) or ((#*eso. HOGEOMEre? y. (y (a/ p//) spear) E 

e parameter e/ parameter e parameter 
{((« (a,b,c) d ); (y (a/,b/,e/)? d )) with (x (a,b,c)) A ) < 
( e/ senate ) f ( (x? qeeiemcten) < f ( e/ sememeter) i ee 

Yy (a/,p/,c/)? (a,b,c) Yy (a/,6/,c/)? ) 

e parameter e/ parameter e parameter 

f €: (a,b,c)) ) >t\ly (a/,6/,e/)? or <f (Z (a,b,c) ) < 
e! jae! ameter accordingly. Since, (Y°"”,%,d) is NSb Hausdorff space. Definitel 

$ (y (a/,b/,c/) StY / ) P y, 


tee) 8 (8 aunt) are points of (Yr? & A), there exists NS b-open sets 


(G, 0), (h, 0) € (Y"”, &, d) such that $ (2% (as, Parmeter) ) © (G, AGF ( (x(a), APTA") ) E (, 0) provided 


(G,0)N(k,d) = 0((),yParameter) Since, (f,0) is soft continuous, $~*((G,0)&#-*((#, 0) are NS b-open sets in 
(KOOP 05 supposing Cage ey Ne ereeS and (y Ge /e/) sparameter) respectively and so #7 *((G,0) x 
$ 1H, 0) is basic NS b-open set in (XO? VOVRIXC?, 50) containing 
((x*ero, parameter), ( ees parameter) Since (G, 4)  (, 9) = 0(@%) gparamerer), , itis clear by the definition 
of {(( £2 (abe) parameter) ( ye! (alb/¢!) pence) f ((x° ees deerancter)) = (( ye! (al /) apeanee) that 
(B-*((G, 2)8h-* (14, 9} 7 {( (x(a, dParAMN), ("ayn APOTIML”) ) F(X) = 


f ((¥°’ errr) = 0(@q,grarametery, that is $-1((G,0) x $-1((#, 0) € 


Cc 


{((%ees0, He OEOIELEE, (¥ (al p/ely ea) f (Coa seer) _— f ((¥ (ers/e/y apeeriee)) 


Hence, {((x%ero. NPOTeMCteE), (Yai p/ely sean) $ (4 ass: spencer) ) = 
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Cc 


$ ((o eis/ey pra) implies that {((%eno. a (¥ (aip/ely eae) : f (tans, seas) = 


t ((°(eis/ey grease) Vlg NS b-closed. 


7. Mixed NS b-Separation Axioms 
Theorem 7.1. Let(X°"”,T,0) be (NSSTS) and (Y°"*”,%,0) be an-other (NSSTS). Let ($,0):(X°"'?, E, 0) > 


(Yor? ,%,0) be NSb open mapping such that it is onto. If the soft — set 


{((x%eso. Por ammeter y. (Yai p/ely oes) :f (Cane qparamcter) = f ((¥ ers/ey qparameter))) is NS 
b-closed in (X°"”, T, 0) x (Y°°'”, &, 0), then (X°#”, F, 0) will behave as NSb Hausdorff space. 


Proof: Suppose f ((x° (a,b,c)s parameter) K(y) be two points of yu? such that 
either $ (Cae apace) > f ((¥ (aise) iperance) ) or < $ ((x° Gare) speanHe)) < 
e/ parameter Th e parameter e/ parameter 

B\\y (a/,b/,c/)? -f nen (x (a,b,c), i YB (a/v!) Eg 
{((x%eso. He aTeeter ), (¥ (al p/ely oan) with Cagenny ee > 

e/ parameter )\. e parameter 
(y (a/,p/,0/)? d ) f ((x (a,b,c) a )) o 
$ ((¥ (eis/ey pean?) or ((#*caxo. AOR CEUEECr (¥ (aip/ely spans) ¢ 
{((%eeso. apanamecer ), (Yai p/ely qparameter)) with (2° ape, yporamerer) x 
(Yai p/efy spares $ ((@* ene: seeraniter) | < f ((o(eis/ety qparameter))} that is 
((#*caxo. paramere), (¥ (aip/ely parce) E 
{((x%eso. parameter, (Yai p/ely jpmane) with (2° wee, parameter) x 

e/ parameter )\. e parameter 
(y (a/,p/,0/)? d ) f ((x (a,b,c) a )) a 

C 

$ ((¥ eis/e/y qpnaree?) or ((#*ero. NO CEOMELCL ( (aip/efy paren) E 
{((%eeso, jparameter ), (Gai p/ely qpaameter)) with (x° (a5): parameter) x 


(¥ (aip/efy aperanter f (Ca dpe ariel) < 
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Cc 


f ((o eis/ey pra) Since, ((#%ero. NOC), (val p/ely Gea) E 
1 (4° fans parameter Y (al shel eerie | with Cogencr ee > 
e/ parameter ). e parameter 
(y (a/,b/,c/)? ) f ((x (a,b,c), ) e 
Cc 
$ (9a 5 J) apart) or ((#*aro. HOCECIIEF EC? Y. (0 a a/ ly ayer) E 
{((e%eso. EE (Yai p/ely ana) with (2° Gio; eae < 


Cc 


(ai p/efy seater $ ((@* ene: deeraniter) | a f ((¥ (eis/ey speance)) is soft in (XCFLe. gy, d) x 
(Yor? & A),then ANS b — open sets 
(G, 0) and (R, 0) in (EPP t, 0)s. t. ((#*eso. HPAL OMeper), (Cai p/efy pean) (¥ (aip/ely searameter) E 
(G d) x (k Q) E (xe eerameten) e/ parameter ith ( e averamerer) = 

; ; (a,b,c) NY (al pic) WIEN \X (a,b,c), 

e/ parameter ). e BP arGTeCter) = 
Yy (a/,p/,c/) f (x (a,b,c), 

/ a / 

ft ((y° (a/,6/,¢/) een?) or (#0. HPOTOMEtEE (y (a/,p//) pee) E (G, 0) x (h, 0) E 
{((x%eso. Ae aa (ow 7 J) pean) with Cageery PGP AIEEE) < 


Cc 
iS eager) :f (Gangrene) < f ((¥ (ernisy Prme*”))} . Then, since $ is NS b-open, 


$((G,0) ) and #((%,0)) are NS b-open sets in (Y°”,%,0) containing ce aggre and 


f ((y*’ (al w/e) spear) respectively,and #$((G,0) ) N#(£K,0)) = 0 (() aparameter) otherwise #((G,0) ) X 


SR, 0)) fal {((x* cane) a ) with Cogcrny De = 


(ai p/efy seoramiter,) :; f ((@* ene uprameter) > 
$(y)} Or (((e*ero Per anelen (Yai p/ely sparameter))) ¢ 
{((x%eso. jearameter’, (Yai p/ely pom) with Caey qparameter) < 


( (ai p/efy jpeaneter :f (engi peranctes) < f ((o (eis/ey sean") = 0((%),qparameter). It follows that 


(Yor? %, 0) is NSb Hausdorff space. 
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Theorem 7.2. Let(X°’”, T, 0) be a NS second countable space then it is guaranteed that every family 
of non-empty dis-joint NS b-open subsets of a NS second countable space (X°"”,, 0) is NSb 
countable. 

Proof: Given that (X°"”, 5,0) be a NS second countable space. 

Then, 3 a NS countable base¥ = (B’, B*, B?, B*,.....B":n € N) for (X, 5, 0). Let (C,0)be a family 
of non-vacuous mutually exclusive NS b-open sub-sets of (X°"”, T,0). Then, for each (f, 0) of in 
(C,d)4 a soft B” € Yin such a way thatB” E€ (f,0). Let us attach with(f, 0), the smallest positive 
interger n such thatB” & (f,0). Since the candidates of (C,0) are mutully exclusive because of this 
behavior distinct candidates will be associated with distinct positive integers. Now, if we put the 
elements of (C, 0) in order so that the order is increasing relative to the positive integers associated 
with them, we obtain a sequence of of candidates of (C, 0). This verifies that (C, 0) is NS countable. 
Theorem 7.3. Let (X°"”, Z,0) bea NS second countable space and let (f,0) be NS uncountable suset 
of(X°"*”, F, 0). Then, at least one point of (f,0) is a soft limit point of(f, 0). 


Proof: Let Y% = (B,,B>,B3, By, .....Byin € N) for (Xx°#,, 0) Let, if possible, no point of (f,0) be a soft 
limitpoint of (%,0).Then, for each Cafe Da E (f,0)4NSb — open set 

(2,9) (2¢ ¢,5,5,qParameter) Such that(x® (ap... dPareme’" ) € (p, A) (ce ca p9dbarameter) and 

(p, 2) (x8 eno aParameter) A (#,0) = (ae ad [parameter )) . Since Y is soft base Bn (€ G50, gparameter) E€ ¥ such 
that ( ©" ab) parameter ) ER, (18a no dParameter) E (p, O) (x8 ap iParameter). Therefore, Brix ano, yparameter) nN ($,0) © 
(p, O) (ce op, edbarameter) A (f,0) = {(x? (a,b,c) Parameter} More — 

over, if (x° (ab. paramere” ) and (2 es A DANEICNED be any two NS points such that (%° (a5,), lpaeee) = 
(x? re ea) which means either Cx eon: > Caterye fr: Camas or 


e arameter e arameter . 
(x (a,b,c)» qP ) < (x (a,b,c) qP ) then AB,, (eager) and Bn CSG gah er arene). in MM such that 


Ba (atsyaverunener, TF.8) = ((2% ane dP Om*tT) } and Buco, nmanern, T1(8,0) = {(a*earo,aParemeerr), |. 
»D,C)? 1 a,D,C)» 2 


Now, (ae Goer ee). # (ae Galen) which guarantees _ that 1 (@ Oe ea # 
| (2° cay aponennceet which = 
Bn (2€ (ayo dParameter) Oe a Br (2 qnodParameter), END WATCHES Pre (ap,o,dParameter) = 


Bax aro, gparameter) Thus, 4 a one to one_ soft correspondence of (f,0) on _ to 
2m 2 


{Bn eae parameter): (2° (ap), dParameter ) E (f,0)}. Now, (%,0) being NS uncountable,it follows that 
een ais gparameter): (2° (a,b,c), dParamerer ) E (f,0)} is NS uncountable.But,this is purely a contradiction, since 


{Bn (ae (apeyParametery' (4° Guo, ce eee” e.g, a) benig a NS sub-family of the NS countable collection YB. This 


Arif Mehmood, Wadood Ullah, Said Broumi, Muhammad Imran Khan, Humera Qureshi, Muhammad Ibrar Abbas, Humaira 


Kalsoom and Fawad Nadeem, Neutrosophic Soft Structures 


Neutrosophic Sets and Systems, Vol. 33, 2020 Al 


contradiction is taking birth that on point of (f, 0) is a soft limit point of (f,0),so at least one point of (f, 0)is a 
soft limit point of (f, 0). 

Theorem 7.4. Let (X°”,T,0)NSSTS such that is is NS countably compact then this space has the 
characteristics of Bolzano Weirstrass Property(BWP). 

Proof: Let (X°"’”,T,d) be a NS countably compact space and suppose, if possible,that it negate the Bolzano 
Weierstrass Property(BWP). Then there must exists an infinite NS set (f, 0)supposing no soft limit point. Further 
suppose (p, 0) be soft countably infinite soft sub-set (f, 0) that is(p, 0) © (f, 0). Then this guarantees (p,0) has no 
soft limit poit. It follows that (p,0) is NSb closed set. Also for each (2° (aq), Parameter) E 
(p,0), (xe (abe). HParameter) is not a soft limit point of (9,0). Hence there exists NS b-open set (G,,,0),such that 
(2° (aq), dParameter) E(G,,0) and (G,,0)N (p, 0) = {(#%(apq.dearameter) } . The the collection {(G,,0):n € 
N}/N (p,@)* is countable NS b-open cover of (X°" ®,¥,d).this soft cover has no finite sub-cover. For this we 
exhaust a single (G,, 0), it would not be a soft cover of (X°” ® ¥,d) since then ((x° (ane), dParameter) would be 
covered. Result in (X°"”,,0)is not NS countably compact. But this contradicts the given. Hence, we are 
compelled to accept (Xx ®,¥, 0) must have Bolzano Weierstrass Property. 

Theorem 7.5. Let (x crisp", §, A) and (x TBS A) be two NSSTS and suppose (f,0) be a NS continuous 
function such that (f,d): i crisp? $A) = (x crisp? T, A) is NS continuous function and let (£,0) © 
[eee w, A) supposes the B.V.P. then safely f((£, 0))has the B.V. P. 


Proof: Suppose (£,0) be an infinite NS sub-set of (f,0), so that (£,0) contains an enumerable NS set 
Gag epee) an EN) then there exists enumerable NS set UF pay err) an EN)E 
(L,0)s.t. t( (9 wisp rrr”) = (2 (poe) (£,0) has B.V.P.= every infinite soft subset of 
(£,0) supposes soft accumulation poit belonging to (£,0).=> CF iinet) :n € N) has soft 
neutrosophic limit poit,say, ayn). E(£,0).= the limit of soft sequence 
(ale ely ene) -n € N) Se ( Ola sicly Heme), E(L,0)> ( ¢ aisidy aa _ 


/ ter . . . . . 
yy” gale es E(£,0).f is soft continuous => it is soft continuous. Furthermore 
(a/,b/,c/) 0 


ie / / 
(y peer) (y° nn), E (L, 0) => (ws nee") ) = 


n 
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£((#" (ernrery aperemeer)) E (CL, d)) —, Cage NPAC GIETE? = 1(Y (al piety areas) E 


1(L£,0)) = limit of a soft sequence (A? angler) oe N} is IY (alpiely os E 


f{((L,0)) = limit of a soft sequence ((x° Genes) EN) is 1H (pir Pre”) E (f, 0)((L, 0)) 
.Finally we have shown that there exists infinite soft subset ((*° (a5), Sea n € N) of f((£, 0)) containing 
a limit point f ((y° Gn /e/) uum) E f((L, 0)). This guarantees that f((L£, 0)) has B.V. P. 


Theorem 7.6. Let(X’”,,0) be a NSSTS so that (i)(F,0) is NSb compact soft sub-set of (X°"”,&, 0) and 


(x? (4p, dPareme"e") be a crisp point in X°"” such that (x°(a5,.), 4? ee") can be strongly separated from 
every point (y°’ (a/,p/,¢/) dpenamneter lin (F,0),then it is guaranteed that (GES: HOMES | and (F,0) can also 


be soft strongly separated in (X°” ® 0). (ii) if (9,0) and (F,0) are two NSb compact soft sub-sets of 


(x°r'?,&, A) such that every point (x°(q5,.),d?7 7") in (%, 0) can be strongly separated from every point 
(y°’ (al w/¢/)? parameter Vig (F,0), then it is guaranteed that (9,0) and (F,0) ca n be strongly separated in 
(OP Ty, Q). 


Prof i) La) gma) (rns) andre agamomen (8 uy") 
separate strongly the pointx from a point(y" (a, Il) ape eee) € (F,0). As (y ie /e/) sjearameter ) runs \rush 
over (F,0), the corresponding NS sets (L, O) (28 (pc AParameter) ((¥°’ (a! 61!) eenee) form NS b-open covering 
of(F, 0), for which there exists a finite soft sub-covering, (L, d)( x° (ape AParameter) ((y°’ (als!) penne), ) = 


(£,0) (x anopdbarameter) (( O° ai gid apenas) , Say, Since (F,0) ts NSb compact. Let 


(0, Hat ias rere) (w 1 ye! vasryaarameter) : (0, os 


1 


,0 yu (OQ, 
wv (ue evar aysroremer) . 1 ye! yay ayaaramerer) (0, Oy, (w N(uryiansroromerer (0, ley naoeeme) ) 


1 n 


(0, O) Jel parameter (@ (a,b,c) uparamctey) ) 


(a/,p/,c/) 2 
be the corresponding NSb open sets supposing the point (2° Gano) ORL enteter 


Let (U, 0)F,a) ((x° are) dpenamctes )) = (U, 0) (G56; apeamctes) ) ny, te eee 


/ arameter ( 
B (al p/ of PP ) 
(a sb! ,c ) Fi 
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A (U, 0) porameer) ((x° gene Parameter) ) and{L, d)(re.,,,,yparameter((F, 0) 


/ 
ye (o/p/,/)" ; 


~~ 


= (L, D) (222 ca pelParameter) ((¥ ers/ey Ca U 
; t oO t / : ~ 
V, A (xen yaveramerery ((" Gays gp dParameter) TU (22% erro dParameter) ( (as ayy ry Parameter) | O... 


Tl / 
U (£, O) (2.8 pe AParameter) ((y° (a/ b/ /) Seger?) : Then (exes Hear OTEler) E 
: eat , , n 


(U, O)¢,a) (@ Gano, deerareter))) and (Ff, 0) C€ (L, D) (222 aye dParameter) ((F, 0)). Also, 


/ t rs / t = 
is a rere) ((y° (a//,¢/) parame =) ‘al (L, O) (2.8 ajpc)AParameter) ((v° (a/,6/,c/) yqParame an — 


i 


/ 
ye (a/,/,c/) 


0((%),yparameter) , and (0, 0) Fa) ((x° care) dpeeamster) ) c (U0, ON ye sent) ((#* eno, nearer) ) , for ae 


U 


(a/,p/,c/) 
1,2,3,4, sista yal Uy it follows that (U0, 0) F,a) (@ aaa: spears) Nn (L, O) (2.8 (pcAParameter) ((F, 0)) = 0(q),qrarameter) 
Thus (4° (q5,.,d?7 me") and (F,0) are separated strongly by the pair of disjoint NSb open sets 
(U, )g-) ((22 ancy APA AMT) and (L,9) ye... grarametery ((F, 8)) in (Xr, &, 8). 

(ii) Suppose Cant A runs over (2, 0),then corresponding soft sets (U, 0);¢ a) ((x° care) apenainct |) 


generate soft covering of (9,0), for which there’ exists a _ finite soft sub-covering 


(U, 0) Fa) (@* Gai parameter 
(U, 0) iF,a) ((#* evo, parameter 


1B, Dye-a) ((2% ano, dParemet),,) 


Yi) ‘ 

ae , say, for(g, 0)(since (§9,0) is soft NSb compact). Let 

(L, O) (8 @yodParameter) ((F, 0)), (L, O) (18 qpo,dParemeter), ((F, 0)), ote 

(L,9) (20 q4,9,rarameter) ((F, 9)) be the corresponding NSb open sets containing (F,0). Then (U,0)((9,0)) = 
(U, 0) Fa) ((#* eno, SReIETEE oO 


(D, Bera) ( (2° (aoe dParamerer), ) G, ... prand (£, 0)(((F, 9))) = UL, (xe aypararameter) ((F, 0) 
iv (U, O)e,a) (@ axa, seaaricien)) 


N (L,0 )( 2° (apo,AParameter) | ((F,0)) f\, ... 
N (L,0 )( x°(anodParameter) ((F, 0))are two disjoint NS open sets ,(as in(i),which separate (9,0) and (F, 0) strongly. 
Theorem 7.7. Let(X°"’”,T, 0) bea NSSTS and (f°"”, 5,0) be NS sub-space of (X°"”, E, 0). The necessary and 
sufficient condition for(f*"“”, 0) to be NS compact relative to (f°7#,5,0) is that (f°"”,0) is NS compact relative 
to (X°'#,F, 0). 
Proof: First we prove that (f°"’”,0) relative to (X°#,%,0). Let {(£0);:i€ 1} that is 
{(€, 0)1, (£0), (6, 0)3, (6 0)4,..} be  (X°"”, 5,0) — NSb open cover of (f°"*”, 0),then(f°*”"”, 0) EU, (£,0);.(£ 0); € 
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(NOW, TX, A) => Ag, 0); € (XT*, F, O)s.t. (EO); = (g, 0), NFP", A) E (g, 0); = Ag, 0); € 

(XP, FT, A)s.t.(£, 0); € (g, 0); =U, (£0); EU, but (f°, 0) E (£, 0);. So that (f°”"”, 0) EU, (£, 0);. This guarantees 
that {(g, 0);:i € This a (X°'?, 5,0) — NSb open cover of (f°"”, 0) which is known to be NSb compact relative 
(x°r'? A) and hence the soft cover {(g, 0);: i(x? (a,b,c)s GLC ec } must be freezable to a finite soft sub cover, 
say, 


{(g, 0)inir = 1,2,3,4, ...., n},Then (f°, 0) € U"_(G, 0), => 


(Fert? a) A (for? 8) © (fr? a) A Ue O)er 
r=1 


= U1 ( (f°, 8) AG, 0), = UME A), orf", 0) © UME 0),, => (0) pil <r <npis a(X%#,T, a) — NS 
open cover of (f°”"”, 0). Steping from an arbitrary (X°"’”, T, 0) —open cover of (f°”*”, 0), we are able to show that 
the NS cover is freezable to a finite soft subcover{(f, 0);,-:1 <r < n} of (f°"”, 0), meaning there by (f°7#, ) is 
(X°r'? FA) — NSbcompact. The condition is sufficient: Suppose (f°"”,%,0) be soft sub-space of (Xx°" FA) 
and also (f°""”, 0) is (X°"”, T, 0) — NSb compact. We have to prove that (f°""”, 0) is (X°"”, T, 0) — NScompact. 
Let {(£,0)1,(£ 0)2, (6 0)3,(E0)4,..} be soft (X°'”,T,0)—NS b-open cover of (f*"”,0), so that (f°"’”,0) € 
U, (g,0); from which — (f°"?,0) 0 (f°, 0) © (f°, 0) A (UO, (g, 0), Jor, FF", 0) EU, (I, A) A (g, 9);). On 
taking _— (0); = (g, 0), NAF", 0), we get — (f°, a) EU (E,0);,(g, 0); € (XL, F, 0) = (6,0); = 
(g,0), Nf°"#, 0) € (f°"*”, §, A) ....(1).Now from (1) itis clear that {(£ 0),, (£, 0), (£,0)3, (£0), ... } is (f°, , 0) — 
NSopen soft cover of (f°””, 0) which is known to be (f°””, §, 0) — NS b compact hence this sof cover must be 
reducible to a _ finite soft sub-coversay, {(£0),:1<r<n} . This = (f°"”,0)€ UP tO). = 


UP_1((g, O)ir) OF", 0) € (X°*, F, 0)), or 


_ 


n n 
(er? ay © ({ Jha, Ar) HAF, 0)) € | Kg, ur, oF 
r=1 r=1 
(f°, 0) UP_1(g, 0)ir. This proves that {(g,0);,:1<1r<n}is a finite soft sub-cover ot the soft cover (g,0);. 
Starting from an arbitrary (X°” ®, ¥,0)—NS b-open soft cover of (f°’”, 0),we are able to show that this soft 
neutrosophic b- open cover is freezable to a finite soft sub-cover, showing there by (f°"”, ) is (X°""”, , 0) — 


Nbcompact. 
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Theorem 7.8. Let(X°"”, ©, 0)NSSTS and let (xe Cay eee) be a NS sequence in (Xx °" ®, ¥, 0) such that 
it converges to a point (x° (5,0, ave ena then the soft set (g, 0)consisting of the points (x? (5,.), d?27am*"*" ) 


No 


Doe | (x* (abe), BP OROTETES ae an ee ee )is soft NSb compact. 


Proof: Given(X"’?, , 0)NSSTS and let (Care ap anamcre be a NS sequence in (X°"’”, f, 0) such that it 


converges to a point Cage: aed that is (2° Gio, a = Cage eee) Ex, Let 


(2°50) aaa (2° RS, eee) 5 Caren Hparameter) 


(g,0) = ( z ) Let {(S, 0)_:a@ € A} be NS b-open 


covering of (g, 0) SO that (g,0) GU {(S, 0) a: a € A}, (eons). E (g,0) > Ady € 
0 

WS (a Gao, NCAT enEET E (6, 0)q,. According to the definition of soft convergence, (#°(a,), Beane E 

(S,O)q, © (X°#, 5,0) = Any EN s.t.n > ng and Cort: ceaalaad) Ie E (G,0)q, Evidently, (S,0),, contains 

the points (2° Gao; sade) 


e parameter e parameter 
Cage nore ) tae (eae ) at 


verameten De 
pakns 


e e 
(%° (a,6<)) roa’ © @bo) 


(x? (ap, dParamerer) —.... Look carefully at the points and train them in a way as, 


No+n 
Cages Ee i Can ee 
(2° RD) ser be (2° wes: PS) . 
(x? (ap, dParameer’), .....generating a finite soft set. Let 1 < ng_1. Then (x? een), E (g,0). For this 
i, Ca one). E€ (g,0). Hence 4a; €As.t. (x agrees). E(G,0)q, . Evidently (g,0)¢€ 
US, 0)q,-This shows that {(S, O)q,:0 S No-1}is NS b-open cover of (g, 0). Thus an arbitrary soft neutrosophic 
open cover {(S,0)g:a € A} of (g, 0) is reducible to a finite NS sub-cover {(S, 0) q;:i = 0,1,2,3, ...Ng_1},it follows 


that (g, 0) is soft NSb compact. 


Theorem 7.9. Let(X°"’”, 3,4) be a NSSTS such that it is soft countably compact.Then every NSb closed sub- 
set of (X°"'?, 5,0) is NSb countably compact 

Proof: Let(X°"’”, T,4)NSSTS such that it is NSb countably compact and suppose (f, 0) be a NSb closed sub-set 
of Ler”, F, A). Let C= {(G1, 0), (G2, 9), (G3, 9), (Gas 9), (Gs, 9), (Ger), «+ ++ (Gn, 9) -.-.} That is {(Gn,0):n € N} be any 
countably NS b-open covering of (%,0). Then, (f,0) GU (G,,0) .This qualifying us to write (Xx ® TdA= 
(f$,0) U (f,0)° ECU ((Gy, 0)) U (f,0)°. This guarantee that the collection {(G,,0):n € N} is a NS countable b-open 
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covering of (X°""?, f, 0). But (X°"*”, F, 0) being soft countably NSb compact and (f,0)° obviously absorbing no 
piece of (f, 0). It follows that there exists finite soft number of indices n,,,1,74, 74, ....N% such that 

(f,0) G Whee (Cee 0). This shows that {(Gn;,0): i = 1,2,3,4, ....,k} is a finite soft neutrosophic sub-covering of C. 
Theorem 7.10. If (X°"”,%,0)NSSTS such that it has the characteristics of soft neutrosophic 
sequentially compactness. Then(x°"”, &, 0) is safely NSbcountably compact. 

Proof: Let (X°”,3,0)NSSTS and let (p,0) be finite soft sub-set of (X°#,3,0). Let 


(Aas, BPA En ee )i (2 wis Eee) (2° Gas, Sala i 
( (x “(ab,c) HP erameter) (x “(a,b,c)) BPORIRELET ) be a soft sequence of soft points of 


Cage A (2° Hibs) HE CREME Ts) - 
(p, 0). Then,(p, 0) being finite, at least one of the elements In (p, 0)say (Cane, aparamncrer). must be duplicated 


an in- finite number of times in the NS sequence. 


e parameter e parameter 
(x% 50.4 Jar (4% anord )e 
Hence, ( Cacrser BET OEEeE i (2° Gate) B POLE), Cogey a is soft sub-sequence of 


(2 Game, DOTS) ss, aParOmeter 


((x* (ape), dParameter)) ) such that it is soft constant sequence and repeatedly constructed by single soft number 
(xe anguaner errr). and we know that a soft constant sequence converges on its self. So it converges to 
C2? cap, ararameter). which belongs to (p, 0). Hence, (p, 0) is soft sequentially NSb compact. 

Theorem 7.11. Let(X°"”,3, 0) NSSTS and (Y’#”,Z,0) be another NSSTS. Let (f,0) be a soft continuous 
mapping of a soft neutrosophic sequentially compact NSb space (X°'”,%,@) into (Y”,&, 0). Then, 
($f, 0)\(X'#,F,0)) is NSb sequentially compact. 

Proof: Given(x°"’”, T, 0) NSSTS and (Y”, J, 0) be another NSSTS. Let (f, 0) be a soft continuous mapping of 
a NSb sequentially compact space (X°” ® FX, A)into (Y'”, T, 0).Then we have to prove (f,0)( Xx ®,F,0))NSb 


e/ arameter e/ arameter 
(vw atptay®? ), (8 wren? ), 


sequentially. For this we proceed as.Let ( (ye eg Orr) oe gegen) ) be a soft 


/ 


e/ parameter 
(y (a/,b/,c/)? ‘] ), 


sequence of NS points in (f, O\UX'#, &, A)), Then for eachn € 


(2? ake, PA EMELE? Cae Bpanaecter 


No ( Cae sy I (2 ines eee ) such that 


“Jparamet [paramet 
(Ao eee, parame mm), 7 Caen: parame is wae (Nore, x, a) 
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Caey SPAR AMEIEE ) (x2 (a8,0, Hear eTnCEER )i; 


(f,0)1 ( Ca rey Parameter) | )|= 


Case a 7 Cares BO), aoe 


ate 
yp ) 


(ye (a/ b/ p,m ye (al bl ely : 


), (we 
(vw (a/ p/, spy parameter ), (ye leh ea’ 
(ye (al b/, jeerenee). (ye 


e arameter 
+ (We arprenydroramere”) 


n 


J 
* ) Thus we obtain a soft sequence 
__ qparameter 


ys (a/b/,c/)? : 





(4°Gaxe: IPO UELER Cae svaramener) 


(2° Gases PE OMELED) (2 "Guo aaa . . | . . 
( ee goes bin (X80). But (X°"'”, FT, 0) being soft sequentially NS 


Cae ey Hparameter), Car Soca 


Caen PAR OINETED ) 5 ~~ Calan NEE i as 


compact, there is a NS sub-sequence ((%°(a5,), meen) 2) of 
((2* (ape), SP areMCrED such that (eee aes = (Gao) qPerameter) E (Lor? x, a) . So, by NS 
contiuity of (f, 0), Uae aS HenOM EE) — (2° awe paramierer’) — (f, O)(((x? (ab), NO teetaoe ls) a) — 


(f, 8) (4? (ang, dParameter) )) E (fF, 0)\(X#,F,0)). Thus, (Ff, O)(((#% abo, arene) is a soft sub-sequence 


e/ arameter e/ arameter 
(vivre? ) lw (al,b/,e/y A ) 
ji 
e arameter 
(y (a/p/e/y F” Ve anger) 
e/ arameter e/ arameter 
(¥ wine )(w (a/,p/ ofp HP o> 


6 
e/ arameter 
(y (a/,b/,c/ yl? ) 


of ( ) converges to ((f,0))(%) in (f,0)\(X%*,T,0)) . 


e/ arameter 
Te aa 


7 n 


Hence,(f, 0)((Xx°"'”, F, 0)) is NSb sequentially compact. 


Theorem 7.12. Let(X°"”, E,0) be NSSTS such that is NS sequentially comapct then it is guaranteed 
that it must be NSb countably compact. 

Proof: Suppose (X°"”, T,0)is NS sequentially compact. If (X°"”,T,0) is finite, then nothing to 
prove in this case because it it is then automatically NSb countably compact. Suppose (X°"”, E, 0)be 
in-finite. We prove the contrapositive of the statement given in the theorem.Let {(G;, 0): i € N} that is 


{(G1,0), (G2, 9), (G3, 0), (G4, 0), ...:i € N} be aNS b-open cover of (X°"”, T, 0) which has no finite soft 
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Ceca: Gaeta a Cage yes claude) ee 


(eas Se he? Genes aa 
sub-cover. Now, we generate a soft sequence ( *) which 
"\Jparameter e "\Jparameter 
(2% pod Jer (4% nod ie 


(xe (ap), 1Parameter ) 

>, 7 
may be soft monotone. That is soft monotonically non-increasing or soft monotonically strictly 
increasing or soft monotonically non-decreasing or soft monotonically strictly decreasing. Whatever 


the case may be we proceed as follows. Let n, be the smallest positive integer such 
that (XT? FAN (Gn10) # 0(),qparameter) , Choose (xe (abo: parameter) E 
(XT? TAN (Gn, 9) Now let nz be the least positive integer greater than n, — such 
that (XT? FAN (Gno0) # 0((),qparameter) Choose (x8 Ghe parameter’) E 
(x7?, 5,0) (Gro O))\ (Xo, &, 8) a (Gn) 9)). It is important to be noted that such a point 


(22° (a,c), dParameter ) always exists, for otherwise (G,,,,0)will be a soft cover of(X crt? & A). Choose 
(22° (a,c), dParameter’) E ((X?, Ta) A Gis OY )\\(U(XT*, 5, A) A (Gno» 0)). It is important to be noted 
that such a point (xe (ae), HParameter ) always exists, for otherwise G, will be a soft cover 
of(x°"'”, F, A). Choose (2° (ap, dParameter ) E (XT, 5,0) A Gr, )\UX%#, F, 0) A (Gn,0)). Choose 
(eis A) (G0) Gai) XO) Gigi). tnetottinitieesnntetinas teins 


Choose ayers). E ((X#, FT, 8) A (Gn 9) \((X, F, 8) (Gn, _4)9)). we get the soft 


(xe ass parameter) Caen ee) 


(2% Ga,5,0) Aearareter) (x? anc, dPar parameter) | 


sequence a: ese 
q (xe NOOO. ) (xe NPChemeter) 
(a,b,c) 5? (a,b,c)? peiieie 


having the characteristics that, for each 
(4° e535 ee 


PEN. (46 apa deer ermeter ye (XE, 20) OG n50)): 


nee an v, 0) 
(angler es): does not belong to U ((Gx,,0) "+, m=n;—1. It can be seen that 
k =1,2,3,....,.n—1 


((x% Gano, dParemeter) supposes no soft convergent sub-sequence in (X”,3,0) . For 


let (A ape” E (Xx, 3,0) . Then there exists (Go 9) EVU(Gn,,0):n € N \ such 
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that (x ¢a,5,4, AParameter ) E = 0). Since (xerie | ¥, 0) a (Giacas 0) # OH) yparameter), there exists ky € 
N such - that (Gry? 9) =(Gm,.0). But by the choice of of the soft sequence 


ange) Ae ai) 


t t 
Cae parame a (Gis: parame aan | . . . 
a aw we have i>k, _ this implies _ that 
(2 be HP GROIMERED ) (Laie BRU Salva? 


(x, pg dearameter) 7 
(° (ape, dParameter ) does not(Gm,,,0). Since (Gio) ,0) is NS  b-open set containing 
(° (apo, dParameter ) , since (x2 apc, dParameter ) was arbitrary, (X°"”,T,0) is not NS sequentially 
compact,which is planely contradiction. Hence(x"”, T, 0) is NSb countably compact. 
Theorem 7.13. Every NS co-finite NSTS (X crt? F&A) is NSb separable. 
Proof: casel: If(X°’”,, 0) is NS countable, then clearly (X crt? & A) is a NSb countable dense soft 
sub-set of (X°"”, , 0) and therefore, in this case, (X°"”, T, 0) is NSb separable. 
Case2: suppose (X crt? & A) is NS uncountable. Then, there exists an infinite NSb countable soft sub- 
set (f,0) of (X°"#,, 0). Now,(f, 0) is the smallest NSb closed superset of (f,0) and in the soft co- 


finite space (X°"”, T, 0), the only NSb closed sub-sets of (X°"”, J, 0) are (X°”, &, 0) and finite soft 





sets.Results in, ($,0) =(X°#,3,0). Thus, (f,0) is a NSb countable dense soft sub-set of 
(X°°#?, FA). This signifies that (X crt? & A) is soft separable. Hence, every NSD co-finiteNSSTS. 
Theorem 7.14. If (X°"”,%,0) is NSSTS such that it is NS second countable then it has the 
characteristics NSseparability. 

Proof: Suppose (X°’”, T, 0) be NSsecond countable space. 

Let WW = (B,,B,,B3,B,,.....B,:n€N) be a NSb countable base for (X°”,,0). Choose 
Gone €B, for eachn. Then, the set (f,0) = {n: ag) E B,} is NS 
countable. Only remaining to prove that (f,0) is soft dense 
in(x°”, F, 0).suppose oo E (Xx, F,0) and let (G, O) (xe (a,b) AParameter) be NS b open 
set absorbing (x° (45,0, Daa E Then, ¥8 being a NSbase, there exists a NS b open set Byy in YB such 
that (Ago) E Bao © (G,9) (xe (a:b. Parameter). But, by our choice of (f,0), the soft set Byo 
contains a _ point eae). of (f,0) that is every NSb open set containing 


Cae qpareiices) contain at least one point of (#, 0). So, Coenen aiparaeter is soft adherent poit of 
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(f,0). Thus, every point of (X°"”, T,0) is soft adherent point of (f, 0).that is ($,0) =(x"#, 5,0). It 
follows, therefore,that (f,0) is soft countable dense soft sub-set of (X°"”,T, 0). Hence(xX°”, &, 0) 
is NSb seperable. 

Theorem 7.15. Let (X°"”,T,0) be a second soft neutrosophic countable NS space is NS Lindelof 
space. 

Proof: Let (X°”,3,0) be a second NS countable topological space and let B= 
(B,, Bo, B3,By,-...Bnin EN) soft base for (X°%#,5,d). Let C={(G,,0):i€N} that is 
{(G1,0), (G2, 9), (G3, 0), (G4, 0), ..:i € N} be any NSb open cover of (X°?,T,0). Then for each 


Conny aa E (XX ,&, 0) there exists a NSb open set 


(G9) a 


(0 Sagan cera being a NSbbases, corresponding to each such NSb open set there exists 
£* (a,b,c) 


a NSb open set (G, 0), in Y% such that Caos: ae EB, 


amon eaten (eo ngseeremetet 


—_—— 


; (4° GES HP erameler E x| EU 


(G,9)n . Therefore, (X°"”, 5, 0) =U 2, 


e arameter 
(x (a,b, ) Ce 


; Caen Se ee) E x| Now, oe (2 G6) rar enerer E 


KG O)n 


(anger eer 
xX foeing s soft sub-family of Ccovering(x”, f, 0). Thus, every NSbopen covering of (X°"”, , @) is 


reducible to a soft sub-covering Hence, (X crt? & AYisa NSb Lindelof space 
Theorem 7.16. Let (X°"”, T, 0) be a NS Lindelof space, then this space need not always be second 
NScountable. 
Proof: Let (X°°#,3,0) be a NS co-finite topological space provided (X rw? FA) is NS un- 
coutable.Now, Let C = {(G;,0):i € N} that is {(G1, 0), (G2, 0), (G3, 0), (G4, 0), ...:i € N} be any NSb open 
cover of (X°"'” 5, 0). (G, 0), be an arbitrary member of {(G1, 0), (G2, 0), (G3, 9), (Ga, 0), 11 € N}. Then, 
(xe (asbej» HParameter’) (xe (ane), HParameter)) 
(xe (ape), HParameter) (xe (a,b), dParameter ) 


4 


((G,0)a,)° is finite.Let, ((G,0)q,)° = Now, 


Cp thr) a agar | 


er (2° Gap 3, dParameter ) 

wae n 
(XT? FA) =(G, 0) UG, Ola): Where, ((G, O)a,) absorbs (n) points of 
((G,0)a,)° are NSb covered by at the most (n)sets in {(Gj,0):i€N} that is 


{(G1,0), (G2, 9), (G3, 0), (G4, 0), ..:i € N} and so (X”,, 0) is covered by the most (n +1) sets in 
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{(G;, 0): i € N} that is {(G,, 0), (G2, 0), (G3, 0), (G4, 0), ...:i € N}.Thus, (Xx, f, 0) is NSb compact space 


and therefore, a NSLindelof space. Now, if possible,let there be a NS countable base Y% for 


(XO Se ) let (x * (a,b,c)? eerie) EX. Then, A ls. ae Ga rn) ' 


(Xeriw | T,0) and Cage ueerenetc’) x (G, O) (52° ca.4,¢,.dbarameter) = Cason qearenee)) for, if 


( ye! fal sf el arenes) zs ( £° (abe)s parameter) fen eveey ( ys! eae apemamnet=?) s 
( x" (abe) parameter ) aR ( ys! (al <p aporaneter) < ( eee parameter ) ‘then x\ 
{(Y (als //) apananeter)) is cleary NSb open sets containing (*°(a5,,d?7m"e'e") but not 
(Gals [el Pea and therefore any (Gals [ly speramcter different from 


(A pay ee) . More-over, YW = (B,,Bz,B3,By,,.....B,:n EN) being soft base,for each 
(G, O) (a8 (apeydbarameter ) FB (4° (a,c) dParameter) € ¥ such that (Aiea) E B (12 (ape dParameter) Cc 


(G, O) (x8 (ape dbarameter). Obviously, (4° Gee, Prat ST | E 


ee t 
M {B(x a4,0,aParameter): B (4.€ ca.5,¢,doarameter) B, Caney parame i) E B26 capo,doarameter) E 


(G, 8) (x2 a50,aearameter)} En KG, O) (52 ca.4,¢) Parameter): (G, O) (4.8 ca4,¢).dbarameter) E 
(Xr tv 0) (xe APOE) a = {( e AP ener) 

pry Oy (a,b,c) c(G, ) (4¢© ca,¢) AParameter) = LL ‘(a,b,0)) or 
Cage De EU { (Bix a4,0,aearameter))°: B (12 (ape) dParameter) E WS, (2? sa) Rename ten ) E 


= t ° ° ° 
B (128 (ape) dParameter) iS (G, 8) (x2 ano,aParamecer)} _ IN ano on) But, this is false, since 


parameter 


U { (Bix a4,0,aearameter)°: B (12 (ape) dParameter) WS, (ae aes: ) E B (12 (ape) dParameter) € 


(G, 0 (28 ayo,aParamecer)} being a NS countable union of finite soft sets is NS countable whilex’”\ 


Wa @pepde oe") is soft un-countable. So, there does not exist a NS countable soft base 
for(x°'”,F, 0), that is, (Xx, T, 0) is not NS countable. Thus, (X°"”, T, 0) is a NSLindelof space 
space which is not second soft count-able. 


Theorem 7.17. Let (X°”,3,0) be a NS Lindelof space and (Y°°? 3,0) be soft sub-space 


of(X°"*, F, d), then guaranteedly,(Y°"”, Ty, 0) is NSLindelof space. 
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Proof: Given (X°”, fT, 0) be a NSLindel space and (Y°"”, Ty, 0) be soft sub-space of (X°"”, T, 0). Let 


C = {((H,0)q} be any (Y°”, Ty,0)NSb open coveringY”™”. Then, Y° =U (H,0),. Also, (H, 0)q = 


Y AG, 0), where(G, 0), € (Xx, F, A). Therefor Y =O, (Y AIG, 8)4) En (G,0)q. SLX, F, a) 





Y UY € ((G,0)4) UY©. Thus, C* = {(G,0)q,Y°} is soft b open covering of the NS Lindel space of 
(X°r'#", F, 0).Since, Y covers no part ofY, so there exists a NScountable nuzmber of (G,0)q;,8 in C* 
such that Y GU {(G,0),;:1 € AE N} or Y =U{YN(G,0),;:i € AE N}. Therefore, Y =U {(H,0),;:i € 
A € N}. This shows that C* is reducible to a NScountable subcovering.Hence,(Y™, Ty,0)is alsoa 


NSb Lindelof space. 


Theorem 7.18. Let (X°"”, 3,0) be a NSb, space and (x? (5,9, 4?" ), Cage) E 
if 
Xorw such that (Carga) > (y° ane) or (Cuno) < 


(¥ (al piely SPRITES | If WB (1.€ cape lParameter) is a NSb local base at (Cane), then there exists at 


/ 
least one member of We CajpyParameter) which does not supposes (y° (a/,p/,¢/) apermnster | 


Proof: Since (X°"”,,0) be a NSb, space and (epee oe) > (Yo (alps Fe aa or 
Cg a < Cyr 3 NSb open _ sets (G,0) and (H,0) such that 


/ f 
Cag cat E (G, d) but (y° ee ne) ¢ (G, d) and (y° FN E (Hl, Q) 
but (4° (ap, terme’) € (H, 0). Since, We fap,gdoarameter) is NS local base at (#° (5.9, 4? rm" ) 


there exists (eGo) E B €(G,0). Since (Gal ef pr) € (G,d)and B & 


(G, 0),80( 4°" p/ /) specencte?) ¢ B.Thus, BE WB (8 cap dParameter) such that (Gal b/ J) Aperamete g 


B. 

Theorem 7.19. Let (X°"”, T, 0) be a NSSTS such that it is NSof b, space in which every in-finite soft 
subset has a soft limit point.Then, (X°"”, T, 0) is definitely NSbcompact. 

Proof: Let C NS open covering of (X°”,T,0). Then (X°"”, 3,0) being NS Lindelof space, C is 
reducible to a NS countable = sub-covering,say C* ={(G,,0):nE€AEN} that is 
{(G1,.9), (G2, 0), (G3, 0), (G4, 0),..:n2€ AEN}. If possible, let C* is not reducible to a finite soft 


subcovering.Then,for any positive integer k,the soft (U}.1(Gn,0))° is NSb open proper subset of 
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(x°r#,%,0) and therefore,itscomplement, F, = (Uii(Gn,0))° is non-empty NS closed subset of 
(xr, F, 0). Now,taking k = 1,2,3,...... we obtain a nested soft sequence (F,) of soft neutrosophic 


closed subsets of (X°"”,, 0) such that (F,,0) D (F;,0) D (F3,0) D (Fi,0) D (Fz, 0) D (Fe, 0) D,... D 
(F,,0) D.... Let A = {(° (ane, se) (2 Ges BESET) E F, |.then, the soft set A is obviously 


an infinite soft set. So, by the given hypothesis, A has a soft limit point, suppose (#° (a5,9, 1207"). 
But (X°”,&,0) being NSb, space, so every NSb open set containing (+? ¢5,,d?7"") must 
therefore contain an infinite number of points of A. Result in (2 55; GE aaa) is a soft limit point 
of each F, that is (F,,0),(F,,0) , (F,0),(F3,0), (F,,0),(Fs,0),.... But each of (F,,0), (F,,0) 
, (Fo, 0), (F3, 0), (F4,0), (Fs, 0),.... is soft b-closed,(%* (4p, Heer re""") € (Fy, 0), (4% (a,b, HPrrere") 
(Fo, 8), (22 capqn dP amerer) (Fy, 8), (8 (a.h,c), PATIL) © (Fy, 8), (£8 carbo, TPATImMeLET) 

(Fs, 0), (4 ca PCROURESE) E (F,,0),.. .This contradicts the fact that C*os a soft covering of 
(x°r#?, &, 0) and hence C is reducible to a finite soft sub covering. 

Theorem 7.20. Let (X°"”, E, 0)be NSregular Lindelop space then it is safely NSbnormal. 

Proof: (Xx, T,0)NSbregular Lindelop space and let (¥,,0)(¥2,0) be two NSbclosed sub-sets of 
(X°r'”, F, 0) such that these are mutually excusive. Then,everyNSb closed sub-space of a NSLindelop 
space is soft Lindelop space. It is then guaranteed that ('P;, 0)(W2, 0) are NS Lindelop spaces. Now, by 
the NSb regularity of (X°”,%,d) , correspondingto NSb closed set (¥,,0) and every 
(x? (p,q, Parmer") E (W,,0) 4 soft NSb open set (G, O) (xe (apgiParameter) such that 


(A nege E (G, O)y € (G, O) (222 ape).dParameter) € CW, d)y)S. More-over, the soft family 


KG, O) (xe (ab, AParameter): (Anger) E (Y¥,, a)} is clrearly NSb open covering of the Lindelop 


space NS set (3,0). So,it must supposes NS countable sub-covering KG, O) (28 cape alParameter);:1 © N \ 


Again, by theNSbregularity of (Xx°"”,Z, 0),corresponding to the NSb closed set (2,0) and every 


(x° (ares parameter ) E (Y,,0)4 NSb open set (¥,, 0) ( sj such that 


yp oe) 


/ 
(y° pete) e it a E ((P5,.0))°. 


yp Fe es 


E€ (3, ae! ys gystorenerer 


Clearly, 4 (3, 0) ( -/ 


: e/ Bae : 
OP (al pee enee (y (a/p/,c/) 4 E (Y,,0)7 is NS open covering oft the 
a’ ,b/ ,c 


Arif Mehmood, Wadood Ullah, Said Broumi, Muhammad Imran Khan, Humera Qureshi, Muhammad Ibrar Abbas, Humaira 


Kalsoom and Fawad Nadeem, Neutrosophic Soft Structures 


Neutrosophic Sets and Systems, Vol. 33, 2020 54 


Lindelop space (¥;,0) and therefore,it is frezzable to a NSb countable sub-covering 


(3,0) a 
#° (a/,p/,/)" 


:LEN Let (M,O)n = ie e/ 


parameter in parameter 
} isla seroma) 


n 


/ qparameter 


# (al b/c) 


Vien iol sne= i e/ yparameter 


n [(ceriv, &, a) — 
sia soromer) 


n 





1G. O) (222 ape .dParameter)' Ll < n} = 


wP arameter 


U (PY, 0) Ef 
Y (a/,6/,/) 


) <n | and (w, O)n = (G, O)xn —VUien 
(G, O) (222 cape) Parameter)n A [xr F, 0) 0 (G, 0),.:i < n}]. Then, (M,0), and (w,@), are clearly 
NSb open sets and therefore,so are the sets (G,0) =U {((M,0),:n € N} and (H,0) = (w,0),:n € 


N Now, (¥,,0) €U ron y A (Y,,0) = 


‘LEN and (¥3,0) 
# ald) ( 


as e/ aparameter 


¥ (a/,0/,/) 

(Annee): So,it follows that {(M,0),:n € N} isNSbopen covering of (,,0). Therefore, 
(P,,0) EU {(M, d),:n € N} = (G,0),Similarly, (,, 0) € (H, 0). Also, (M,0), A (w,0), = Ofor eachn 
that is (M,0),A(w,0),=@ , (M,0). A (w,0). =B , (M,0)3 7 (w,0)3 =G , (M,0), A (w,0)4 = 
B,(M,0)_ 1 (W,0)5 = BAM, A). NW, O)6 = Diveececcecccecceceeee . This guarantees that (X°"”, T, 0) is 
soft neutrosophic normal. 

Theorem 7.21. Let (X°”, T,0)NSSTSand Suppose (f,0),(g,0) be two NScontinuous function on a 
NS topological space (X°"”, T, 0) in to a NSSTS (Y°”, &, 0) which is NSbHausdorf.Then, soft set 
{ (422 apes TPA ameter) € TH: (F) (12 (arh,o), TP melr)) = (g)((H? ap, LPT ame""))} is NSD closed of 
(XeoP PSO Ye 

Proof: Let If {(? ap, 17 mee”) € HEH: (F) (8 (arh,e) IPAM) = (Gg) ((H2 (ape), APA") } isa 
NS set of function.If {(2x° (ap, 4?7emete") € X°#: (F) (x8 (ap, He") = (G)OD} =G, it is 
clearly NSb open and_ therefore, {(%°(ap,.9, d?7mrere”) €E KTH: (F) (4? (ap,9, 0 re"" )) = 
(G)(4° @ao: yPerameres is NSb closed, that is nothing is proved in this case. Let us consider the case 


when CA aed as Ee xeriv. (#) (8 apse") = CN Cane aes by a 7 

Cage Ge aaa) And let pe 1 (2° (ai. A PCraeEST | E Xow. (f) ((#° ero, aperanete)) = 
C 

(Gg) (@* Gains sjpenamicee) ; Then p does not belong (4° (aes: ae Geers) E 

XT: F)((28 b,c) 1?" )) = (g)(t)} Result in (f)(e) # G)(P). Now, (Y°”,%,0) being 
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NSbHausdorff space so there exists NSbopen sets (g, 0)and (8, 0) of (£)(e) and (g)(p) respectively 
such that (g,0)and (§,@) such that these NS sets such that the possibility of one rules out the 
possibility of other. By soft continuity of (f, 0), (g,0),(f,0)~* as well as (g,0)~*is NSbopen nhd of p 
and therefore,so is ($,0)1N(g,0)+* is contained in ((¥° cans [parameter ¢ 
XP: F) (2 (ape), Oram") = (g)((¥2 caso, Harare YY}, for, (° cape), TParameter) € 
((F,9)-* Hg, YY) => (FY C(H? aon APM") € (G8) and — (GCE) ((#° fares APAPIME)) 
Gir" Gas: BPO ameter) because (g,0) and (,@) are mutually exclusive. This implies 
that x does not belong to 12 Gee) Hoare) eke. (F)C(*? (apo, HO CEAINETET |) = 
p € (f) *U, a A (g)*(¢g, O)) 


(20° (ane, AParameter) E yorip 
8) (csp. dParamer*r)) = 
(g) ((2* tangs peiaricier)) 
(x? apo deoramerer) EKO: (x° apg dParomerer) Er: 
() (Coch )) = } is nhd of each of its points. So, 4 () Cay) = 
(g) (Cae dperameter)) (g) ((#* tan» Apesacten)) 


()((¥° cap, Herne" )) |. Therefore This shows that 


C 


NSb open and hence = {(x® ap, HPT) E XO: (F) (4% (ap, dP") = 
(GC(4" Gas: parameter) is NSb closed. 
Theorem 7.22. Let (X°"”,E,0)NSSTS such that it is NSb Hausdorff space and let (#) be soft 
continuous function of (X°’”,&, 0) into itself. Then, the NS set of fixed points under (f) is a NSb 


closed set. 


Proof: Let 6 = {(f) (Cee ae) = (Ae pane). If 5° = @, Then is NSb open and 

therefore {(f) (ranger) (2 et yen ere” INS closed. So, let 

{(#) ((x° dperancten)) = ( e HPCneeter) Cm fi) d let e/ yparameter ) ¢ 
(a,b,c)» X “ (a,b,c) } an. e Y (a/,b/,c/)? 

{(#) xe ee parameter — (xe eae parameter 1G Then, 
(a,b,c) (a,b,c) 

( e/ sp eaEnCer d bel e parameter = e parameter d 

Yy (a/,b/,c/)? oes not belong to {(f) (x (a,b,c)» ) = (x (a,b,c) j} an. 


therefore (f) (¥"" hay gare) + (al oy spenaeter) Now, Cage ole) appar) and 


Arif Mehmood, Wadood Ullah, Said Broumi, Muhammad Imran Khan, Humera Qureshi, Muhammad Ibrar Abbas, Humaira 


Kalsoom and Fawad Nadeem, Neutrosophic Soft Structures 


Neutrosophic Sets and Systems, Vol. 33, 2020 56 
(f) ((¥"" “g jee) being two distinct points of the NSbHasdorff space (X rw? FA), so 
there exists NSb open sets (g,0) and (8,0) such _ that Cnn) E 


(g, 0), (#) ((y°’ (al p/ <p perenete)) E (§, 8) and (g, 0), (, 0) are disjoint. Also, by the NS continuity 
of (6) , ()7'((H,0) is NS b open set containing y. We prtend that (g,0)N (f)~-*(($,0)) € 
(CB) (2° (ae) APPA) = (2% Gap, APTIMeT)VE —-« Sniice,  w E (g, 8) (F)-1(G, )) > HE 
(g, O)& f E (F)~? > WE (g, A)R(F)(W) € (S, 0) = H+ (F)(W).A8(G, 0) 7 (G,0) =F. 


u does not belong to {(f) ((x° no. serene?) = (4° Gee yeaa alc => LE 

{(f) ((#° ro. apenencter )) = Coane HP areuretes Ve There f ore, ( (ai phe spereriee) E 

(g, 8) % (B)*CG, 8) © (#) (2° cae HP MN)) = (22 (ap,cy, HOMIE)“ | Thus, 

{(f) (Cage) = COT te ada is the NS nhd of each of its points. 
e parameter — e parameter Cc : 

So, = {(f) (x (anova ) (x (abora j} is NSb open and hence 


{(#) ((2° ro, spares )) = Cage de eeemere is NS b-closed. 


8. Conclusion 

In this paper, neutrosophic soft points with one point greater than the other and their properties, 
generalized neutrosophic soft open set known as b-open set, neutrosophic soft separation axioms 
theoretically and with support of suitable examples with respect to soft points, neutrosophic soft bo- 
space engagement with generalized neutrosophic soft closed set, neutrosophic soft bz -space 
engagement with generalized neutrosophic soft open set are addressed. In continuation, 
neutrosophic soft bg-space behave as neutrosophic soft b2-space with the plantation of some extra 
condition on soft bg-space, neutrosophic soft b3-space and related theorems, neutrosophic soft b,- 
space, monotonous behavior of neutrosophic soft function with connection of different neutrosophic 
soft separation axioms, monotonous behavior of neutrosophic soft function with connection of 
different neutrosophic soft close sets are reflected. Secondly, long touched has been given to 
neutrosophic soft countability connection with bases and sub-bases, neutrosophic soft product spaces 
and its engagement through different generalized neutrosophic soft open set and close sets, 
neutrosophic soft coordinate spaces and its engagement through different generalized neutrosophic 
soft open set and close sets, Finally, neutrosophic soft countability and its relationship with Bolzano 


Weirstrass Property through engagement of compactness, neutrosophic soft strongly spaces and its 
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related theorems, neutrosophic soft sequences and its relation with neutrosophic soft compactness, 


neutrosophic soft Lindelof space and related theorems are supposed to address. 
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Abstract: In this paper, we are going to define Neutrosophic Boolean rings and study their algebraic 
structure. A finite Boolean ring R satisfies the identity a* =a for alla ¢R, which implies the identity 
a” =a for each positive integer n >1. With this as motivation, we consider a Neutrosophic Boolean 
ring N(R,/) which fulfils the identity (a+b/)’ =a+bl for alla+bI €.N(R,/) and describes several 


Neutrosophic rings which are Neutrosophic Boolean rings with various algebraic personalities. 
First, we show a necessary and sufficient condition for a Neutrosophic ring of a classical ring to be a 
Neutrosophic Boolean ring. Further, we achieve a couple of properties of Neutrosophic Boolean 
rings satisfied by utilizing the Neutrosophic self-additive inverse elements and Neutrosophic 
compliments. 


Keywords: Boolean ring; Neutrosophic Boolean ring; Neutrosophic self-additive inverse elements; 
Neutrosophic compliments; Self and Mutual additive inverses. 


1. Introduction 


Essentially, acomponenta of a ring is idempotent ifa* =a . A Boolean ring is a ring with unity 
wherein each component is idempotent. In any case, a ring with unity is by definition a ring with a 
recognized component! that goes about as a multiplicative identity and that is particular from the 
added substance character0 . The impact of the last stipulation is to prohibit from thought the 
insignificant ring comprising of 0 alone. The expression with unit is in some cases excluded from 
the meaning of a Boolean ring; in that facilitate our current idea is known as a Boolean ring with 
unity. Every Boolean ring contains 0 and1; the simplest Boolean ring contains nothing else. To be 
sure, the ring of numbers modulo2 is a Boolean ring. This specific Boolean ring will be signified all 
through by a similar image as the ordinary integer 2. However, it is exceptionally helpful. It is 
accordance with von Neumann's meaning of ordinal number, with sound general standards of 
notational economy, and in logical expressions such as two-honored with idiomatic linguistic usage. 
A non-trivial and common case of a Boolean ring is the set 2" arrangement of all functions from an 
arbitrary non-empty set X into2.The components of 2* willbe called 2-valued functions on X . 
The recognized components and operations in 2“ are defined point wise. This means that 0 
andlin 2* are the functions defined, for eachx in X, by O(x)=0 and l(x)=1, and, if f and 


g are 2 -valued functions on xX , then the functions f+g and _ fg are defined 
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by (f+g)=/(x)+g(x) and (f/g)= f(x)g(x). These equations make sense; their right sides refer to 


elements of 2.The assumption X # @needed to guarantee that 0 and1 are distinct. 


Next the usefulness of finite non-trivial Boolean rings has become increasingly apparent in the 
modern computer system theory, modern design theory, algebraic coding theory, algebraic 
cryptography, and electric circuit design theory. In particular, the electric circuit design of computer 
chips can be expressed in terms of finite Boolean rings with two components0 andl as major 
elements. In this paper, we will consider Neutrosophic Boolean rings with three components 0, 
land / of its significant components, and the results of these Neutrosophic Boolean rings can 
easily be generalized to the design of modern systems and the construction of integrated modern 
computer circuitry with indeterminate / . 

As often occurs, the primary Neutrosophic theory research in pure and applied mathematics 
became indispensable in a large variety of applications in engineering and applied sciences. But 
Neutrosophic Boolean logic, Neutrosophic Boolean rings, and Neutrosophic Boolean algebra have 
become essential in the modern design of the large scale integrated circuitry found on today’s 
modern computer chips. Additionally, sociologists and philosophical theorists have used 
Neutrosophic Boolean logic and their corresponding algebras to model social hierarchies; biologists, 
genetic engineers, and neurologists have used them to describe Neutrosophic biosystems with 
indeterminate 7] , see [1-8]. 

Throughout this paper, let all classical rings and Neutrosophic rings are considered to be finite 
and commutative structures with unity] and indeterminate 7 . Also, the present paper deals with 
Neutrosophic Boolean rings with generalized algebraic properties and define corresponding 


Neutrosophic units and Neutrosophic compliments. Further, we consider the cardinality of the finite 


Neutrosophic Boolean ring N(R, 7) which is defined by | N(R, 1p) Sees 


Furthermore, almost all our classical notions and their corresponding results are standard and 
follow those from [9-10]. The other non-classical ring concepts and their terminology will be 
explained in detail. Let R bea finite ring. The non-empty set 

N(R,1) =648L) = fat+bl abe RI =T 
is called Neutrosophic ring generated by Rand/ under the operations of R, where / is called 
Neutrosophic unit with specific properties 

(i). / 40,1, 

(iy. 2° S75 

(iii). J+J =2/ 

(iv). J”' does not exist. 

(v)al=0 if and only ifa=0, and 

(vi)al=b!1 ifandonlyifa=b. 
If R isa commutative ring with unity 1 then N(R,/) is also a Neutrosophic commutative ring with 
unity!. An elementuinR is a unit (multiplicative inverse element) if there existsu™' in R such 
thatu'u =1 =uu"'. The set of units of R is denoted by R* . But the set of Neutrosophic units 
denoted by R*J and defined as R°/ = {ul:ueR*}, see{14}. But, the Neutrosophic group units 
denoted by N(R,/)and defined as(a+bl)’ =a+bl = R* UR*I where R* OR] =¢@. For further 
details about finite Neutrosophic rings, the reader should refer [11-17]. 
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In this paper, we shall adopt the definition of a modern abstract mathematical structure known 
as the Boolean ring introduced by famous mathematician George Boole (1815- 1864). This ring 
became an essential tool for the analysis and design modern digital systems, electronic computers, 
dial telephones, switching systems and many kinds of electronic devices and Fuzzy systems. First, 
we consider some definitions and results related to finite Boolean rings. Anelementa ofaringR is 
called idempotent if a* =a. In the integral domain, the only idempotent are 0 and 1. But, there exist 
many rings, which contain idempotent elements of different from 0 and1. A ring with unity is called 
the Boolean ring if every element of R is an idempotent element. A finite Boolean ring Ris a field if 
and only ifR isisomorphicto Z,, where Z, is the ring of integers modulo 2 . Also, every nontrivial 
Boolean ring is commutative and its characteristic is 2 .These results tend to particularly easy. Most 


of the results in this section can be found in [18]. 


2. Properties of Neutrosophic Boolean Rings 
In this section, we are going to define Neutrosophic Boolean rings and study their properties with 


different illustrations and examples. 


Definition.2.1 A  Neutrosophic ring M(R,/J) is called Neutrosophic Boolean ring 
if(a+bl)’ =a+bl for all Neutrosophic elements a + b/ in N(R, /). 
Example.2.2 The Neutrosophic Boolean ring N(Z,,/) = {0,1,/,1+7} is a Neutrosophic Boolean ring 
of integers modulo2 because 0° =0,1? =1,/° =/,(1+ J) =14+/. 


Now we begin a necessary and sufficient condition for Neutrosophic Boolean rings. 


Theorem. 2.3 The ring R is Boolean if and only if the Neutrosophic ring N(R,/) is Neutrosophic 
Boolean ring. 
Proof: Suppose RX isa finite ring with unity 1. Then by the concepts of Boolean rings, we have R isa 
Boolean ring if and only if a’ =a,b’ =b,ab=ba,2ab=0 for everya,beR . It is clear that for any 
Neutrosophic elementa+b/ in the Neutrosophic ring N(R, /), 

(a+bl) =(a+bl)\(at+bl) =a’ +2abl+b'I =a+01+bI a+b. 


Hence, N(R,/) is Neutrosophic Boolean ring. The converse part is trivial. 


Corollary.2.4 For any finite Neutrosophic Boolean ring, the following identities hold good. 
(1) (a+bl)" =a+bl 
(2) (al+bl)" =(a+b)I where nis a positive integer . 
Proof: Follows from the identities /’ =], a"=a,b"=b ,and (a+b)" =a+b for every positive 


integer n . 


Theorem (Cauchy’s theorem).2.5 Every finite abelian group has an element of prime order. 


We recall that the notion IN (RI )| for the cardinality of a Neutrosophic ring N(R, /). If N(R,/) 


is a finite nontrivial Neutrosophic ring then we denote the subset of its non zero elements by 


N(R,1) and the subset of Neutrosophic units by R*I. Note that |R| #|N(R,1)| # {0}. For finite 
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Neutrosophic Boolean rings, we have the following two preparatory results. Recall from[14], 
let R® = {ue R: Ave R,uv =1= wu} be the set of group units of a ring R . Then 

N(R*,1) = R* URI and 

N(R) ={at+ bl :5c+dlI € N(R,1),(a+bl)(c+dl) =i} 
be the set of Neutrosophic group units and Neutrosophic ring units of the Neutrosophic 
ring N(R,/), respectively. For instance, 

LZ, S401 23} 

N(Zs1)=20,152,3,1, 21, 37,11, 2+1,3 41,1421, 2421,3421,14-31,24+31,3 +34, 

N(Z*,1) = {1,3,1,31}, and 

N(Z,,7) ={1+2/7,34+27}. 


Theorem.2.6 For some positive integerk , the total number of elements in the finite Neutrosophic 
Boolean ring N(R,/) is2™. 


Proof: Suppose |NM(R,J)|=n. We shall show that n=2* for some positive integer k . Assume 


thatn #2” thenn has a prime factor p other than2. Since N(R,/) is an additive group with 
respect to Neutrosophic addition (+), (a+b/)+(c+dl) =(a+c)+(6+dl) for all Neutrosophic 
elements a+blandc+dl in N(R,/) . By the Cauchy’s Theorem [14] for finite abelian groups, the 
eroup N(R,/) contains anelement a+b/ #0 with order prime p. Therefore, 
p(at+bl) =0 => (2m+1)(a+bl)=Owhere p=2m+1,m>1 
=> 2m(a+bl)+(a+bl) =0, since the characteristic of N(R,J) is2 
>a+bl=0, 


which is a contradiction to the fact that a+ bJ #0. This completes the proof.. 


Theorem.2.7 If N(R, J) is a Neutrosophic Boolean ring with unity] then N(R’,/) = {1/7} 

Proof: Since /* =/. It is evident that/ is the Neutrosophic unit of the Neutrosophic Boolean 
ring N(R,/). Therefore, N(R*,/) =(R’,J) =R° URI where R* and R’l are disjoint. Suppose now 
that ue R*. Then, now multiplying the expression u? =u by u', we obtain u=1. Thus R* 


contains the unique element 1 if and only if R is a nontrivial Boolean ring. This implies 
that R°J = {1}. Hence, N(R*,J) =R°URT=HaBRUM =". 


Theorem. 2. 8 For any finite non trivial Boolean ring R , we have N(R,/)° is empty. 
Proof. Suppose that R is a finite Boolean ring. Then its definition satisfies the identity a* =a for 
every ain R . Now we shall show that N(R, /)"is empty. If possible assume that N(R, /)"is non empty, 
then there is a Neutrosophic element a+b/ in N(R,/)‘ such that a#0,b#0and (a+b/) =1. This 
implies that 
a’ +(b° +2ab)] =14+01 >a’ =1,b’ +2ab=0 
=> a=1,b(b+2a)=0 
>a=1,b=0,or, a=1,b=-2, which is a contradiction to the fact 
that R is a finite non trivial Boolean ring and N(R, /)is its corresponding Neutrosophic Boolean ring. 
So our assumption is not true, and hence N(R, /)*is empty. 
Now we can immediately prove that a special relationship between divisor of zero and 


simple Neutrosophic field. 
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Theorem. 2.9 If a Neutrosophic Boolean ring N(R,/) contains no divisor of zero, then it is either 
{0}, or, isisomorphic to Neutrosophic field N(Z,,/). 
Proof: Suppose N(R,/J) is a Neutrosophic Boolean ring. Then for any two Neutrosophic 
elementsa+bl and c+dl in N(R,/) we have the following relation 
(a+bl)\(c+dl)[(a+bl) +(c+dl)] =(a+bl) (c+dl)+(a+bl)\(ce+dly 
=(a+bl)\(c+dl)+(a+bl)\(c+dl) 
=2(a+bl)(c+dl) =0, 
Since N(R,/) is a Neutrosophic Boolean ring and its characteristic is 2 . This implies that 
(a+bl)\(c+dl)[(a+bl)+(c+dI)|=0 
Therefore, either (a+b/)(c+dI)=0, or, (a+b/)+(c+dI)=0. Hence, either N(R,/) has a divisor of 
zero, or, (a+b/)+(c+dl)=0 for any two Neutrosophic elementsa+b/ and c+d/ in N(R,/). In 
later case, that is, (a+b/)+(c+dl)=0 implies that (a+bl) =-(c+d/) =c+dl, it follows that a=c 
andb=d,andR can have only one non zero element, thatis, R isisomorphicto the field Z,, and 
thus N(R,/) isomorphic to Neutrosophic field N(Z,,/). 
For general Neutrosophic ring N(R,/), the following theorem is obvious when the 
characteristic of N(R,/J) is 2, and after we shall show that a Neutrosophic ring is Neutrosophic 


Boolean ring when it satisfies the identity (a+b/)° =a+bl. 


Theorem. 2.10 Let N(R,/) be a Neutrosophic commutative ring with unity and its characteristic 
is 2 . Then the following identities are held goodin MN(R,/). 

(1) (l+(a+blD) =1+(a+bly’ 

(2) (1+ (a+bl))* =1+(a+bl)* 

(3) +(at+blD) =I+(atbl)’. 


Theorem.2.11 Let N(R,/J) be a Neutrosophic commutative ring with unity and it satisfies the 
identity (a+bly =a+bl for alla+bl in N(R,/). Then N(R,/) is a Neutrosophic Boolean ring. 


Proof: Since |N(R,/)|=4 for any ring R with|R|>1. Then clearly 1,J<N(R,J) and the identity 


(a+bly =a+bl for all a+bI €N(R,/J) implies that the characteristic of N(R,J) is 2. For this 
reason, the following are true in N(R,/). 
a+bl =(a+bl+1)+landa+bl =(a+bl+IJ)+I1. 
Hence, by the Theorem [2.10] and by the identity (a+b/)° = a+b1, the following is holds good. 
1l+(a+bl) =(14+(at+bl) =(1+(a+bl))(1+(a+bl)) 
=(1+(a+bl))(1+(a+bl)’) 
=1+(a+bl)+(a+bly +(a+bly 
=1+(a+bl)+(at+bl)y +(a+bl1) 
=14+(a+bl)’ +2(a+bl) 
=1+(a+bly +0 =14+(a+bl) . 
Now using the additive left cancellation law of Neutrosophic rings, we obtain the identity 
(a+bl)y =a+bl forall a+b/I € N(R,1), and hence N(R,/) is a Neutrosophic Boolean ring. 
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Remark.2.12 The Theorem [2.11] shows that, if Neutrosophic ring with identity (a+bl) =a+bl is 
Neutrosophic Boolean ring. From this identity, we observe that the characteristic of N(R,/) is2, 
which is essential. Otherwise, it is evidence that the Neutrosophic ring N(Z,,/) satisfies the 
identity (at+bl)’=a+bl but it is not a Neutrosophic Boolean ring because of the 
characteristic N(Z,,/) is 6. 

Next, the following table [2.13] illustrates the main differences between Boolean rings (classical 
rings) and Neutrosophic Boolean rings. Consider R and MN(R,/)be a finite Boolean ring and its 


corresponding Neutrosophic Boolean ring, respectively. 


(De Rao" (i). |N(R,D| =2™. 


(ii). R contains two logical components 0 (ii). N(R,J) contains three logical components 0, 1 
and 1. and/ . 

(iii). R°={L. (iii). N(R*,J)={L 7}. 

(iv). IfR isafield then R isomorphic to Z,. | (iv). If N(R,/) is a Neutrosophic field then N(R, /) 


is isomorphic to N(Z,,/). 
(v). 1<|R) <2". oa 


(v). 4<|N(R,1)| <2™. 





Table. 2.13 Differences between Boolean rings and Neutrosophic Boolean rings. 


3. Neutrosophic Complements 


In this section, we have mainly obtained some properties satisfied by the Neutrosophic 
complements of Neutrosophic Boolean rings with unity. Note that the element a is called 
compliment of bin the ring Rifa+b=1.The set of all compliments of Ris denoted by Comp(R), 
that is, Comp(R) = {(a,b):a+b=1!. Also, the two distinct elementsx andy of Rare called 
mutual additive inverses of Rif x+y=0, and the set of all mutual additive inverses of R is 
denoted by M(R) and M(R) ={(x,y):x+y=0}. In particular, the set S(R) ={(x,v):x+x=0} is 
called the set of all self additive inverses of R . For more information about self and mutual additive 
inverses of R , reader refer [15]. Now begin the definition of compliments in Neutrosophic ring. 
Definition.3.1 Let N(R,/) be a Neutrosophic ring with unity | An element a+b5/ is called 
Neutrosophic compliment of c+d/ in MN(R,/) if (a+bl)+(c+d/l)=1. The set of all these 
Neutrosophic complement pairs in N(R,/) is denoted by Comp(N(R,/)) and defined as 
Comp(N(R,/)) = {(at+bl,c+dl):(a+bl)+(c+dl)=1}. 
Note that if 2(a+b/)=1 then a+bl is called Neutrosophic self-complement and the set of all 
Neutrosophic self-compliments of N(R,/) is denoted by SComp(N(R,/)). For example, the pair 
(J,1+/)is a Neutrosophic complement pairin N(Z,,/) because /+(1+/)=1. 
Theorem. 3.2 LetR be a finite ring with unity!. Then the pair(a+b/,c+dlI) is a Neutrosophic 
complement pairin N(R,/) if and only if (a,c) isacomplimenting pair and (b,d) mutual additive 
inverse pairin R. 
Proof: Suppose a+b/ andc+dl be two elements in N(R,/). By the definition of Neutrosophic 
complement pair, the pair(a+bl,c+dI) is a Neutrosophic complement pair in N(R,/) if and only 
if (a+bl)+(c+d/)=1 if and only if (at+c)+(6+d)/=1+0/ if and only ifat+c=landb+d=0. 
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Corollary. 3.3 If n>1 be a positive integer then the total number of Neutrosophic Complement 
pairsin M(Z,,/) is n/2 if nisevenandis(n—1)/2 ifn is odd. 


Proof: It is obvious from the well-known formula that 
\Comp(N(Z,,1))| =n/2ifnis even and(n-1)/2 if n is odd. 


Example.3.4 Since the ring of integers modulo 4 is Z, = {1,2,3,4} . The set complement and 
Neutrosophic complement pairs of the ring Z, is 
Comp(Z,) = {(0,1),(2,3)} and Comp(N(Z,,/)) = {(21,14+21),(2+21,3+2/)}, 

respectively. 
Theorem.3.5 The following conditions on the Neutrosophic ring N(R,J) with unity 1 are 
equivalent. 

(i). N(R,I) is a Neutrosophic Boolean ring. 

(ii). The complement of the Neutrosophic idempotent element is Neutrosophic idempotent 


(iii). The Neutrosophic complements are Neutrosophic zero divisors. 


Proof: (i)= (ii). First suppose N(R,/) isa Neutrosophic Boolean ring with unity]. Let c+d/ be the 


Neutrosophic complement of Neutrosophic idempotent a+b/ in N(R,/). Then 
(c+dl) =(c+dl\(c+dl) =(1-(a+bl))1-(a+5bl)) 
=1-(a+bl)—-(at+bl)+(a+bly =1-(a+bl) =c+dl. 
This proves (ii). 


(11) = (iii). From (ii) we have (a+ b/)+(c+dlI)=1. 


Therefore, 
(at+bl\(c+dl) =(a+bI)—(a+bl) =(at+bl)—-(at+bly =(a+bl)—(a+bl) =0. 


This completes (iii). 


(iii) = (i). From (iii) we have 

(a+bl)+(c+dl)=1 => (at+bl)\(c+dl) =0 
It is clear that the Neutrosophic elements a+b/ and c+dI are both Neutrosophic Complements 
to each other, and this forces that the identity (I-(a+bl))’ =1-(a+bl). Hence N(R,/) is a 


Neutrosophic Boolean ring. 


4. Conclusions 
In this paper, we address our self a twofold aim: first to review the theory of classical Boolean rings, 
as we understand it recent, and to construct certain Neutrosophic Boolean rings. Next, we have 
introduced Neutrosophic complement elements and mainly obtained some properties satisfied by 
the Neutrosophic complement elements of Neutrosophic Boolean rings. This study understands the 
new structure basis in Neutrosophic hypothesis which builds up another idea for the comparison of 
classical Boolean ring and Neutrosophic Boolean ring structures dependent on the use of the 


indeterminacy idea and the structural information. 
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Abstract: Smarandache presented and built up the new idea of Neutrosophic concepts from the 
Neutrosophic sets. A.A. Salama presented Neutrosophic topological spaces by utilizing the 
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Generalized Closed Set in Neutrosophic topological spaces and its Properties are talked about 
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1. Introduction 


Smarandache's neutrosophic framework have wide scope of constant applications for the fields 
of Electrical & Electronic, Artificial Intelligence, Mechanics, Computer Science ,Information Systems, 
Applied Mathematics , basic leadership. Prescription and Management Science and so forth,.In 1965 
,Zadeh proposed Fuzzy set(FS), and Atanassov [1] proposed intuitionistic Fuzzy set (IFS) in 1983 
-Topology is an old style subject, as a speculation topological spaces many sort of topological spaces 
presented over the year. Smarandache [5] characterized the Neutrosophic set on three segment 
Neutrosophic sets(T Truth, I-Indeterminacy, F-Falsehood). Neutrosophic topological spaces(NS-T-S) 
presented by Salama [10] et al., R-.Dhavaseelan [3], SaiedJafari are introduced Neutrosophic 
generalized closed sets Point of this paper is we present and concentrate the ideas Neutrosophic 
Weakly Generalized Closed Set in Neutrosophic topological spaces and its Properties are talked 


about subtleties 


2. Preliminaries 
In this part, we review required essential definition and results of Neutrosophic sets 
Definition 2.1 [5] Let Ny be a non-empty fixed set. A Neutrosophic set R; is a object having the 


form 
R, = {<r, ps (r), OR* (r), ps (r) >:r € Nx}, 
Lp: (7)-represents the degree of membership function 


Op: (r)-represents degree indeterminacy function and then 
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Yr: (r)-represents the degree of non-membership function 
Definition 2.2 [5] Neutrosophic set R; = {< 1, Mp (r), Op' (r), Ye: (r) >:r € Ny}, on Ny and Vre 


Ny then complement of Rj is Ri° ={< 1, Yr: ((r)), 1 — Op: (7), Mrs (7) >: 7 € Ny} 


Definition 2.3 [5] Let R; and R, are two Neutrosophic sets, Vr € Ny 


R= {<r thys (1), 05 (PIs Vy (0) D7  NGDRS = (<1 Hys 7), Os (MI Ypg (7) >: € Ni) 


Then Ri SR} © hye (7) S thys (7), on; (7) < on5 (PIR Vp (7) & Yo} 
Definition 2.4 [5] Let Ny be anon-empty set, and Let Rjand R; be two Neutrosophic sets are 


RSs ps (7), Op: (r),¥p: (r) >:r € Ny}, R35 = {< 1, ps (r), OR’ (7), ¥p3 (r) >:r € Ny}Then 
1 REAR, = £< rothy (7) A tye (7), 6457) 0 45 (7). Ypj 0) U Veg (7) 27 € NG 


2. Ri, UR, = {< 7, Lp: (r) U ps (7), op: (1) U op: (T), ¥p3 (r) Yr’ SEN) 


Definition 2.5 [11] Let Ny be non-empty set and NS, be the collection of Neutrosophic subsets of 
Nysatisfying, the accompanying properties: 

1.0y, 1n € NS, 

2.N7, Nr, € NS, for any Nr,,Nr, € NS; 

3. UNr, € NS, for every {Nr,:i € j} S NS, 

Then the space (Ny, NS,), is called a Neutrosophic topological spaces (NS-T-S). 

The component of of NS, are called NS-OS (Neutrosophic open set) 

and its complement is NS-CS(Neutrosophic closed set) 


Example 2.6. Let Ny ={r} and Vr € Ny 


Bi. ie aa y .6- 3 
ReG 22 | Ree 
1 rrr. 2 ana ap 
5 6 4 AR 5): 8 
Re = (ie) Re Sie 
3 aaa ta) foe isa ag laa! 


Then the collection NS, = {0y, Rj, R3,R3,R41y} is called a NS-T-S on X. 
Definition 2.7 Let (Ny, NS,), be a NS-T-S and R; = {< 1, Lee (r), Ops (7), ps (r) >:r € Ny} bea 


Neutrosophic set in Ny. Then R; is said to be 
1. Neutrosophic a-closed set [2] (NS- aCS in short) NS-cl(NS-in(NS-cl(R7)))E Rj, 
Neutrosophic pre-closed set [14] (NS-PCS in short) NS-cl(NS-in(R;))& Rj, 
Neutrosophic regular closed set [5] (NS-RCS in short) NS-cl(NS-in(R})) = Rj, 
Neutrosophic semi closed set [7] (NS-SCS in short) NS-in(NS-cl(R7))& Ry, 
Neutrosophic generalized closed set [3] (NS-GCS in short) NS-cl(R; GH whenever R; GH 
and H is a NS-OS, 
6. Neutrosophic generalized pre closed set [9] (NS-GPCS in short) NS-pcl(R;) © H whenever 
R; © Hand Hisa NS-OS, 


ee ee eee 
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7. Neutrosophic a generalized closed set [8] (NS- aGCS in short) NS-a-cl(R;)GH whenever Rj 
CH And HisaNS-OS, 
8. Neutrosophic generalized semi closed set [13](NS-GSCS in short) NS-Scl(R;)GH whenever 
R, GH and H is aNS-OS. 


Definition 2.8. (Ny, NS,), bea NS-T-S and R, = {< 7, ps (r), OR’ (7), ps (r) >:r € Ny} Ny.Then 


Neutrosophic closure of Rj is 
NS-Cl(R})= N {H:H isa NS-CSin Ny and R; CH} 
Neutrosophic interior of Rj is 
NS-Int(R;)= U{M:M is a NS-OS in Ny and ME R3}. 


Definition 2.9. Let (Ny, NS,), be a NS-T-S and R; = {< 1, ps (r), OR* (x), Vp: (r) >:r € Nx} 


NS-Sint(R%)= U{ G/G is a NS-SOS in N* and GE R%}, 
NS-Scl(R7)= N{ K/K is a NS-SCS in Ny and R; CK}. 
NS-aint(R;)= U{ G/G is a NS-aOS in Ny and GE Rj}, 
NS-acl(R;)=N{ K/K is a NS-aCS in Ny and R; SK}. 


3. Neutrosophic Weakly Generalized Closed Set 

In this section we introduce Neutrosophic weakly generalized closed set and have studied some of 
its properties. 

Definition 3.1 An (NS)S R; in an (NS)TS (Ny, NS,), is said to be aNeutrosophic weakly generalized 
closed set ((NS-WG)CS) NS-cl(NS-in(R;))GU whenever R, SU, U is (NS)OS in Ny. 

The family of all (NS-WG)CSs of an (NS)TS (Ny, NS,), is denoted by (NS-WG)CS(Ny). 

Example 3.2: Let Ny = {r;, r>} and let NS, = {O~, N;, 1~} be a(NS)T on Ny 


Whee: Meee se (a), (=, =,=) . 
10 10 10 10 10 10 
. 1, 5. 4 7 5 6 as Stee 
Then the (NS)S R, = < 1, (—.—,-), (===) > is a(NS-WG)CS in Ny. 


Theorem 3.3: Every (NS)CS is a(NS-WG)CS but not conversely. 

Proof: Let R; be a(NS)CS in (Ny, NS,),.Let U be a Neutrosophic open set such that Rj © U. Since 
R; is Neutrosophic closed, NS-cl(R;) = R; and hence NS-cl(R;) GU. But NS-cl(NS-in(R};)) 
CNS-cl(A)SU. Therefore NS-cl(NS-in(R;))GU. Hence R; is a(NS-WG)CS in Ny. 

Example 3.4: Let Ny = {r;, r>} and let NS, = {O~, N;, 1~} be a(NS) N; on Ny, 

where N, =< 1, (= : ~), (- a ~) e 


10’10’10/’ \40’ 10’ 10 

Then the (NS)S R* =< 1, (—.—-), (===) > is a(NS-WG)CS in N% 

10’10’10/’ \10’ 10’ 10 
but not an (NS)CS in Ny since NS-cl(R;) =TC# Rj 
Theorem 3.5: Every (NS) CS is a(NS-WG)CS but not conversely. 
Proof: Let R; be a(NS) CSin Ny and let R; CU and U is a(NS)OS in (Ny, NS,),. By hypothesis, 
NS-cl(NS-in(NS-cl(R;))) & Rj. Therefore NS-cl(NS-in((R;))ENS-cl(NS-in(NS-cl(R;)))S Ry SU. 
Therefore NS-cl(NS-in((R;))GU. Hence R; is a(NS-WG)CS in Ny. 
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Example 3.6: Let Ny = {rj}, r>} and 
let NS, ={0~, N7, 1~} be a(NS)Ton Ny where 


N 2 (- 5 ~) (- 5 ~) 2 
=< Tr —_—_ — — _-_- _— 
r ’ \40’10’10/’ \40’ 10’ 10 


: 3 5 5 1 5 7 
Then the (NS)S R,; = < 7, (= = =), (— = “) > is a(NS-WG)CS 


10’ 10° 10 10’ 10° 10 
but not an (NS) CS in Ny 


since R} © Ny but NS-cl(NS-in(NS-cl(R})))= < 7, (=,=,5), (= = =) > ¢ Rt. 


10’10’10/’ \10’ 10’ 10 
Theorem 3.7: Every (NS)GCS is a(NS-WG)CS but not conversely. 
Proof: Let R; be a(NS)GCS in Ny and let R,; GU and U is a(NS)OS in (Ny, NS,). Since NS-cl(R;) 
CU, NS-cl(NS-in(R;)) © NS-cl(R;).That is NS-cl(NS-in(R; ))ENS-cl(R,)SU. Therefore 
NS-cl(NS-in(R;))GU.Hence R; is a(NS-WG)CS in Ny. 
Example 3.8: Let Ny = {r;, 73} and 
let NS, ={O~, N,, 1~} be a(NS) N; on Ny 
where N, =< 1, (= a “), (= 2 =) > 


10°10’ 10 10°10’ 10 
5 OS 
Then (NS)S Rj = <r, (=,=,-), (—.=,=) >is a(NS-WG)CS 


but not an (NS)GCS in Ny 


; 4 5 5 <3 
since R,; © Ny but NS-cl(R,) = <7, (===), (—.=,=) >E Nr. 


Theorem 3.9: Every (NS)RCS is a(NS-WG)CS but not conversely. 
Proof: Let R; be a(NS)RCS in Ny and let R,; GU and U is a(NS)OS in (Ny, NS,),.Since R; is 
(NS)RCS, NS-cl(NS-in(R;)) = Ry & U. This implies NS-cl(NS-in(R;))GU. Hence R; is aUNS-WG)CS 
in Ny. 

Example 3.10: 

Let Ny ={rj, r>} and 


let NS, = {0~, N,, 1~} be a(NS) Ton Ny, where 
5 5 8 I) So oh 
Nr > <7, (—,-,=), (=, =,=) > 


: 1 5 6 1 5 7 
The (NS)S R; = < 7, (—.—=), (—,—,=) >is a(NS-WG)CS 
10’ 10’ 10 10’ 10’ 10 


but not an (NS)RCS in Ny since NS-cl(NS-in(R;)) # O~ Rj}. 

Theorem 3.11: Every (NS)PCS is a(NS-WG)CS but not conversely. 

Proof: Let R; be a(NS)PCS in Ny and let R; SU and U is a(NS)OS in (Ny, NS,). By Definition, 
NS-cl(NS-in(R;))& Rj and R; CU. Therefore NS-cl(NS-in(R;)GU. Hence R; is a(NS-WG)CS in Ny. 
Example 3.12: 

Let Ny ={rj, r>} and 


let NS, ={0~, N;, 1~} be a(NS)T on Ny, 


N Z (- 5 ~) (- 5 ~) 5 
=— T ——— = ———_— = 
r ’ \40’10’10/’ \10’ 10’ 10 
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Then the (NS)S R* =< r, (===), (=,=,=) > is a(NS-WG)CS 
10’10’10/’ \10’ 10’ 10 

but not an (NS)PCS in Ny 

since NS-cl(NS-in(R;)) =T° & Rj. 

Theorem 3.13: Every (NS) GCS is a(NS-WG)CS . 

Proof: Let R; be a(NS) GCS in Ny and let R; © U and U isa (NS)OS in (Ny, NS,), By Definition, 
R; © NS-cl(NS-in(NS-cl(R;)))GU. This implies NS-cl(NS-in(NS-cl(R;)))GU and NS-cl(NS-in(R; )) 
CNS-cl(NS-in(NS-cl(R;)))GU. Therefore NS-cl(NS-in(R;))GU. Hence R; is a(NS-WG)CS in Ny. 
Example 3.14: 

Let Ny ={rj, r>} and 

let NS, ={0~, N;, 1~} be a(NS)T on Ny, 

where N; = <1, (= : ~), (= = =) > 


10’10’10 10’10° 10 


2 5 5 
10’10’10 


Then the (NS)S Rj = <r, ( ), (= = ~) > is a(NS-WG)CS 


10’ 10° 10 
but not an (NS) GCS in Ny since NS-acl(R}) =1~ € Nr. 
Proposition 3.15: (NS)SCS and (NS-WG)CS are independent to each other which can be seen from 
the following example. 
Example 3.16: Let Ny = {r;, 73} and 
let NS, ={0~, N7, 1~} be a(NS)T on Ny 


aA S55 5% 
Nr =< Yr, (—.—,=), (=.=,=) > 
10’ 10’ 10 10’ 107 10 
Then (NS)S R; = N, is a(NS)SCS 
but not an (NS-WG)CS in Ny since R; © Nr 
but NS-cl(NS-in(R%)) = < (—,=,=) (=.=) >¢ 
= ee 10’10’10/’ \10’ 10’ 10 a 
Example 3.17: 
Let Ny ={rj, r>} and 


let NS, ={0~, N7, 1~} be a(NS)T on Ny, 
8 5 QO 6 5 1 
ae eee Gia) Gor, 


6 5 2 
10’10’10 


Then the (NS)S Ry =< r, ( ), (— = =) >is a(NS-WG)CS 


10°10 10 
but not an (NS)SCS in Ny since NS-in(NS-cl(R;))= 1~ € Rj. 
Proposition 3.18: (NS)GSCS and (NS-WG)CS are independent to each other. 
Example 3.19: Let Ny = {r;, r3} and 
let NS, ={0~, N;, 1~} be a(NS)T on Ny, 
where N; = <1, (—.—=), (===) > 
10’10’10/’ \10’ 10’ 10 
Then the (NS)S R, = N, is a(NS-WG)CS 
but not an (NS)GPCS in Ny since R; © N; 
but NS-cl(NS-in(R})= <r, (=,—,=), (= = ~) > ¢ Rt. 


10’10’10 10’ 10° 10 
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Example 3.20: Let Ny = {r;, r>} and 
let NS, = {0~, N;, 1~} be a(NS)T on Ny, where 


N Z ( 5 ~) (- 5 ~) . 
=< Tr —_—_ — — _-_- _— 
r ’ \40’10’10/’ \10’ 10’ 10 


, 6 5 2 7 5 1 
Then the (NS)S R,; = <7, (= — =), (= = —) > is a(NS-WG)CS 


10°10 10 10’ 10’ 10 
but not an (NS)GSCS in Ny 
since NS-scl(R;))=1~¢ Nr. 
Remark 3.21: 
The union of any two (NS-WG)CSs need not be a(NS-WG)CS in general as seen from the following 
example. 
Example 3.22: 
Let Ny = {rj}, 73} be a(NS)TS and 


5 5 3 7 89 1 
lt Wy = <r, (&,5,2), (4,4,4) > 
is ’ \y0’10’10/’ \40’ 10’ 10 


Then NS, = { 0~,N;, 1~ }is a(NS)T on Ny and the (NS)Ss 
: 0 5 8 7 5 1 
Ry =< rT, (—, =.=) y (=.=) >; 
10’ 10’ 10 10’ 10’ 10 


Rar, Govcaraa)) GGeaorae) > 
are (NS-WG)CSs but R; U R; is not an (NS-WG)CS in Ny. 
The following implications are true: 
Fig.1 
(NS-P) CS (NS-cx) CS 


(NS-R) CS (NS-G) CS 
<r (WsWayS) (NS-aG)CS 


(NS-S) CS (NS-GS) CS 


4. NEUTROSOPHIC WEAKLY GENERALIZED OPEN SET 
In this section we introduce Neutrosophic weakly generalized open set and have studied some of its 
properties. 
Definition 4.1: An (NS)S R; is said to be a Neutrosophic weakly generalized open set ((NS-WG)OS 
in short) in (Ny, NS,), (NS) the complement (R*)° is a(NS-WG)CS in N%. 
The family of all (NS-WG)OS of an (NS)TS (Ny, NS,), is denoted by (NS-WG)O(Ny). 
Example 4.2: Let Ny = {r;, r>} and 
let NS, ={0~, N7, 1~} be a(NS)T on Ny, 
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where N; = <1, (< : =), (— 2 ~) > 


10’10’10/’ \i0’ 10’ 10 
Then the (NS)$ Ri =< 7, (4,5,+), (=. a —) > is a(NS-WG)OS in N*. 
Theorem 4.3: For any (NS)TS (Ny, NS), we have the following: 
(i)Every (NS)OS is a(NS-WG)OS. 
(11)Every (NS)SOS is a(NS-WG)OS. 
(iii)Every (NS)aOS is a(NS-WG)OS. 
(iv)Every (NS)GOS is a(NS-WG)OS. But the converses are not true in general. 
Proof: Straight forward. 
The converse of the above statement need not be true in general which can be seen from the 
following examples. 


Example 4.4: Let Ny= {r;, r>} and 


6 5° 2 4 5 8 
Nr _ <1, (===), (—.=,=) > 
Then NS, = {0~, Ny, 1~} is a(NS)T on Ny. The (NS)S 


; 7 5 O 6 5 1 ‘ 
Rae 7 ), (=,+,—) > is a(NS-WG)OS in (Nj, NS,), 


10’10’10/’ \10’ 10’ 10 
but not an (NS)OS in Ny. 

0 5 8 1 5 6 
N= <1, (—. =.=) J (—,=,=) > 

10’ 10710 10’ 10’ 10 

: 2 5 6 2. 8. 8 
Then the (NS)SR, = <7, (=.=,=) F (—.=.=) >is a(NS-WG)OS 
10’ 10’ 10 10’ 10’ 10 

but not an (NS)SOS in Ny. 


Example 4.6: Let Ny = {r;, >} and let NS, = {O~, N;, 1~} be a(NS)T on Ny, where 
Nr; = <r, (0.5, 0.7), (0.5, 0.3) > . 


Then the (NS)S Ri = <r, (2,4,3), (Z a -) > is a(NS-WG)OS 


10’10’10/’ \40’ 10’ 10 
butnotan (NS)aOS in Ny. 
Example 4.7: Let Ny = {r;, r>} and 


5 oD 8 4 5 4 
Nr = <7, (—,=,=) y (===) > 
10 10 10 10 10 10 
Then NS, ={0~, Np, 1~} is a(NS)T on Ny. 


: 6 5 2 5 5 3 
The (NS)S R; =< 1, (===) ; (—.=,=) > is a(NS-WG)OS 
10’ 10’ 10 10’ 10’ 10 
but not an (NS)POS in Ny. 
Remark 4.8: 
The intersection of any two (NS-WG)OSs need not be a(NS-WG)OS in general. 


Example 4.9: Let Ny = {r;, 13} be a(NS)TS and 


5 5 38 i, cor al 
let Np =< r, (—,—,-—), (—,-—,-—]} > 
10 10 10 10 10 10 


Then NS, ={0~, Ny, 1~} is a(NS)T on Ny. 
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The (NS)Ss Ri= <7, (—,=,-) : (— = =) > and 


10° 10° 10 

Ry = <r, (3,5,5) (=,=,4) Sare (NS-WG)OS’s but R* AN R% isnot an (NS-WG)OS in N%. 
Theorem 4.10: 

An (NS)S R; of an (NS)TS (Ny, NS,), is aANS-WG)OS (NS) and only (NS) FENS-in(NS-cl(R;)) 
whenever F is a(NS)CS and FE R;. 

Proof: 

Necessity: 

Suppose R} is a(/NS-WG)OS in Ny. Let F be a(NS)CS and F © Rj. Then F© is a(NS)OS in Ny such 
that (R*)° F°. Since (R*)© is a(NS-WG)CS,NS-cl(NS-in((R*)°)) & F° .Hence (NS-in(NS-cl(R%)))° 
C F°.This implies F € NS-in(NS-cl(R})). 

Sufficiency: 
Let Rj be a(NS)S of Ny and let F © NS-in(NS-cl(R;)) whenever F is a(NS)CS and FE R,. Then 
(R*)o ¢ F* and F® is a(NS)OS. By hypothesis, (NS-in(NS-cl(R7)))° © F°. Hence 
NS-cl(NS-in((R%)°)) © FSC . 

Hence R; is a(NS-WG)OS of Ny. 


5. APPLICATIONS 


1 
In this section, we introduce NeutrosophicwT2 space and weqT space, which utilize Neutrosophic 


weakly generalized closed set and its characterizations are proved. 
Definition 5.1: 


1 a 
An (NS)TS (Ny, NS,), is called an Neutrosophic wT2 ((NS)wT2in short) space (NS) every 
(NS-WG)CS in Ny is a(NS)CS in Ny. 
Definition 5.2: 


An (NS)TS (Ny, NS,), is called an Neutrosophic wgqT ((NS-WG)qT in short) space (NS) every 
(NS-WG)CS in Ny is a(NS)PCS in Ny. 


1 
Theorem 5.3: Every (NS) wT? space is a/NS-WG)qIT space. But reversal isn’t true in general. 


1 
Proof: Let Ny be a(NS)wT2space and let R} be a(NS-WG)CS in Ny.By hypothesis R} is a(NS)CS in 
Ny. Since every (NS)CS is a(NS)PCS, R; is a(NS)PCS in Ny. Hence Ny is a(NS)weqT space.But 
reversal isn’t true in general. 
Example 5.4: Let Ny= {r{, rz} and 
let NS, = {O~, Nr, 1~} 


9 5 1 9 5 1 P 
Nr = <r, (— = ~), (— = -) > . Then (Ny, NS,), is a(NS-WG)qT space. 


10’ 10° 10 10’ 10° 10 
L 
But itis not an (NS)wT2 space 


since the (NS)S Rj =< 7,(=,=,5), (- = *) > is (NS-WG)CS but not (NS)CS in N%. 


10’10’10 10’ 10° 10 


R. Suresh and S. Palaniammal, Neutrosophic Weakly Generalized open and Closed Sets 


Neutrosophic Sets and Systems, Vol. 33, 2020 15 


1 
Theorem 5.5: Let (Ny, NS,), be a(NS)TS and Ny is a(NS)wT2space then 


(i) Any union of (NS-WG)CS is a(NS-WG)CS. 
(ii) Any intersection of (NS-WG)OS is a(NS-WG)OS. 


Proof: 


1 
(i): Let {Ai}i€J be a collection of (NS-WG)CS in an (NS)wT2space (Ny, NS,). Therefore every 


(NS-WG)CS is a(NS)CS. But the union of (NS)CS is a(NS)CS. Hence the Union of (NS-WG)CS is 
a(NS-WG)CS in Ny. 

(ii): It tends to be demonstrated by taking complement at(i). 

Theorem 5.6: 

An (NS)TS Ny is a(NS-WG)qT space (NS) and only (NS) (NS-WG)OS(N¥) = (NS)POS(N¥). 

Proof: 

Necessity: 

Let R* be a(NS-WG)OS in N%. Then (R%)° is a(NS-WG)CS in N%. By hypothesis (R*)° is 
a(NS)PCS in Ny. Therefore R; is a(NS)POS in Ny. Hence (NS-WG)OS(N¥) = (NS)POS(Ny). 
Sufficiency: 

Let Ri be a(NS-WG)CS in Nz. Then (R%)© is a(NS-WG)OS in Nz. By hypothesis (R})° is 
a(NS)POS in Ny. Therefore R; is a(NS)PCS in Ny. Hence Ny is a(NS-WG)qT space. 

Theorem 5.7: An (NS)TS Ny is s(NS SWI? epate (NS) and only (NS) (NS-WG)OS (Ny) = (NS)OS(N). 
Proof: Necessity: 

Let Ri be a(NS-WG)OS in N%. Then (R})° is a(NS-WG)CS in Ny. By hypothesis (R7)° is a(NS)CS 
in Ny. Therefore R; is a(NS)OS in Ny. Hence (NS-WG)OS(N x) = (NS)OS(Ny). 

Sufficiency: 


Let Ri be a(NS-WG)CS in Ny. Then (R%)© is a(NS-WG)OS in Nz. By hypothesis (R})° is 


1 
a(NS)OS in Ny. Therefore R; is a(NS)CS in Ny. Hence Ny isa(NS)wT2 space. 


6. CONCLUSION 

In this paper we have presented another class of Neutrosophic closed set to be specific (NS)WG 
closed set and have examined the connection between Neutrosophic weakly generalized closed set 
and other existing Neutrosophic closed sets. Likewise we have explored a portion of the properties 


of Neutrosophic weakly generalized closed set. As an utilization of Neutrosophic weakly 


1 
generalized closed set we have presented two new spaces specifically (VS)wT2 space and 


Neutrosophicwg qT ((NS-WG)qT in short) space and concentrated a portion of their properties. 
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Abstract: Plithogenic Hypersoft sets (PHS) introduced by Smarandache are the extensions of soft 
sets and hypersoft sets and it was further protracted to plithogenic fuzzy whole Hypersoft set to 
make it more applicable to multi attribute decision making environment. The fuzzy matrix 
representation of the plithogenic hypersoft sets lighted the spark of concentric plithogenic 
hypergraph. This research work lays a platform for presenting the concept of concentric 
plithogenic hypergraph, a graphical representation of plithogenic hypersoft sets. This paper 
comprises of the definition, classification of concentric plithogenic hypergraphs, extended 
hypersoft sets, extended concentric plithogenic hypergraphs and it throws light on its application. 
Concentric Plithogenic hypergraphs will certainly open the new frontiers of hypergraphs and this 
will undoubtedly bridge hypersoft sets and hypergraphs. 


Keywords: Plithogenic sets; Hypergraph; Plithogenic Hypersoft sets; Concentric Plithogenic 
Hyperegraphs 


1. Introduction 


The structure of a graph comprises of vertices and edges, has a range of applications in diverse 
fields. In general an edge in a graph represents the relation between two vertices. Berge [1] extended 
this basic idea and introduced hypergraph as the generalization of graph. In a hypergraph 
hyperedge links one or more vertices and they are mainly used to explore configuration of the 
systems by clustering and segmentation, but to handle the uncertain and imprecise environment; 
Kaufmann [2] introduced fuzzy hypergraphs. The concept of fuzzy set was introduced by Lofti.A. 
Zadeh [3]. The fuzzy hypergraph introduced by Kaufmann was later generalized by Hyung and 
Keon [4] to overcome the limitations of inappropriate representation of fuzzy partition by redefining 
fuzzy hypergraph and developing many expedient concepts which finds extensive applications in 
system analysis, circuit clustering and pattern recognition. In a fuzzy hypergraph the hyper edges 
are fuzzy sets of vertices. Mordeson and Nair [5] have made significant contributions to fuzzy 
graphs and fuzzy hypergraphs. Parvathi et al [6] extended of intuitionistic fuzzy graphs to 
intuitionistic fuzzy hypergraph in which (a, $)-cut hypergraph represent intuitionistic fuzzy 
partition. In an intuitionistic fuzzy hypergraph the hyperedge sets are intuitionistic fuzzy sets of 
vertices consisting of both membership and non-membership values as Atanssov [7] introduced in 
Intuitionistic set. Akram and Dudek [8] discussed the properties and applications of intuitionistic 
fuzzy hypergraph. Akram et al [9] introduced neutrosophic hypergraphs and single valued 
neutrosophic hypergraphs. Neutrosophic sets introduced by Smarandache [10] deals with truth 
function, indeterminacy function and falsity function, based on conceptualization of neutrosophic 
sets, Akram.et al [11] investigated the properties of line graph of neutrosophic hypergraph, dual 
neutrosophic hypergraph, tempered neutrosophic hypergraph and transversal neutrosophic 
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hypergraph with illustrations. Neutrosophic theory has extensive applications in the domain of 
decision- making. Abdel-Baset et al [12] introduced a novel neutrosophic approach to assess the 
ereen supply chain management practices and the recent research in multi criteria decision- making 
uses the neutrosophic representations. On other hand Vasantha Kanthasamy et al [13]discussed 
Plithogenic graph, special type of graphs based on fuzzy intuitionistic and single valued 
neutrosophic graphs. The characteristics of plithogenic intuitionistic fuzzy graph, plithogenic 
neutrosophic graphs and plithogenic complex graphs are also examined, but notion of plithogenic 
hypergraph was not discoursed. 


The plithogenic sets introduced by Smarandache [14] deals with attributes and it is extension of 
crisp, fuzzy, intuitionistic and neutrosophic sets. Plithogenic sets are widely used in multi attribute 
decision -making systems as it plays a vital role in deriving optimal solutions to the decision- 
making problems. Abdel-Basset et al [15,16] has framed a novel plithogenic TOPSIS-CRITIC model 
for sustainable supply chain risk management and formulated a hybrid plithogenic 
decision-making approach with quality function deployment for selecting supply chain 
sustainability metrics. These proposed models are highly advantageous, compatible to make 
decisions as it handles multi attributes or multi criteria environment. The selection process of 
alternatives based on different attributes containing several attribute values becomes easier in 
plithogenic representation. Furthermore plithogenic hypersoft introduced by Smarandache [17] also 
has significant contribution in multi attribute decision-making methods. Molodtsov [18] introduced 
soft sets and Smarandache generalized to hypersoft set by modifying single attribute function to 
multi attribute function. The plithogenic hypersoft set, generalization of crisp, fuzzy , intuitionistic 
and neutrosophic soft sets. Shazia Rana et al [19] extended plithogenic fuzzy hypersoft set to 
plithogenic fuzzy whole hypersoft set ;developed Frequency Matrix Multi Attributes Decision 
making scheme to rank the alternatives and proposed a new ranking approach based on frequency 
matrix in their research work. Plithogenic hypersoft sets are finding new avenue in decision- making 
and in ranking process. 


Nivetha and Pradeepa [20,21] initiated integration of hypergraphs and fuzzy hypergraphs with 
Fuzzy Cognitive Maps (FCM). Kosko [22] introduced FCMs, directed graphs consisting of nodes and 
edges which represent the casual factors and its relationship. FCM assumes simple weights such as 
-1 if factors have negative impact over another, 0 if no impact and 1 for positive impact. Weighted 
FCM assumes values from [-1,1]. The approach of FCM is analogues to the reasoning and decision 
-making of human and it facilitates conception of intricate social systems. Pelaezand Bowles 
[23],Miao and Liu [24], Papageorgiou et al [25]have proposed various algorithms and methods to 
handle various forms of FCM. The nature of weights classifies FCMs as intuitionistic and 
neutrosophic FCM. One of the most difficult aspects in handling FCM is consideration of large 
number of study factors. Confinement of the number of inputs is essential to make optimal decision- 
making and this has to take place step wise. It is helpful to limit the study factors for analyzing their 
inter impacts, to make so, FCMs with hypergraphic and fuzzy hypergraphic approaches facilitated 
to formulate student’s low academic performance model and assessment model of blended method 
of teaching. Nivetha and Pradeepa [26] also introduced concentric fuzzy hypergraphs for inclusive 
decision -making and this kind of hypergraph deals with hyper envelopes instead of hyper edges; 
examined the properties of concentric fuzzy hypergraph and justified with suitable illustrations and 
applications. Concentric fuzzy hypergraphs was further extended to concentric neutrosophic 
hypergraphs to explore the factors causing autoimmune diseases using Fuzzy Cognitive Maps 
(FCM). 


The proposed integrated models of FCM with hypergraphs, fuzzy hypergraphs and concentric 
fuzzy hypergraphs focus only on the factors based on single criteria. Suppose if the factors are 
dependent on multi criteria then the above integrated models do not meet the need. This is 
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limitation of the above described integrated models. Concentric plithogenic hypergraphs integrated 
with FCMs helps to overcome such shortcomings. As the concept of plithogenic hypergraph was not 
disclosed so far, this research work extends concentric hypergraphic approach of FCM to concentric 
plithogenic hypergraph with plithogenic hypersoft representation to make optimal decisions by 
ranking the study factors based on multi attribute. Such representations will he highly pragmatic 
and it will certainly ease the decision-making process. The frequency matrices ranks the factors 
represented as plithogenic hypersoft sets and the core factors considered for determining the inter 
relationship and inter impacts using FCM method. This approach will definitely yield optimal 
results with simplified computations. 


The objectives of this research work are to introduce notion of concentric plithogenic 
hypergraph; define concentric plithogenic hypergraph based on concentric fuzzy hypergraph and 
plithogenic graphs; classify concentric plithogenic hypergraph based on degree of appurtenance; 
widens concentric plithogenic hypergraph to extended concentric plithogenic hypergraph; proposes 
FCM decision making model integrated with extended concentric plithogenic hypergraphic 
approach. But this research work concentrates on proposing concentric plithogenic hypergraphs in a 
more distinct way. With the brief introduction of the research work in section 1, the rest of the paper 
is organized with construction of concentric plithogenic hypergraph in section 2, extension and 
classification of concentric plithogenic hypergraphs in section 3, applications of the proposed 
approach in section 4, discussion of the results in section 5 and the concluding remarks in the section 
6. 


2. Construction of Concentric Plithogenic Hypergraphs 

The concept of concentric fuzzy hypergraphs evolved at times of integrating hypergraphs with 
Fuzzy Cognitive Maps after integration of hypergraphic and fuzzy hypergraphic approaches. 
Concentric plithogenic hypergraph is an integration concentric hypergraph with plithogenity. To 
make it more comprehensive, the following definitions are put forward. 
2.1 Hypergraph 

A hypergraph H is an ordered pair H = (X,E), where 

(i) X = {X1,X2,..Xn} is a finite set of vertices. 


(ii) E={ E1, E2,..En} is a family of subsets of X and each Kj is a hyper edge. 
(111) Ej FQ, J = 1 ee and U; Ej = X 


2.2 Concentric Fuzzy Hypergraph 

A concentric fuzzy hypergraph Gi is defined as follows 
Gu=(X, £) 

X- finite set of vertex set 


#- Concentric fuzzy hyper envelope — family of fuzzy sets of X 


E, = (x, 20, (x) )/ 2, 0%) > Oand Vx, eX }j- 12am 


Supp (£) = X = Supp (Z) Vj=1,2,...m 
To illustrate concentric fuzzy hypergraph, 


let Gi = ( X, #), where 


X = {X1,X2,X3,X4} 


F,= {(x1,0.4), (x2,0.6), (x3,0.5),(x4,0.3)} 
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E£,= {(x1,0.3), (x2,0.8), (x3,0.4),(x4,0.5)} 
F,={(x1,0.6), (x2,0.6), (x3,0.7),(x4,0.4)} 





Fig.2.1. Concentric Fuzzy Hypergraph 


2.3 Concentric Plithogenic Hypergraph 
A hypergraph with non- empty, disjoint hyperedges and plithogenic envelopes is called as 
concentric plithogenic hypergraph Pz,,. 
A concentric Plithogenic hypergraph P;,, is defined as follows 
Po, =(X, E, Px) 
e X- Finite vertex set 
e E-Hyperedge set 


e 7x -Plithogenic envelope 
© Be - (x,,,u0s,))/ule,,)>0.x, €&, } 


® En E, = @andUE; =X 





Fig.2.2. Concentric Plithogenic Hypergraph 


2.4 Integration of Plithogenic Hypersoft sets and Concentric Plithogenic Hypergraph 


Plithogenic hypersoft sets are extensively used in decision making situations. Let us consider 


the plithogenic hypersoft set presented below. 
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Let U = { M1,M2,M3,Ma, Ms, Mo,M7,Ms,Mo, Mio} be the university of discourse and set T = {M1,M3,Mo} 
c U. The attribute system is represented as follows #= { (A1)Maintenance Cost {Maximum in the 
initial years of utility(A1'), Maximum in the latter years of utility(A1?), Moderate throughout (A1°)}, 


(A2)Reliability {High with additional expenditure(A2!), Moderate with no extra expense(A2), 


Moderate with high expense(A2*)}, (A3)Flexibility {Single task oriented(A3'), Multi task 


oriented(A3*), Dual task oriented(A3*) }, (A4)Durability {Very high in the beginning years of 
service(A4!), High in the latter years of service(A4?),Moderate (Aa) }, (As)Profitability {Moderate in 
the initial years(As'), Maximum in the latter years(As*), Moderate throughout the years (As°)}}. 

G: At! x Az? x As? x Aal x As? — (U). 
G(A11,A2?, As?, A4t,As?) = 
{Mi(0.9,0.875,0.8,0.75,0.5),M3(0.67,0.5,0.4,0.8,0.7),Mo(0.8,0.7,0.6,0.7,0.5)} 
In the below graphical representations the attributes A: to As are the hyperedges consisting of the 


vertices (X;, ) Ad, i= 1,2,3,4,5 and j = 1,2,3. Mi, M3sand Me are the plithogenic envelopes 








Ay 
ts — 
a“ —_ oS A, 
f =. _—— : 
: ji a >. 1 
\a oem TY 
= ee —_~-— — \ 
Ad SA ¥ 4 Ay | 
\ aN ot 
| ’ ' f As 
“ie - J “| \ 
a j | | ts 
| i 
| | -_ A. 
| | \ 4 
~_— i / | 5 _ 4 = 
“a f | / 7" *, ‘ 
l A F ‘3 . A-! 
Ast t 3 f = SN 
‘. = As? a | As | ny “a. 
| . Ses — | a A - a 
——- Oe a os 
A, ak 
ArTAS 
As 
M, M; Me 


Fig 2.3 Graphical Representation of Plithogenic Hypersoft set by Concentric Plithogenic 
Hypergraph 
To illustrate Concentric Plithogenic Hypergraph P,,,based on Plithogenic Hypersoft sets, 
Let X= { Aj, Aj, Aj, Ao, A3, A3, Ag, AZ, AS, Ay, AZ, Ad, As, AZ, As} 
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E = {A1, Az,A3,A4, As} 

Px, ={(A10.9),( A22,0.875),( As?,0.8), ( A44,0.75),( As?,0.5)} 

Px, ={( A1!,0.67),( A2?,0.5),( A3?,0.4), ( A4',0.8),( As2,0.7)} 

Px, ={(A1',0.8),( A2?,0.7),( As?,0.6), ( A4!,0.7),( As?,0.5)} 

The formulation of the notion of concentric plithogenic hypergraph based on plithogenic hypersoft 
will be more rational. Also the plithogenic hypergraphs and concentric plithogenic hypergraphs can 
be defined based on plithogenic graphs as in the below fig.2.4 and fig.2.5 





Fig.2.4 Plithogenic hypergraph 
To illustrate Plithogenic Hypergraph Px:, based on Plithogenic graphs, 


Let X= {x1, x2, x3, X4, X5, X6, X7, Xs, xo} 

E1= {x7(0.2, 0.3, 0.4), xs (0.8, 0.6, 0.3), x9 (0.4, 0.2, 0.6)} 
E2= {x1(0.1, 0.5, 0.4), x2 (0.5, 0.6, 0.8), x3 (0.3, 0.2, 0.7)} 
Es3= {xa(0.9, 0.3, 0.5), x5 (0.2, 0.4, 0.3), x6(0.6, 0.2, 0.1)} 
Ea= {x1(0.2, 0.9, 0.7), x4 (0.3, 0.7, 0.9), x9 (0.1, 0.8, 0.6)} 


X is the vertex set and Ei, i=1,2,3 are the plithogenic hyperedges of plithogenic hypergraph. 
A hypergraph with hyperedges possessing plithogenic weight representations is defined as 
plithogenic hypergraph otherwise Plithogenic hypergraphs can be defined as hypergraphs with 


plithogenic hyperedges. A hypergraph with plithogenic hyper envelopes is defined as concentric 
plithogenic hypergraphs. 





Fig.2.5 Concentric Plithogenic hypergraph 


To illustrate Concentric Plithogenic Hypergraph Pcx:, based on Plithogenic graphs 
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Let X = {x1,x2,x3} 

PE, = {(x1, (0.4,0.2,0.1), (x2,(0.2,0.3,0.4)), (x3,(0.4,0.8,0.5))} 
PE£,= {(x1, (0.8,0.5,0.6), (x2,(0.4,0.3,0.2)), (x3,(0.7,0.6,0.1))} 
PE£,= {(x1, (0.7,0.6,0.3), (x2,(0.1,0.5,0.6)), (x3,(0.4,0.5,0.8))} 

X is the vertex set and PE,,i = 1,2,3 are the plithogenic hyper envelopes of concentric plithogenic 
hypergraph. 

Plithogenic hypergraphs and concentric plithogenic hypergraphs based on plithogenic 
eraphs are distinct from the concentric plithogenic hypergraphs defined based on plithogenic 
hypersoft sets. The former definition doesn’t take the condition of Ei N E, = @. The graphs are 
called as plithogenic based on their dimension of membership values. In comparison of both kinds 
of representation, the latter is more feasible in nature as it incorporates the degree of appurtenance 
and the holistic meaning of plithogeny is reflected. 

3. Classification and Extension of Concentric Plithogenic Hypergraphs 
The concentric plithogenic hypergraphs is classified into crisp, fuzzy, intuitionistic and 
neutrosophic based on the values of the degree of appurtenance. 
3.1 Crisp Concentric Plithogenic Hypergraphs 
Let X= { Aj, Aj, Aj, Aj, A3, A3, Ag, AS, AS, Ay, AZ, Ad, As, AZ, As} 
E = {A1, A2,A3,A4, As} 
Px, =\(At,1),( A2?,1),( As’), (Ast D),( As, 1)} 
Px, =\( At'1),( A2,1),( As’), (Ast,1),( As’ 1} 
Px, = {( A1',1),( A2?,1),( As?,1), ( A41,1),( As?,1)} 
3.2 Fuzzy Concentric Plithogenic Hypergraphs 
Let X= { Aj, Aj, Aj, Aj, A3, A3, Ag, AZ, AS, Ay, AZ, Ad, As, AZ, As} 
E = {A1, A2,A3,A4, As} 
Px, ={( A1!,0.9),( A22,0.875),( As2,0.8), ( A4!,0.75),( As?,0.5)} 
Px, ={( A1',0.67),( Az2,0.5),( As?,0.4), ( A44,0.8),( As2,0.7)} 
Px, = {( A1'!,0.8),( A22,0.7),( As?,0.6), ( A44,0.7),( As?,0.5)} 
3.3 Intuitionistic Concentric Plithogenic Hypergraphs 
Let X= { Aj, Aj, Aj, As, A3, A3, Ag, AZ, AS, Ay, AZ, Ad, As, AZ, As} 
E = {A1, A2,A3,A4, As} 
Px, ={(A14(0.9,0.1)),( A2?,(0.5,0.2)),( As?,(0.8,0.2)), ( Aa4(0.75,0.5)),( As?,(0.5,0.2))} 
Px, ={( A1!,(0.6,0.7),( A2?,(0.7,0.5),( As?,(0.9,0.4), ( A4t,(0.7,0.1),( As?,(0.7,0.2)} 
Px, ={( At!,(0.6,0.4),( A2?,(0.2,0.58),( As?,(0.19,0.54), ( A44,(0.7,0.2),( As?,(0.8,0.2)} 
3.4 Neutrosophic Concentric Plithogenic Hypergraphs 
Let X= { Aj, Aj, Aj, Ag, A3, A3, Ag, AS, AS, Ay, AZ, Ad, Ac, AZ, As} 
E = {A1, A2,A3,A4, As} 
Px, ={( A14(0.9,0.1,0.2),( A2?,(0.8,0.5,0.2),( As?,(0.2,0.2,0.8), ( A4,(0.1,0.3,0.75),( As?,(0.4,0.2,0.5)} 
Px, ={( A1',(0.7,0.1,0.2),( A22,(0.6,0.2,0.1),( As?,(0.3,0.2,0.5), ( A4!,(0.4,0.3,0.5),( As?,(0.6,0.2,0.3)} 
Px, ={( At!,(0.7,0.1,0.2),( A22,(0.6,0.4,0.2),( As?,(0.6,0.2,0.3), ( A4!,(0.5,0.2,0.7),( As?,(0.6,0.1,0.4)} 
3.5 Extended Plithogenic Hypersoft sets 
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Extended plithogenic hypersoft sets comprises of the degree of appurtenance of the 
elements to the corresponding attributes along with multi expert’s opinion. These sets comprise of 


the opinion of several experts. The representation of such kind of set is presented as follows 


Let us consider a situation that the below values are given by two experts for the same example 


discussed under plithogenic hypersoft sets. 

G (A1!,A2?, As? , Aa! As?) given by the first expert = 
{M1(0.9,0.875,0.8,0.75,0.5),M3(0.67,0.5,0.4,0.8,0.7),Mo6(0.8,0.7,0.6,0.7,0.5)} 
G (A1,A2?, As?,, Aa!,As*) given by the second expert = 
{M1(0.6,0.875,0.8,0.5,0.5),M3(0.7,0.6,0.3,0.9,0.7),Mo(0.8,0.7,0.7,0.7,0.6)} 
The aggregate representation will be 
G (A1!,A2?, As? , Aat,As?) = {Mi{(0.9,0.875,0.8,0.75,0.5), (0.6,0.875,0.8,0.5,0.5)}, Ms {(0.67,0.5,0.4,0.8,0.7), 
(0.7,0.6,0.3,0.9,0.7)}, Me {(0.8,0.7,0.6,0.7,0.5), (0.8,0.7,0.7,0.7,0.6)}} 
The extended concentric plithogenic hypergraphs are based on the extended plithogenic hypersoft 
sets. The graphical representation is depicted in fig 3.1 





Fig.3.1. Graphical Representation of Extended Concentric Plithogenic Hypergraph 


3.6 Extended Concentric Plithogenic Hypergraph 


A hypergraph with non- empty, disjoint hyperedges and extended plithogenic envelopes is called as extended 
concentric plithogenic hypergraph Ep és 
An extended concentric Plithogenic hypergraph P¢,, is defined as follows 
Ep, = (X.E, Eos) 
e X- finite vertex set 
e E-Hyperedge set 


e Ex =Extended Plithogenic hyper envelope 


+ EPs = (x, (%,,))/ lx,,)>0.%,, €E, | 
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4. Fuzzy Cognitive Maps integrated with Extended Concentric Plithogenic Hypergraphic 
Approach. 

Fuzzy Cognitive Maps (FCM) is a decision making tools that are predominantly used in finding 
the cause and effect relationship. Basically FCM is a directed graph consisting of nodes and edges 
representing the factors of study and its relationship respectively. The adjacency or the connection 
matrix is the representation of the relationship between the nodes. Let us consider a decision making 
problem, which comprises of several factors, then the connection matrix will be of higher order 
which will make the computational process complicated. In order to handle such situations the core 
factors can be determined by using the approach of extended concentric plithogenic hypergraph. 

Let us consider a decision making situation to find inter relational impacts of the factors 
contributing towards the sales promotion of a manufacturing firm. The promotion of sales generally 
depends on major attributes of a company such as Customers, Pricing stratagem and marketing 
strategies. Different companies follow various other aspects to foster their sales promotion, but the 
above three attributes play predominant roles. 

If customer (A1), pricing stratagem (Az) and marketing strategies (As) are considered as the 
attribute sets then A: = {Potential, Impulsive, Novel, Loyal}, Az = {Competition- Based, Skimming, 
Penetration, Dynamic}, A3 = {Social, Service, Green, Holistic, Direct} are the attribute values. A 
company has decided to launch a new product in the market with the focus towards potential 
customers by following penetration pricing strategy through social marketing, the ultimate target of 
the company to increase the sales and attain the target within the stipulated time, so it has called the 
experts to present the aspects the company has to concentrate in deep. The expert’s perception is 
presented as factors. 

Fi The touch of innovation in the entire lifecycle of the product 
F2 Extensive design of the product 

F3 Customer centric approach 

Fa Product improvisation suiting the contemporary needs 

Fs Widening of the distribution channels 

Fe Implementation of Price breaks 

F7_ Enriching the portals of communication 

Fs Employment of self- assessment tools 


Fo Placement of suitable personnel 


Fio Counter actions to the competitors 


The extended concentric plithogenic hyper envelopes with linguistic representations in accordance 


to the expert’s opinion are presented below in Table 4.1 
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Table 4.1. Representation of Expert’s opinion 


(HJM.M) (M,HLVH) 


(VHLHLH) | (HELM) 


(VHHVH) | (HHH) 


(H,VH,H) (VH,VH,M) 
(VH,H,VH) (VH,VH,VH) 
Fe | (HL) (HLVELM) 
e |e@uvey [envy 
(LHLVH) 
(VH,VH,H) (VH,VH,VH) 
(H,H,H) (H,H,H) 





The linguistic representations of the experts are quantified using hexagonal fuzzy numbers based on 
the below values in Table 4.2. 


Table 4.2. Hexagonal Quantification of values 


Very Low (VL) (0,0.05,0.1,0.15,0.2,0.25) 0.125 


[Very High(VH) | (0.650707508091) | 08 


The quantified representations of the experts are presented in Table 4.3 





Table 4.3. Modified representation of Expert’s opinion 
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The combined values of each factor are presented in below Table 4.4. 


Table 4.4 Combined values of the factors 


F 
F2 


F3 
F4 


Fs 
Fe 


Fe | (1.15,1.375,0.7) 


F7 
Fs 
Fo 
Fio 


(1.375,1.6,1) 


(1.6,1.375,1. 
(1.15,1.375,0. 


(1.15,1.15,1.6) 
(1.15,1.15,1.375) 
(1.6,1.6,1.375) 


[Fo | (.15,1.15,1.15) 





Fe 


(1.375,1.15,1) 


fps | (.375,1.15,1.375) 
Bs | 1.613751 


88 


These factors are to be ranked and the above values corresponding to each factor are represented in 


matrix form 


By using the procedure of ranking as discussed by Shazia Rana et.al [19] the factors are ranked 


The frequency matrix F representing the ranking of the factors is 


Fi 
Fo 
F3 
Fa 
F5 
Fe 
F7 
Fs 
Fo 


Fio 


F1 
Fo 
Fs 
Fg 
Fs 
Fo 
F7 
Fs 
Fo 
Fio 


Ri 


Oo WwW Oo FE CO YW FEF © © © 


1 


1.375 
1.375 
1.375 


1.6 
1.15 
1.15 
1.15 
1.6 
1.15 


Ro 


oOo 2 2 © © oo 2 © © © 


Ail 


R3 


aS Oo ee Oo oS ee me Oo 


1 
1.15 
1.15 
1.6 
1.375 
1.375 
1.15 
1.15 
1.6 
1.15 


Ra 


i) 


a Oo 2a — Co OC Be = oS 


A23 


Rs 


oOo Oo FF OOF CO OOF FS CO 


x 


a: oO SD 2 2 a OB eS ea 


1.225 
1 
1.375 
1 

1.6 
0.7 
1.6 
1.375 
1.375 
1.15 


As31 


o 


o UO 2 & 2 SS @G Mm 


S 


Ss © CO © © © ©. © © © 
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Based on the percentage measure of authenticity of ranking of the factors, the following 


factors F3, Fa, Fs, Fs, Fo are considered for analyzing their inter relation using fuzzy cognitive maps 


(FCM). These factors are taken as C1, C2, Cs, Ca,Cs and by using the procedure of finding the cause 


and effect relationship, the limit points are presented in Table 4.5. 


The core factors considered for the study are 


Ci 
Co 


C3 
C4 
Cs 


Customer centric approach 


Product improvisation suiting the contemporary needs 
Widening of the distribution channels 
Employment of self- assessment tools 


Placement of suitable personnel 


The connection matrix M representing the degree of association between the core factors and the 


graphical representation in Fig 4.1 is presented as follows 





C Co Cs C4 
Ci 1 1 0 
Co 0 0 0 
Cs 0 0 0 
C4 1 1 0 
Cs 1 1 1 








Fig 4.1 Graphical Representation of the association of core factors 
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Table 4.5. Limit points of the Core Factors 


Core Factors in | Limit Points 
On Position 


(10000) 11111) 
(01000) 11111) 


qa) 
qui) 


( 
( 





5. Discussion 

The integration of FCM with extended concentric plithogenic hypergraphic approach is an 
innovative effort in minimizing the number of factors considered for studying interrelationship. In 
the decision making problem as discussed in section 4, the factors which are to be concentrated 
deeply for sales promotion are considered based on the fulfilment of the three attributes. The 
consideration of the factors are very specific, but if the company wishes to find the association and 
impact between the factors using FCM, then the proposed ten factors are to be considered and the 
computation of the limit points using higher order matrix will be tedious and time consuming, but if 
the core factors are only considered, the process becomes compatible and the intervention of 


extended concentric plithogenic hypergraphic approach makes it highly objective and reliable. 


6. Conclusion 

This research article presents the evolution of the concept of concentric plithogenic hypergraphs 
based on plithogenic hypersoft sets and plithogenic graphs. This work also introduces extended 
hypersoft sets and extended concentric plithogenic hypergraphs. The integration of extended 
concentric plithogenic hypergraphs with fuzzy cognitive maps using linguistic expert’s 
representation is presented with a decision making problem and such integrations are highly 
advantageous in dealing with several multi attribute factors of study using FCM approach. The 
linguistic representation of expert’s opinion is a new initiative made in this research work and the 
proposed model of making decisions can be extended using refined plithogenic sets in 


representations. 
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Abstract: In the present paper, for first time, a System of Neutrosophic Linear Equations (SNLE) is 
investigated based on the embedding approach. To this end, the (a,B,y)-cut is used for 
transformation of SNLE into a crisp linear system. Furthermore, the existence of a neutrosophic 
solution to n x n linear system is proved in details and a computational procedure for solving the 
SNLE is designed. Finally, numerical experiments are presented to show the reliability and 
efficiency of the method. 


Keywords: Neutrosophic set; Neutrosophic number; Neutrosophic linear equation; Neutrosophic 
linear system; Embedding method. 


1. Introduction 


A system of linear equations can be defined as: 


Ax=b, (1) 

Various equations in the field of scientific modeling that describe the realistic issues like 
engineering problems and natural phenomena such as differential equations, computational fluid, 
circuit simulation, cryptography, quantum and _ structural mechanics, MRI reconstructions, 
vibroacoustics, linear and non-linear optimization, portfolios, economic modeling, astrophysics, 
Google page rank, image processing, nano-technology, natural language processing, deep learning, 
etc., must be solved mathematically. These issues can regularly be diminished to solving of linear 
systems. There are a huge amount of models to solve this problem, for more details, see [1-15] and 
the references therein. 

Nevertheless, if the assessment of the coefficients of systems is uncertain and imprecise and just 
some ambiguous understanding regarding the real values of the parameters is accessible, it might be 
advantageous to characterize them with special numbers related to soft computing. Fuzzy set was 
introduced by Zadeh [16, 17], as a suitable instrument to express uncertainty in real life situation. 
After the introduction of fuzzy set, numerous scholars deliberate on this topic (information of some 
studies can be observed in [18-23]). 

Numerous researchers also suggested several strategies to solve linear systems under fuzzy 
situation. Fuzzy linear systems emerged at least until 1980 [24]; however Friedman et al. [25] 
launched a particular model to solve a fuzzy linear system where, the matrix coefficient is crisp and 
the right-hand hand vector is a fuzzy number. Their model later modified by some other scholars; 
see [26-46]. 

However, when there is not clarity in information then the measure of non-membership is not 
the complement of the measure of membership. In these cases, individual measure of membership 
and non-membership are needed. Keeping this type of situation in consideration, intuitionistic fuzzy 
set (IFS) was established by Atanassov [47]. Nevertheless, in different branches of sciences and 
engineering, it was found that two mentioned components are not sufficient to represent some special 
types of information. In such cases, a component namely ‘neutrality’ is needed to represent the 
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information completely. Thus, to remove the limitation of IFS and to handle with more possible types 
of uncertainty in practical situation, Smarandache [48-51] initiated neutrosophic set (NS) as an 
extension of the classical and all types of fuzzy sets. 

This concept divided into two category of the neutrosophic numbers (NNs) and _ the 
neutrosophic sets (NSs). The neutrosophic number (NN) introduce a concept of indeterminacy, 
denoted by A =m-+nlI (m,n €R ), consists of its determinate part m and its indeterminate part 
nl. In the worst scenario, A can be unknown, i.e. A =nl . However, when there is no 
indeterminacy related to A , in the best scenario, there is only its determinate part i.e., A=m [50, 
51]. But, the neutrosophic sets (NSs) represented by a truth-membership degree, an indeterminacy- 
membership degree, a falsity-membership degree and have some subclasses such as interval 
neutrosophic set [52-54] , bipolar neutrosophic set [55-57], single-valued neutrosophic set [58-66], 
multi-valued neutrosophic set [67-98], and neutrosophic linguistic set [69-70] and applied to solve 
various problems; see [71-78]. It is worth mentioning that NSs and NNs are two different branches in 
neutrosophic theory and indicate different forms and concepts of information. 


Like any other framework, system of linear equations has also been the topic of evolution. One 
of the important developments in this field related to situations that coefficients are defined under 
conditions of uncertainty and indeterminacy. In fact, one of the expectations of classic linear systems 
is their crispness of data. However, in circumstances where uncertainty and indeterminacy is an 
inevitable feature of a real life environment, the assumption of crispness of data seems questionable. 
Also, there is a lot of ambiguity, indeterminacy, and uncertainty in these problems. The system of 
linear equations under neutrosophic environment are more useful than crisp and other fuzzy linear 
systems because user in his/her formulation of the problem is not forced to make a delicate 
formulation. The use of system of Neutrosophic linear equations (SNLE) is recommended to avert 
unrealistic modeling. Though there are numerous methodologies to solve various issues under NSs 
and also some models presented to solve linear systems with NNs [79-80], but to the best of our 
knowledge, the SNLE has not been discussed sets until now. Therefore, the contributions of this study 
are as follow: 

(i) We present for first time, the system of Neutrosophic Linear Equations (SNLE) problem. 

(ii) Based on the (a,f,y)-cut, we design a strategy for solving SNLE with the single valued 

neutrosophic numbers (SVNNs). 

(iii) Some theorems about SNLE are investigated and the conditions of a strong neutrosophic 

solution to n x n system of linear equations is proved in details. 


This study prearranged as follows: some fundamental information, notions and operations on 
SVNNs are announced in Section 2. In Section 3, we introduce the SNLE and propose a general model 
to solve it. To show the efficiency and reliability of the method, numerical tests are provided in 


Section 4. Lastly, conclusions are offered in Section 5. 


2. Some Basic Definitions and Arithmetic Operations 


Here, we have deliberated some fundamental definitions regarding the neutrosophic sets and 


single-valued neutrosophic numbers. 


Definition 1 [48-49 ]. A neutrosophic set A in objects X is described by a truth-membership function 
T(x), an indeterminacy-membership function [a(x), and a falsity-membership function Fa(x) where, 
Ta(x): X >)o-, VL, Lax): X >]0°,1°[, and Fa(x): X >]0,1°[, and 


O° <sup7,, (x )+sup/, (x )+sup F, (x) <3". 
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Definition 2 [58].When three membership functions of neutrosophic set A be singleton subsets in the 


real standard [0, 1],we have a single-valued neutrosophic set (SVNS) A that is denoted by 
A= {aD (© )1 4) Fy [x EX F. 


Definition 3 [59]. A single valued triangular neutrosophic number (SVTrN-number) is denoted 


by A* =<(a,b.c V.@) >whose its three membership functions are given as follows: 
Ve y) 2 y) ML, ) Pp S 


(x =a) ( 


og 
| 
be 
—’ 








V asx <b, Co. asx <b, 











< b, 
bay (=a) (6 =a) 
x =b, Vv x =b =b 
PQ) 5 (e—) I x)= ee F (x)= ( 6) x 
Li b<x <c, V DEX <e, = a) De <C. 
(c —b) (c-b) (c -b) 
(0) otherwise . ] otherwise. 1 otherwise. 


Definition 3 [59]. Let A,” =< (a,,b,,C,),(44,V,,@,) > and A," =< (a,,b,,C,), Lb,V>,@,) > 
be two SVTrN-numbers. Then the arithmetic relations are defined as: 


(i)A,* BA,” =< (a, +a,,b, +b,,c, +€,),(L4 A LbsV, VV>,@, V @,) > (2) 


(ii AA, = < (Aa,, Ab, , Ac, ), (LV; @,) >, if A>0 3) 
<(Ac,, Ab,, Aa, ),(L4,5V,,@,) >» if A<O 


Definition 4 [59]. The (a,B,y)-cut Neutrosophic set F is denoted by Fv), where a, B, y € [0,1] and are 
fixed numbers such that a + B + y <3 is defined as by F(a,B,y)= {<Ta(x), Ia(x), Fa(x)>: x € X, Ta(x) 2 a 
, laA(x) < B, Fa(x) <7}. 


Also, If A* =< (a,b,c), (11,V,@) > then (a,B,y)-cut is given by: 


[a+ ab —a))u,(c —a(c —b))u4], 
An apn =| [6 - BO —a))v, 6 + BE —b)vI, (4) 
(ob — 76 —a))a,(b + y(c —b))o) 


3. System of Neutrosophic Linear Equations (SNLE) 


Consider the 1XN linear system with the following equations: 


Ny Ny 8 28 
aX FAX 5 a5 Corr ccccccccce +a,,X , =b, 9 
NY x NSS 
a,,X | FAs X 5 + Coc cccccccccce +d,,X , =b, 9 
(5) 
x x SS 
OW eXg Ad 3X 5 ce tchemseaa? +a,,x, =b>. 
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The matrix form of the Eq.(5) is as follows: 


Ax =b*, (6) 


where, the coefficient matrix A=(a,) is a crisp Xn matrix and b® i = Det is 
neutrosophic number. The Eq.(6) is called a system of neutrosophic linear equations (SNLE). 
Let the solution of the SNLE of Eq.(6) be x» and its (a,B,7)-cut be x* aoe =([x" (a@),x (@)], 
(x! (B).x' (BLA (Y).F"(Y)) If the (aBy)-cut of bY be x05, =((b' (a,b! (@, 
[b' (B),b' (B)], [b* (”),b * (y)]), then The SNLE of (6) can be written as: 

Daves (a (a)= Yar} @) (a) =b; (a), 

Days" (@)= Dia," (@)=2F (a). 

j-l j=l 

Yar! (B) = Yar} B) =b! (), (7) 

Lays! ()= Yax7B) =b! (B), 

= = 


Dix) (N= Dax; (1) =5, ), 
ee 





De Gix! = Dax" () =; (7). 
jl j=l 


; N T =f I —I] F FF —F —F\T 
If wedeline- 2. (0 ae ho at SN ced aN on ok | ein GX see.) and 


DS HOF ees De De pees DD Dy pecs! Dy! pees! Dy yeegd) 5D)" 5..." ) , then following 


1 °°o aN 9 


Friedman et al., (1998) we must solve an 6nx6n crisp linear system as: 


HX=B (8) 
Where, 
Dynan LOL non aes B’ 
A = LO] non Dynan [OL non ,B = B’ - (9) 
aes [DO] axon Dy, .2n B* 


Also D =(d,, ),and obtain as follows: 
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d =a 


i+n,j+n yj ? 


a, 20 >d, =a,, 


a, < Od. = —G.. d =—-—a oe 


L,j+n yj ? 1+n,J al 


andany d ;, Which is not determined by (10) is zero. Also: 


T I F 
>-| D, > he |e Lait b iF b 
z b b 


| 
— 


D, D, b 


Where, D,,D, 20,D =D, —-D,. 


Since H is a block diagonal matrix, to reduce the computational complexity, we need only to solve 


the following 2nx2n crisp linear systems: 


Dx' =B', i=T,I,F. (11) 
Worthy mentioning that the matrix D may be singular even if A is nonsingular; see the following 
example: 
1 QO QO -2 
lt = 1 O O 
Example 1. The matrix A = 14 of the SNLE is nonsingular, while D = > 1 0 is 
0 O | I 


singular. 
In other sense, a SNLE represented by a nonsingular matrix A may be have no solution or an infinite 
number of solutions. Next, following the Friedman et al., (1998), we study some theorems regarding 


the properties of D. 


Theorem 1. D is nonsingular iff A =D,+D, and D,—D, are nonsingular. 


Theorem 2.If D™' exists it must have the same structure as D, Le, 


|, (EF 
Drs 
FE 
eee XN T tee —T I I —-! —Il F FF —F —F\T 
Definition 5. ber 4 05 ten X, sug od pee A oe gh oat. 9 see) 


be the unique solution of Eq.(5). If Vk € {1,2,...,n}: bi = x Xx, < cas and ae < a , then the 
solution x . is called a strong neutrosophic solution. Otherwise, it is a weak neutrosophic solution. 


D, dD, 


Theorem 3. Assume that D = be anonsingular matrix. Then Eq.(5) has a strong solution 


I 
if and only if: 


(D,-D,)'(b' —b')<0,  i=T,I,F. (12) 
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Proof. From the system (11) we obtain: 


Pie ean ee! ok ee re an 
D, D, )\ x' b' 


Hence, 
D,x' —D,x' =b' 
(13) 
—D,x' +D,x' =b' 
(14) 
From (13) and (14) we have: 
(D,+D,)x' -(D,+D,)x' =b' -b', 
(DAD Ean Sh =". 
From Theorem 1, D, —D, is nonsingular. So, 
(x' —x')=(D,-D,)"(@' -b') (15) 


By the Definition 5, x' —x' <Oif Eq. (5) has a strong solution. Henceforth (12) holds. Conversely, 














if (12) holds, by Eq.(15), we have x' —x' <O. 


From the theorems 1 and 3, we conclude this result: 


Theorem 4. The SNLE has a strong solution if and only if the following conditions hold: 


1. The matrices A =D,+D, and D,—D, are both nonsingular. 
2. (D,—-D,)'(b' -b')<0. 


4. Numerical Example 


Here, we provide an experiment to demonstrate the consequences gained in former sections. 


Example 2. Consider the following SNLE: 


x* —x® =< (0,1,2);(0.9,0.4,0.2) >, 


s R= (16) 
x 43x8 =< (4,5,7);(0.8,0.3,0.3) >. 


The extended 4 x 4 matrix is 
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98 
1 0 O -1l 
1 3 0 0 
‘ee — 
—-l | 
O 1 3 


1 1 
Since the matrices A =D,+D, and D,—-D, = ‘ are both nonsingular, then by Theorem1, 


it is easy to see that the matrix D is nonsingular. Therefor, D™ exists and based on Theorem 2, 


it must have the same structure as D. If we obtain this inverse, we can see that the Theorem 2 is true: 


9 -l -3 3 
8 8 8 8 
=> 2: jl al 
pi.[8 8 8 8] 
3 3 9 -l 
8 8 8 8 
t =). =3 3 
g 8 8 8 


Now, we obtain the (a,,y)-cut of the right hand side vector. By Definition 4, we get: 
b 
b 


=<[0.9(a),0.9(2 —a)],[0.40 — B),0.4(1+ B)],[0.20 —7),0.20+7)] >, 
=<[0.8(4+ a), 0.8(8 —2a)],[0.3(5 — 8), 0.3(5 + 2,8)],[0.3(5 — 7), 0.3(5+2y)] >. 


S 
1 (@,f,7) 


S 
2 (a,f,7) 


3 ol 
Also, (D,+D,)' = ’ , 
yy 
So: 
oe ee] fey 
(D,+D,)'(b' -b")= = SIs 
31/245) ]3@-n| 2 
2 2 5 10 
3 -i = 
a > 9» || 0.8 A () 
(D,+D,)'@ -b'y=| 2 2 POPP Ya) 4] cf], 
=a 1 —0.98 =, (0) 
2 2 20 
3 -i a 
= > 9» ||-0.4 oy (0) 
(D,+D,)'(b" —hb . = 2 2 Y = 20 < 
=s i —0.97v = (0) 
2 2 At 
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Therefore, by theorems 3 and 4, The SNLE (16) should has a strong solution. To obtain this solution, 
form Eq.(11) we have: 


1 1 1 1 
x7 = =D"'B’ =|—(26a+41), —(2a+29), —(-34a +101), —(-10a@-41)|], 
- Fx ) aa ) rm ) aa | 


t 
9 


I 
, |x gee 7 | 3 | | 
x’ = -D'B' =| —(B-2), —(*P+22), —(118 +18), —(5f8 -22 
r! = ) 80 ) 30 30 ) 


me -] 3 13 
x" = =D"'B* =| —(7v-14), —(7v +26), —(GBy +14), —(y +2)]. 
_ EF (y - 14) a y ) aa y +14) oa | 


1 1 —27 3 3 3 
=< [— (26a + 41),— (-34a@ +101)],[——(B - 2), — (118 +18)],[—(v - 14), — By +14)] >. 
1 (apr) one ) ra dL 80 (GB - 2) oC f +18)| laa ) aa y +14)] 


1 1 1 1 —| 13 
ray =<[—(2a@ + 29), —(-10a@ - 41)],/—(6 + 22), — (5B - 22)],,—(7v + 26), —(v +2)]>. 
2 (a,B,7) br ) fo )] fea ) a Bp -22)| ian v ) rtd ) 


For different values of 0< @, 8,v <1,the graphical interpretation of the above results is shown in 
figures land 2. 





Figure 1. The value of X ay 
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Figure 2. The value of X . : 


5. Conclusions 


In this study, we present for first time, the system of Neutrosophic Linear Equations (SNLE) and 
establish a general model to solve it. Some theorems about SNLE are investigated and the conditions 
of a strong neutrosophic solution to n x n system of linear equations is proved in details. Finally, from 


numerical and theoretical studies it can be concluded that the model is efficient and convenient. 
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Abstract: In this paper, we present the Neutrosophic time series by studying the classical time series 
within the framework of the Neutrosophic logic. (Logic established by the American philosopher and 
mathematician Florentin Smarandache presented it as a generalization of fuzzy logic, especially 
intuitionistic fuzzy logic). As an extension of this, A.A. Salama presented the theory of Neutrosophic 
crisp sets as a generalization of crisp sets theory. This study enables us to deal with all the time series 
values whether it is specified or not specified, we present the linear model for the Neutrosophic time 
series, and we test the significant of its coefficient based on Student's distribution. We present an 
example in which we pave the Neutrosophic time series according to the linear model, test the 
significant of its coefficient, and show how to deal with the unspecified values of the time series. Then 
we present the logarithmic model of the Neutrosophic time series. We conclude that the existence of 
indeterminacy in the matter we cannot ignored because it actually affects the estimated values of the 


time series and thus affects the prediction of the future of the series. 


Keywords: Time Series, Neutrosophic logic, Neutrosophic Time Series, the linear model of the 
Neutrosophic time series, the significant of coefficients to the Neutrosophic linear model. The 


logarithmic model of the Neutrosophic time series. 


1. Introduction 


Neutrosophic is a new view of Modeling , designed to effectively deal underlying doubts in 
the real world, as it came to replace binary logic that recognized right and wrong by introducing a 
third neutral case which could be interpreted as non-specific or uncertain. Founded by Florentin 
Smarandache, the American philosopher and mathematician, he presented it in 1999 as a 
generalization of fuzzy logic and as an extension of the theory of fuzzy sets presented by Lotfi A. 
Zadeh (1965) [6]. As an extension of this, A. A. Salama presented the theory of Neutrosophic crisp 
sets as a generalization of classical sets theory [5], [7], [12] and developed, inserted and formulated 
new concepts in the fields of mathematics, statistics, computer science and classical information 
systems through Neutrosophic [1-3] , [4], [5], [12]. Neutrosophic has grown significantly in recent 
years through its application in measurement, sets and graphs and in many scientific and practical 
fields [14-29]. 
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Smarandache defined the Neutrosophic logic as a new, non-classical logic that studies the origin, 
nature, and field of Indeterminacy, as well as the interaction of all the different spectra that a person 
imagines in an Issue, so that he takes into account every idea with against it (its opposite) with the 
indeterminacy [11], [9]. 

In this paper, we highlight the application of the Neutrosophic logic to the concept of time series, 
so we know the concept of the Neutrosophic time series, which opens the way for dealing with time 
series that take precisely unspecified values such as taking range of values instead of one value (as in 
the classic) . We also provide the linear model for this Neutrosophic time series with an example 
showing how to deal with non-specified values in time series, and we test the significance of the 
coefficient of the model that we obtained using the Student's distribution. Finally, we present the 
logarithmic model of the Neutrosophic time series. 


2. The Neutrosophic Time Series: 


A time series is a set of data arranged in chronological order, the data of this series are associate 
to each other in the general case, and this correlation gives us reliable future forecasts. We also define 
it as a set of consecutive values (observations) that describe the evolution of a phenomenon over time. 
We say about this time series that it is Neutrosophic, if some or all of its values (its observations) are 
not explicitly specific, such as being a range of values instead of one value. 


3. The Discussion: 


The aim of studying time series is to monitor the changes that accompany the phenomenon 
during a specific period. In addition, description, analysis and classification of the phenomenon. As 
well as studying the reasons, that led to these changes in the phenomenon, and trying to evaluate it 
by accurate scientific methods. In addition, predicting what will happen to the series in the future. 
this is done based on the previous history of the series, by relying on statistical and mathematical 
laws that describe the phenomenon in the past well, and have the ability to Evaluate and estimate 
their future values with the least amount of errors possible. Proceeding from the importance of this 
geoal, we must look at the data in a more comprehensive and accurate manner than they are, 
considering that it is the basis in predicting the future of the time series, and based on this we present 
the concept of the Neutrosophic time series. 

The Neutrosophic time series is similar to the classic time series in terms of their types according 
to the unit of time that the phenomenon is measured. Where there are decennium Neutrosophic series 
whose values are taken every ten years such as population census (from a Neutrosophic point of 
view). Annual Neutrosophic time series that record their values each year such as estimating wheat 
production for a particular country. Quarterly Neutrosophic series such as the production of some 
seasonal crops. Monthly Neutrosophic series such as monthly factor production of medications. In 
addition, daily Neutrosophic series that record their values on a daily such as temperature, humidity, 
and wind speed. 


Many conditions and attributes must be achieved by the values in order for us to call them a 
Neutrosophic time series: 
1. The unit of time measurement, which is that all elements of the series have the same units of 


measurement (day - month - year ...). 


2. The one place, all elements of the series must be measured in the same place and it is not 


permissible to take part of the values in one city and the rest in another city. 
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3. The unit of measurement for the series elements, where all the elements of the series must be 


measured in the same unit (m, kg ...). 


4. The number of series values must be finite, and it may contain some indeterminate values. 
4. The Linear model of a Neutrosophic time series: 


The general form of the linear model of a Neutrosophic time series is: 
Y, = An +by C 
Where: 


Y, :The real values of the time series. 
Y, : The estimated values. 
ay : Constant coefficient. 
by : Regression coefficient. 


T : Time. 


Wecompute ay, by _ by the least squares method [10], which is: 


Fe DO) 
my Y(t-é)? 


4.1 Example: 


We have the following Neutrosophic data representing the production of a machine in a factory 


(by piece). We want to pave this data linearly: 


T Y; (t-t) | (¢-5* (Y¥.— ¥,) (t—t)(¥:— Yr) 


I [25,27] 5.2 02.02 [-37.9 , -37.5] [168.75 , 170.55] 
0 02 =: 10.02 [-34.5 , -32.9] [115.15 , 120.75] 
0 52 05 5.02 [-19.5 , -17.9] [44.75 , 48.75] 
5 [50,55] -1.5 0.02 [-12.9 , -9.5] [14.25 , 19.35] 
2 [44,46] 0.5 2.02 [-18.9 , -18.5] [9.25 , 9.45] 
5 52 0.5 2.02 [-4.5 , -2.9] 995. 145) 
i, 02 1.5 0.02 [15.5 , 17.1] [23.25 , 25.65] 
0 [90,95] 25 5.02 [27.1 , 30.5] [67.75 , 76.25] 
9 122 3.5 10.02 Beperecrey [124.25 , 129.25] 
12 [105,107] a2 02.02 [42.1 , 42.5] [189.45 , 191.25] 
the sum [754.6 , 789.8] 
Calculation of the following: t = = = 5.5 
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> Ve [25 ,27|+[30 ,30]+[45 ,45]+[50 ,55]+[44 ,46]+[60 ,60]+[80 ,80]+[90 ,95]+[100 ,100]+[105 107] _ 


h ar as 10 


[ 62.9 , 64.5] 
Subsequently  :Y, =[62.9 , 64.5] 


~ _ d(t-t)(¥:e- Ye) _ [754.6 ,789.8] 
by = Sap ao = (9.147, 9.573] 


Gy = y— bt = (62.9, 64.5] — [9.147 ,9.573](5.5) = [62.9,64.5] —[50.31,52.65] = 


Gy = [11.85 , 12.59] 
Subsequently : Y, = aytby t = [11.85 ,12.59] + [9.147 ,9.573] t 


Now we calculate the estimated values for Y;: 





4.1.1 The graph: 
FIGURE 1: BEFORE THE PAVE 
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[11.85 , 12.59] 


Rafif Alhabib and A. A. Salama, The Neutrosophic Time Series- Study Its Models (Linear -Logarithmic) and test the 


Coefficients Significance of Its linear model 


Neutrosophic Sets and Systems, Vol. 33, 2020 109 


FIGURE 2: AFTER THE PAVE 
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We note that: 
1. From figures (1) and (2) it is clear that the model represents the data well, and this appears 
from the approximation of the graphic line of the estimated values from the graphic line of 


the real values. 


2. We did not merge the diagram of series before and after the pave into a single diagram, so 
that the Neutrosophic values appear clearly, and no confusion occurs. 

3. | We note in both cases (before and after the pave of the series) that the Neutrosophic values 
of the series did not affect its general direction neither by increasing nor decreasing (only the 
time series moves slightly within the range), without affecting the properties of the series 
and the characteristics of its general direction. It gives us an accurate view of the series and 


thus more accurate and objective prediction of the future of the series. 


5. Coefficient's Significance test of the Neutrosophic linear model: 

We say about the regression coefficient (the coefficient of the model) that it is significant if its value 
is effective and its effect cannot be ignored. In addition, we say that the regression coefficient is not 
significant if its value can be neglected and its effect neglected. 

We perform the test on the coefficient 'b' as in the classic method, but here we deal with Neutrosophic 
data. (The constant coefficient 'a' mostly has no statistical significance). 
The model coefficient test is subjected to a student test with (n-2) degrees of freedom, and his 


Neutrosophic hypothesis is: [10] 


NH = by = 0 

NH, = by #- 0 
The test index is: tt = 2s 
b 


Where: 
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er 


(x(t)? 
| _Pr2 
e. = Te 


S, = 





In which: 


110 


by :The coefficient of the Neutrosophic model we want to test its value. 


S, : the error of Neutrosophic model Coefficient. 


Y, : Estimated values in the Neutrosophic model. 


Y,: the Neutrosophic real values of the series. 


Coefficient significance test 'Dy' in the previous example: 


We had: 


Y, = aytby t = [11.85 ,12.59] + [9.147 ,9.573] t 


Let us calculate the test index value: 


bn 
Sb 


tt = 


To do this, we calculate first: 


| _y7)2 
e.= ee 


Y, Y, 
[25,27] [21 , 22.16] 
02 [30.15 , 31.73] 
52 [39.3 , 41.3] 
[50,55] [48.45 , 50.87] 
[44,46] [57.6 , 60.44] 
52 [66.75 , 70.01] 
02 [75.9 , 79.58] 
[90,95] [85.05 , 89.15] 
122 [94.2 , 98.72] 
[105,107] [103.35 , 108.29] 


The sum 


a 


(Y,—Y,)° 
[16 , 23.4] 


[0.02 , 2.99] 
[13.7 , 32.5] 


[2.4 ,17.1] 
[184.96 , 208.5] 
[45.6 100.2] 
[0.18 , 16.8] 
[24.5 , 34.2] 


[1.64 , 33.6] 
[1.67 , 2.7] 


[290.7 , 472] 


Rafif Alhabib and A. A. Salama, The Neutrosophic Time Series- Study Its Models (Linear -Logarithmic) and test the 


Coefficients Significance of Its linear model 


Neutrosophic Sets and Systems, Vol. 33, 2020 111 


Yr-¥p)2 sf [290.7,472] _ 7 
= | i = V (86-3, 59] = [6.02 , 7.68] 


Soe [6.02 ,7.68] _ 0.097 ,0.123 
2 Sa—e 62.25 
tt = PN = PE 9878! — 177.8 , 94.3] 

Sp [0.097 ,0.123] oa ees 


Let us discuss the significance of ' by', by comparing the test index ' tt ' with the tabular value, at the 


significance level of a = 0.05 and the degree of freedom (n-2 = 8), then: 


tt(a,n 3 2) = tt (0.05 ,8) = 1.8595 
We note that: 


tt = [77.8 ,94.3] > tt(a,n = 2) = 1.8595 


Thus, we reject the primary hypothesis and take the alternative hypothesis. That is, the coefficient of 
the Neutrosophic linear model is significant. In addition, the model can be used to pave the series 


and prediction. 


6. The logarithmic model of a Neutrosophic time series: 
The general form of the logarithmic model of the Neutrosophic time series is: 


Y, = Ay +by lnt 
Where: 


Y, :The real values of the time series. 
Y, : The estimated values. 
ay : Constant coefficient. 
by : Regression coefficient. 
T : Time. 


We transform this model into a linear model by the following assumption: T = Int 


Then, the form becomes linear as follows: 


Y, = Ay +bn T 
Wecompute ay, by by the least squares method [10], which is: 


pues QY.T-LYLYT)/n 
ne eo eee 


WwW d th df | = 
(We used the second formula) (ST2-(ET)2)/n 
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We want pave the Neutrosophic time series "in the previous example" using the logarithmic model: 


— | 


Oo} Ol} ma nti~Nnti anasto] oe 


— 
NO 


pap 


ar ON Ed 2 3) La 
N (ET2-(E7)*)/n 


T = Int 
2 
2.59 
1.12 
1.09 
1.51 
1.79 
1.92 
0.20 
0.02 
0.02 


52.51 


Y; 
[25,27] 
02 
52 
[50,55] 
[44,46] 
52 
02 
[90,95] 
122 
[105,107] 


[629 , 645] 


({1122.64 ,1147.81]-[629 ,645](15.10))/10 


27.65-(15.10)2 } /10 
( 


Veuk rT? 
2 2 
02.7 2.50 
59.2 1.01 
[69.5 , 76.45] 1.90 
[70.84 , 74.06] 0.29 
127.5 0.01 
125 0.79 
[187.2 , 197.6] 5.00 
002 5.00 
[241.5 , 246.1] 2.02 
[1122.64 , 1147.81] 56.72 


= [41.8 ,42.9] 


Gy = y —bT =[62.9 ,64.5] —[41.8 ,42.9](1.51) = [-0.3,, 0.22] 


Subsequently: 


Now we calculate the estimated values for ,: 





Y, = aytby Int = [—0.3,—-0.22]+ [41.8 ,42.9]Int 


Y; 


[28.5 , 29.4] 


[45.7 , 46.97] 


[57.8 , 59.4] 


[66.998 , 68.8] 


[74.5 , 76.57] 


[81.2 , 83.4] 


[86.6 , 89.01] 


[91.7 , 94.2] 


[95.8 , 98.5] 
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6.1 The graph: 


FIGERE 3:BEFOR THE PAVE 
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FIGERE 4: AFTER THE PAVE 
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We notice from figures (3) and (4) it is clear that the model represents the data well, and this appears 
from the approximation of the graphic line of the estimated values from the graphic line of the real 


values. 


7. Conclusions: 
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We conclude that dealing with Neutrosophic time series provides us with a comprehensive and 
general study of the studied phenomenon, in which we do not neglect any data only because it is not 
specific. Working within the framework of classical logic is not sufficient now. Where we found that 
the indeterminacy actually affects the estimated values, and therefore the unspecified values we 
cannot be ignored and removed from the study framework in order to obtain the most accurate 
results as possible, thus drawing the future of the series and predicting it better and more accurately. 
In the near future, we look forward to applying the Neutrosophic logic to other models of time series, 


and to studying the seasonal, periodic and random components of the Neutrosophic time series. 
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Abstract: In this chapter, neutrosophic triplet partial g - metric spaces are obtained. Then, some definitions and examples are given 
for neutrosophic triplet partial g - metric space. Based on these definitions, new theorems are given and proved. In addition, it is shown 
that neutrosophic triplet partial g - metric spaces are different from the classical g - metric spaces, neutrosophic triplet metric spaces. 
Thus, we add a new structure in neutrosophic triplet theory. Also, thanks to neutrosophic triplet partial g — metric space, researchers 
can obtain new fixed point theorems for neutrosophic triplet theory. 


Keywords: g - metric space, neutrosophic triplet set, neutrosophic triplet metric space, neutrosophic triplet g - metric space, 
neutrosophic triplet partial g - metric space 


1 Introduction 

There are many uncertainties in daily life. The logic of classical mathematics is often insufficient to explain the- 
se uncertainties. Because it is not always possible to call a situation or event absolutely right or wrong. For 
example, we cannot always call the weather cold or hot. It can be hot for some, cold for some and cool for others. 
Similar situations in which we remain indecisive may appear in the professional proficiency assessment. It is of- 
ten difficult to determine whether a work done or a product produced is always definite good or definite bad. 
Such a situation reduces the reliability of evaluating professional proficiencies. In order to cope with these uncer- 
tainties, Smarandache (1998) defined the concept of neutrosophic logic and neutrosophic set. In the concept of 
neutrosophic logic and neutrosophic sets, there is T degree of membership, I degree of undeterminacy and F 
degree of non-membership. These degrees are defined independently of each other. A neutrosophic value is 
shown by (T, I, F). In other words, a condition is handled according to both its accuracy and its inaccuracy and 
its uncertainty. Therefore, neutrosophic logic and neutrosophic set help us to explain many uncertainties in our 
lives. In addition, many researchers have made studies on this theory [2-27, 50 - 56]. Recently, Baset et al. 
studied TOPSIS-CRITIC model for sustainable supply chain risk management [51]; Baset et al. obtained 
resource levelling problem in construction projects under neutrosophic environment [52]. 

In fact, in the concept of fuzzy logic and fuzzy sets [28] there is only a degree of membership. In addition, the 
concept of intuitionistic fuzzy logic and intuitionistic fuzzy set [29] includes membership degree, degree of 
undeterminacy and degree of non-membership. But these degrees are defined dependently of each other. 
Therefore, neutrosophic set is a generalized state of fuzzy and intuitionistic fuzzy set. 

Also, Smarandache and Ali obtained neutrosophic triplet set (NTS) and neutrosophic triplet groups (NTG) [30]. 
For every element “x” in NTS A, there exist a neutral of “x” and an opposite of “x”. Also, neutral of “x” must 
different from the classical neutral element. Therefore, the NTS is different from the classical set. Furthermore, a 


neutrosophic triplet (NT) “x” is showed by <x, neut(x), anti(x)>. Also, many researchers have introduced NT 
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structures [31-44]. Recently, Sahin, Kargin, Yiicel and Ozkartepe obtain neutrosophic triplet g— metric spaces 
[45]. 

Furthermore, Mustafa and Sims introduced g - metric spaces [46] in 2006. g - metric space is generalized form of 
metric space. The g - metric spaces have an important role in fixed point theory. Recently, researchers studied 
g - metric space [46-48]. Also, Salimi and Vetro introduced partial g — metric spaces [49]. 

In this chapter, we introduce neutrosophic triplet partial g - metric space (NTpgMS). In Section 2, we give 
definitions and properties for partial g - metric space (pgMS) [49], neutrosophic triplet sets (NTS) [30], 
neutrosophic triplet metric spaces (NTMS) [32] and neutrosophic triplet g — metric space (NTgMS) [45]. In 
Section 3, we define NT pgMS and we give some properties for NTpgMS. Also, we show that NTpgMSs are 
different from the pgMSs, NTMSs and NTgMSs, because the triangle inequality in the NTgMS, NTMS and 
pgMS differ from the triangle inequality in the NT pgMS. Then, we examine relationship between NTpgMS and 


NTgMS. In Section 4, we give conclusions. 


2 Preliminaries 

Definition 2.1: [30] Let # be a binary operation. A NTS (X, #) is a set such that for x € X, 

1) There exists neutral of “x” such that x*neut(x) = neut(x)* x = x. 

11) There exists anti of “x” such that x*anti(x) = anti(x)* x = neut(x). 

Also, a neutrosophic triplet “x” is denoted by (x, neut(x), anti(x)). 

Definition 2.2: [32] Let (N,*) be a NTS and dy:NxN— R"U{0} be a function. If dy:NxN— R°U{0} and (N, *) 
satisfies the following conditions, then dy is called NTM. 

a) x*y EN; 

b) d(x, y) = 0; 

c) Ifx =y, then dy(x, y) = 0; 

d) dn(x, y) = dn(y, x); 

e) If there exits at least a y € N for each x, z € N such that dy(x, z) < dy(x, z*neut(y)), then 

dy (x, z*neut(y)) < dn(x, y) + dn(y, Z). 

In this case, ((N,*), dy) is called a NTMS. 

Definition 2.3: [36] Let (N,*) be a NTS. If d,:NxN— R*U{0} function satisfies the following conditions, then 
d, isa NTpM. For all x, y, z € N, 

a) x*y EN, 

b) dy (x, y) = dy (x, x) 2 0, 

c) If d, (x, y)= d, (x, x) = d, (y, y) = 0, then there exists at least one pair of elements x, y € N such that 
x=Yy; 

d) dy (x, y) = dp (y, X), 


e) If for each pair of x, z EN, there exists at least one y EN such that d, (x, z) <d, (x, z*neut(y)), then 


d,, (x, z*neut(y)) < dy (x, y) + dy (y, Z) - dy (y, Y). 
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In this case, ((N,*), d,) is called a NTpMS. 

Definition 2.4: [45] Let (X,*) be a NTS. If the following conditions hold, then g: X x X x X > R* U {0} is an 
NT gM. 

a)Vx,vEX;x*yeEXx, 

b) Ifx = y =z, then g(x, y,z) = 0, 

c)Ifx # y, then g(x, y,z) > 0, 

d) If z # y, then g(x,x,y) < g(%,y,Z), 

e) 8(%Y,Z) = 8(%2Z,y) = 80%, 2) =80,Z,x) =8(Z, x,y) = g(Z,y,x), for every x,y,z EX, 

f) If there exists at least an a € X for each x, y,z € X such that 

g(x%,y,Z) < g(x * neut(a), y * neut(a), Zz * neut(a)), then 

o(x * neut(a), y * neut(a), Zz * neut (a)) < G(x,a,a)+G(a,y,Z). 

In this case, (X, *), g) 1s called NT gMS. 

Definition 2.5:[45] Let (X, *), g) be a NTgMS and {x,,} be a sequence in this space. A point x € X is said to be 
limit of the sequence {x,}, 1f limy m 00 B(%, Xn, Xm) = 0 and {x,} is called NT g — convergent to x. 

Definition 2.6:[45] Let (X, *), g) be a NTgMS and {x,} be a sequence in this space. {x,} is called NT 
g — Cauchy sequence if limp m1 00 8% Xm, X1) = 9. 

Definition 2.7:[45] Let (X, *), g) be a NTgMS. If every {x,,} NT g - Cauchy sequence is NT g - convergent, then 
(X, *), g) is called NT complete NTgMS. 

Definition 2.8:[49] Let X be a neutrosophic triplet set. If the following conditions hold, then 
g:X x X x X > R* U {0} is a peM. For all a, x, y, z €X; 

a) Ifx = y = z, then g(x, y,z) = g(x, x,x) = 0, , y) = 8(Z,Z,Z), 

b) g(x, x) + 80,¥,y) + 822.2) S3 8% y,2), 

c)If x #y, then - g(x, x, x) += g(x,x,x) < g(%V,¥), 

d)Ify #z, then g(x,x,y) -- g(x,x,x) < g(x, y,Z) -- 9(x,x,x), 

©) 8(%, YZ) = 8(%,2,¥) = 80, %,2Z) = 80, 2,X) = 8, 4) = 8, Y x), 

f) g(X, y, Z) S g(x, a, a) + g(a, y, Z) — g(a, a, a). 

Definition 2.9: [49] Let (X, g) be a pgMS and {x,,} be a sequence in this space. A point x € X is said to be limit 


of the sequence {X,}, If liMy m 500 B(% Xn, Xm) = B(x, Xx, x) and {x,} is called NT p— g — convergent to x. 


3 Neutrosophic Triplet Partial g - Metric Space 

Definition 3.1: Let (A,*) be a NTS. If the function dycg:A x A X A > R* U {0} satisfies the below conditions, 
then pyg 1s called a NTpgMS. For Vx, y,z € A; 

a)x *y EA, 

b) 0 S prc %X) S Pug y,Z), 

c) If png %X) = Pye YY) = Pug (Z, 2,2) = Prg& y,Z) = 0, then x = y = z, 
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d) Ifz # y, then pyg(%%Y) S Purc(& y,Z), 

€) Pug ¥Z) = Prg(% ZY) = PrgQ%,Z) = pug, 2X) = pyg(Z,% Y) = pug(Z, y, x) 

f) If there exists at least an a € X for each x, y,z € X such that 

Pnug(% Y,Z) S Pyg(x * neut(a), y * neut(a), z * neut(a)) , then 

Pno(x * neut(a), y * neut(a), z * neut(a)) < Pyg(%, a, a) + Pyg (a, y,Z) — Pyg(a,a,a) . 

In this case, ((A,*), Pyc) 1s called NT pgMS. 

Example 3.2: Let X = {0,3,4,6,9} be a set. We show that (X, *) isa NTS on Z,, Also, we obtain that 
neut(0) = 0, anti(0) = 0; neut(3) = 9, anti(3) = 6; neut(4) = 4, anti(4) = 4; neut(6) = 6, 
anti(6) = 6; neut(9) = 9, anti(9) = 9. 

Thus, (X,.) is a NTS and NTs are (0,0,0), (3,6,9), (4,4,4), (6,6,6) and (9,9,9). 

Now, we define the function pyc: X X X X X > R* U {0} such that 

Pyc(% y,Z) = 1+ |4*% — 4¥| + [4* — 47] + [4¥ — 47]. 

We show that pyc is a NTpgM. 

a) From Table 1, it is clear that Vx, y € X;x*y € X. 





Table 1: ’*” binary operator under Z,, 


b) It is clear that 0 < pyc(% XX) = 1 S Pyg(% Y, Z). 

C) Pyg(% y,Z) = 1 + |4* — 4”| + |4* — 47| + [4” — 47] 2 0. 

d) If y # z, it is clear that 

Pug(% %y) = 14 |4* — 4*| + |4* — 4”| + [4% — 4"| S pyc (®% y, Zz) = 1 + [4% — 4°| + [4% — 47| + |4Y — 47], 
e) By absolute value function, it is clear that 

Pug(% Y,Z) = Pyg(% ZY) = Pug x, Z) = pyc, ZX) = png(Z X,Y) = pug(Z, y, x), for every x,y,z € X. 
f) 

Forx =0,y=6,zZz=3,a=3,neut (a) =6; 

since Pyg(0, 6,3) < pyg(0 * 6, 6 * 6,3 * 6) = pyc (0, 6, 6), we obtain that 

Pug, 6,6) < pg, 3,3) + Pug (3, 6, 6) — Prg(3, 3, 3). 

Forx =0,y=3,z=9,a=3,neut (a) = 6; 

since Pyg(0,3,9) < pyg(0 * 6,3 * 6,9 * 6) = pyc (0,6,6), we obtain that 

Pug, 6,6) < pyg(9, 3,3) + Pug (3, 6, 6) — Pug (3, 3, 3). 

Forx =0,y=9,z=3,a=6,neut (a) = 6; 
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since Pyg(0, 9,3) S pyg(O * 6,9 * 6,3 * 6) = pyc (0, 6, 6), we obtain that 
Png, 6,6) < pyg(O, 6,6) + Prg(6, 6,6) — Prg(6, 6, 6). 

Forx =0,y=6,z=9,a=3,neut (a) = 6; 

since Pyg(0, 6,9) < pyg(O * 6, 6 * 6,9 * 6) = pyc (0, 6, 6), we obtain that 
Png, 6,6) < pyg(9, 3,3) + Pug (3, 6, 6) — Pug (3, 3, 3). 

Forx =0,y=9,z=6,a=3,neut (a) = 6; 

since Pyg(0, 9,6) < pyg(O * 6,9 * 6,6 * 6) = pyc (0, 6, 6), we obtain that 
Pug, 6,6) < pyg(O, 3,3) + Pug (3, 9, 6) — Pug (3, 3, 3). 

Forx =3,y=6,z=9,a=9,neut (a) = 9; 

since Pyg(3, 6,9) S pyg(3 * 9, 6 * 9,9 * 9) = pyc (3, 6,9), we obtain that 
Puc, 6,9) S Pug (3, 6,9) + Prg(9, 6,9) — Prg(9, 9,9). 

Forx =3,y=9,z=6,a =9,neut (a) = 9; 

since Pyg(3, 9,6) S pyg(3 * 9,9 * 9,6 * 9) = pyc (3, 9, 6), we obtain that 
Puc, 9,6) S Pug (3, 9,9) + Prg(Y, 9,6) — Prg(9, 9,9). 

Forx =3,y=0,z=6,a =9,neut (a) = 9; 

since Pyg(3, 0,6) S pyg(3 * 9,0 * 9,6 * 9) = pyc (3, 0, 6), we obtain that 
Pug(3, 9,6) < pug (3, 9,9) + Prg(9, 0,6) — Prg(9, 9,9). 

Forx =3,y=6,z=0,a=9,neut (a) =9; 

since Pyg(3, 6,0) S pyc (3 * 9, 6 * 9,0 * 9) = pyc (3, 6,0), we obtain that 
Puc(3, 6,9) S pug (3, 9,9) + Prg(Y, 6,0) — Prg(9, 9,9). 

Forx =3,y=9,z=0,a =9,neut (a) = 9; 

since Pyg(3, 9,0) S pyg(3 * 9,9 * 9,0 * 9) = pyc (3, 9,0), we obtain that 
Puc, 9,9) S Pug (3, 9,9) + PrgQY, 9,0) — Prg(9, 9,9). 

Forx =3,y=0,z7Z=9,a=9,neut (a) = 9; 

since Pyg(3, 0,9) S pyg(3 * 9,0 * 9,9 * 9) = pyc (3, 0,9), we obtain that 
Puc(3, 9,9) S Pug (3, 9,9) + Prg(9, 0,9) — Prg(9, 9,9). 

Forx =6,y=0,z=3,a=9,neut (a) = 9; 

since Pyg(6, 0,3) S pyg(6 * 9,0 * 9,3 * 9) = pyc (6, 0,3), we obtain that 
Puc (6, 9,3) < Pug (6, 9,9) + Prg(9, 9,3) — Ap g(9, 9, 9). 

Forx =6,y=3,z=0,a =9,neut (a) = 9; 

since Pyg(6, 3,0) S pyg(6 * 9,3 * 9,0 * 9) = pyc (6, 3,0), we obtain that 
Pnc(6, 3,0) S pyg(6, 9,9) + Prg(Y, 3,0) — pyc (3, 3, 3). 

Forx =6,y=3,z=9,a=9,neut (a) = 9; 

since Pyg(6, 3,9) S pyg(6 * 9,3 * 9,9 * 9) = pyc (6, 3,9), we obtain that 
Puc (6, 3,9) S Pug (6, 9,9) + Prg(Y, 3,9) — Pug, 9, 9). 

Forx =6,y=9,z=3,a=9,neut (a) = 9; 
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since Pyg(6, 9,3) S pyg(6 * 9,9 * 9,3 * 9) = pyc (6, 9,3), we obtain that 
Pug(6, 9,3) S Pug(6, 9,9) + Prg(Y, 9,3) — Prg(9, 9,9). 

Forx =6,y=0,z=9,a=9,neut (a) = 9; 

since Pyg(6, 0,9) < pyg(6 * 9,0 * 9,9 * 9) = pyc (6, 0,9), we obtain that 
Pug(6, 9,9) S Ppug(6, 9,9) + Prg(9, 0,9) — Prg(9, 9,9). 

Forx =6,y=9,z=0,a=9,neut (a) = 9; 

since Pyg(6, 9,0) <S pyg(6 * 9,9 * 9,0 * 9) = pyc (6, 9,0), we obtain that 
Pug 6, 9,9) S pug(6, 9,9) + Prg(9, 9,0) — Pug (9, 9,9). 

Forx =9,y=0,z=3,a=9,neut (a) = 9; 

since Pyg(9, 0,3) S pyg(9 * 9,0 * 9,3 * 9) = pyc (9, 0,3), we obtain that 
Pug, 9,3) S Pug, 9,9) + Prg(Y, 0,3) — Pug (9, 9,9). 

Forx =9,y=3,z=0,a =9,neut (a) = 9; 

since Pyg(9,3,0) < pyg(9 * 9,3 * 9,0 * 9) = pyc (9,3,0), we obtain that 
Pnc(9,3,0) < Pug (9.9.9) + Prg(9,3,0) — Pug (9,9,9). 

Forx =9,y=3,z=6,a =9,neut (a) = 9; 

since Pyg(9, 3,6) S Ppyg(9 * 9,3 * 9,6 * 9) = pyc (9, 3, 6), we obtain that 
Pug, 3,6) S Pug, 9,9) + Prg(Y, 3,6) — Prg(9, 9,9). 

Forx =9,y=6,z=3,a=9,neut (a) = 9; 

since Pyg(9, 6,3) S Ppyg(9 * 9, 6 * 9,3 * 9) = pyc (9, 6,3), we obtain that 
Puc9, 6,3) S PugQY, 9,9) + Prg(Y, 6 3) — Prg(9, 9,9). 

Forx =9,y=0,z=6,a=9,neut (a) = 9; 

since Pyg(9, 0,6) S pyg(9 * 9,0 * 9,6 * 9) = pyc (9, 0, 6), we obtain that 
Puc, 9,6) < pug, 9,9) + Prg(Y, 0,6) — Pug (9, 9,9). 

Forx =9,y=6,z=0,a =9,neut (a) = 9; 

since Pyg(9, 6,0) < pyg(9 * 9, 6 * 9,0 * 9) = pyc (9, 6,0), we obtain that 
Puc(9, 6,0) S pugQ9, 9,9) + Prg(9, 6,0) — Prg(9, 9,9). 

Forx =0,y=0,z=3,a=6,neut (a) = 6; 

since Pyg(0, 0,3) < pyg(0 * 6,0 * 6,3 * 6) = pyc (0, 0, 6), we obtain that 
Png(O, 9,6) < pyg(O, 6,6) + Prg(6, 0,6) — Prg(6, 6, 6). 

Forx =0,y=3,z=0,a=6,neut (a) = 6; 

since Pyg(0, 3,0) < pyg(0 * 6,3 * 6,0 * 6) = pyc (0, 6, 0), we obtain that 
Png, 6,0) < pyg(O, 6,6) + Prg(6, 6,0) — Prg(6, 6, 6). 

Forx =3,y=0,z=0,a=6,neut (a) = 6; 

since Pyg(3, 0,0) < pyg(3 * 6,0 * 6,0 * 6) = pyc (6, 0,0), we obtain that 
Png (6, 0,0) S pyg(6, 6, 6) + Ppyg(6, 0,0) — pyg (6, 6, 6). 

Forx =0,y=0,z=6,a=9,neut (a) = 9; 
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since Pyg(0, 0,6) < pyg(0 * 9,0 * 9,6 * 9) = pyc (0, 0, 6), we obtain that 
Png, 9,6) < pyg(O, 9,9) + Prg(9, 0,6) — Prg(9, 9,9). 

Forx =0,y=6,z=0,a=9,neut (a) = 9; 

since Pyg(0, 6,0) < pyg(0 * 9, 6 * 9,0 * 9) = pyc (0, 6,0), we obtain that 
Png, 6,0) < pryg(O, 9,9) + Prg(9, 6,0) — Prg(9, 9,9). 

Forx =6,y=0,z=0,a=9,neut (a) = 9; 

since Pyg(6, 0,0) < pyg(6 * 9,0 * 9,0 * 9) = pyc (6, 0,0), we obtain that 
Png (6, 0,0) S pyg(6, 9,9) + Prg(Y, 9,0) — pug, 9, 9). 

Forx =0,y=0,z=9,a=9,neut (a) = 9; 

since Pyg(0,0,9) < pyg(O * 9,0 * 9,9 * 9) = pyc (0, 0,9), we obtain that 
Png, 9,9) < prg(O, 9,9) + Prg(9, 0,9) — Prg(9, 9,9). 

Forx =0,y=9,z=0,a=9,neut (a) = 9; 

since pyc (0, 9,0) < pyg(0 * 9,9 * 9,0 * 9) = pyc (0,9, 0), we obtain that 
Png (9, 9,0) S pyg(O, 9,9) + Prg(Y, 9,9) — Pug, 9, 9). 

Forx =9,y=0,z=0,a=9,neut (a) = 9; 

since Pyg(9, 0,0) S pyg(9 * 9,0 * 9,0 * 9) = pyc (9, 0, 0), we obtain that 
Puc, 9,0) < pug, 9,9) + Prg(Y, 0,0) — Prg(9, 9,9). 

Forx =3,y=3,z=0,a=6,neut (a) = 6; 

since Pyg(3, 3,0) S pyc (3 * 6,3 * 6,0 * 6) = pyc (6, 6, 0), we obtain that 
Pug (6, 6,0) < pyg(6, 6,6) + Prg(6, 6,0) — Prg(6, 6, 6). 

Forx =3,y=0,z=3,a=6,neut (a) = 6; 

since Pyg(3, 0,3) S pyc (3 * 6,0 * 6,3 * 6) = pyc (6, 0, 6), we obtain that 
Png (6, 9,6) < pyg(6, 6,6) + Prg(6, 0,6) — Prg(6, 6, 6). 

Forx =0,y=3,z=3,a=6,neut (a) = 6; 

since Pyg(0, 3,3) S pyg(O0 * 6,3 * 6,3 * 6) = pyc (0, 6, 6), we obtain that 
Prg(O, 6,6) < prg(O, 6,6) + Prg(6, 6,6) — Prg(6, 6, 6). 

Forx =3,y=3,zZ=6,a =9,neut (a) = 9; 

since Pyg(3, 3,6) S pyc (3 * 9,3 * 9,6 * 9) = pyc (3,3 ,6), we obtain that 
Puc, 3,6) S Pug (3, 9,9) + Prg(Y, 3,6) — Prg(9, 9,9). 

Forx =3,y=6,zZ=3,a=9,neut (a) = 9; 

since Pyg(3, 6,3) S pyg(3 * 9, 6 * 9,3 * 9) = pyc (3, 6,3), we obtain that 
Puc, 6,3) S Pug (3, 9,9) + Prg(Y, 6 3) — Prg(9, 9,9). 

Forx =6,y=3,zZ=3,a=9,neut (a) = 9; 

since Dyg(6, 3,3) S pyg(6 * 9,3 * 9,3 * 9) = pyc (6, 3,3), we obtain that 
Pug (6, 3,3) S Pug(6, 9,9) + Prg(9, 3,3) — Prg(9, 9,9). 

Forx =3,y=3,zZ=9,a =9,neut (a) = 9; 
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since Pyg(3, 3,9) S pyc (3 * 9,3 * 9,9 * 9) = pyc (3, 3,9), we obtain that 
Puc, 3,9) S Pug (3, 9,9) + Prg(Y, 3,9) — Prg(9, 9,9). 

Forx =3,y=9,z=3,a=9,neut (a) = 9; 

since Pyg(3,9,3) S pyc (3 * 9,9 * 9,3 * 9) = pyc (3, 9,3), we obtain that 
Puc, 9,3) S Pug (3, 9,9) + Prg(Y, 9,3) — Prg(9, 9,9). 

Forx =9,y=3,z=3,a=9,neut (a) =9; 

since Pyg(9, 3,3) S Ppyg(Y * 9,3 * 9,3 * 9) = pyc (9, 3,3), we obtain that 
Puc, 3,3) S Pug, 9,9) + Prg(Y, 3,3) — Pug (9, 9,9). 

Forx =6,y=6,z=0,a=9,neut (a) = 9; 

since Dyg(6, 6,0) S pyc (6 * 9, 6 * 9,0 * 9) = pyc (6, 6, 0), we obtain that 
Pug (6, 6,0) S prg(6, 9,9) + Prg(Y, 6,0) — Prg(9, 9,9). 

Forx =6,y=0,z=6,a=9,neut (a) = 9; 

since Pyg(6, 0,6) S pyg(6 * 9,0 * 9,6 * 9) = pyc (6, 0, 6), we obtain that 
Png(6, 9,6) < pyg(6, 9,9) + Prg(9, 0,6) — Prg(9, 9,9). 

Forx =0,y=6,z=6,a=9,neut (a) = 9; 

since Pyg(0, 6,6) S pyc (0 * 9,6 * 9,6 * 9) = pyc (0, 6, 6), we obtain that 
Png (0, 6,6) S pyg(O, 9,9) + Prg(Y, 6, 6) — Pug, 9, 9). 

Forx =6,y=6,z=3,a=9,neut (a) = 9; 

since Pyg(6, 6,3) S pyg(6 * 9,6 * 9,3 * 9) = pyc (6, 6, 3), we obtain that 
Prg(6, 6,3) S Ppug(6, 9,9) + Prg(Y, 6,3) — Prg(9, 9,9). 

Forx =6,y=3,z=6,a=9,neut (a) = 9; 

since Pyg(6, 3,6) S pyc (6 * 9,3 * 9,6 * 9) = pyc (6, 3, 6), we obtain that 
Pug(6, 3,6) S Ppug(6, 9,9) + Prg(Y, 3,6) — Prg(9, 9,9). 

Forx =3,y=6,z=6,a=9,neut (a) = 9; 

since Pyg(3, 6,6) S pyc (3 * 9, 6 * 9,6 * 9) = pyc (3, 6, 6), we obtain that 
Puc(3, 6,6) S pugQY, 9,9) + Prg(Y, 6, 6) — Prg(9, 9, 9). 

Forx =6,y=6,z=3,a=9,neut (a) = 9; 

since Dyg(6, 6,3) S pyc (6 * 9,6 * 9,3 * 9) = pyc (6, 6,3), we obtain that 
Pug (6, 6,3) S Prg(6, 9,9) + Prg(9, 6,3) — Prg(9, 9,9). 

Forx =6,y=6,z=9,a=9,neut (a) = 9; 

since Pyg(6, 6,9) S pyc (6 * 9,6 * 9,9 * 9) = pyc (6, 6, 9), we obtain that 
Pnc(6, 6,9) S Ppyg(6, 9,9) + Prg(Y, 6, 9) — Pug, 9, 9). 

Forx =6,y=9,z=6,a =9,neut (a) = 9; 

since Pyg(6, 9,6) S pyg(6 * 9,9 * 9,6 * 9) = pyc (6, 9, 6), we obtain that 
Puc (6, 9,6) S pyg(6, 9,9) + Prg(Y, 9,6) — Pug, 9, 9). 

Forx =3,y=6,z=6,a =9,neut (a) = 9; 
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since DPyg(3, 6,6) S pyc (3 * 9, 6 * 9,6 * 9) = pyc (3, 6, 6), we obtain that 
Puc(, 6,6) S pug (3, 9,9) + Prg(Y, 6, 6) — Prg(9, 9,9). 

Forx =9,y=9,z=0,a=9,neut (a) = 9; 

since Pyg(9, 9,0) S pyg(9 * 9,9 * 9,0 * 9) = pyc (9, 9, 0), we obtain that 
PrcgQ, 9,9) S Pug, 9,9) + Prg(Y, 9,0) — Pug (9, 9,9). 

Forx =9,y=0,z=9,a=9,neut (a) = 9; 

since Pyg(9, 0,9) S pyg(9 * 9,0 * 9,9 * 9) = pyc (9, 0,9), we obtain that 
PrcgQ9, 9,9) S PrgQY, 9,9) + Prg(9, 0,9) — Prg(9, 9,9). 

Forx =0,y=9,z=9,a=9,neut (a) = 9; 

since Pyg(0,9,9) S pyg(O * 9,9 * 9,9 * 9) = pyc (0,9, 9), we obtain that 
Png, 9,9) S Pug, 9,9) + Prg(9, 9,9) — Prg(9, 9,9). 

Forx =9,y=9,z=3,a=9,neut (a) = 9; 

since Pyg(9, 9,3) S pyg(9 * 9,9 * 9,3 * 9) = pyc (9, 9,3), we obtain that 
Puc(9, 9,3) S Pug, 9,9) + Prg(Y, 9,3) — Puc, 9, 9). 

Forx =9,y=3,zZ=9,a=9,neut (a) = 9; 

since Pyg(9, 3,9) S pyg(9 * 9,3 * 9,9 * 9) = pyc (9, 3,9), we obtain that 
Pug, 3,9) S Pug, 9,9) + Prg(Y, 3,9) — Prg(9, 9,9). 

Forx =3,y=9,z=9,a =9,neut (a) = 9; 

since DPyg(3,9,9) S pyc (3 * 9,9 * 9,9 * 9) = pyc (3, 9,9), we obtain that 
Puc, 9,9) S Pug (3, 9,9) + Prg9, 9,9) — Prg(9, 9,9). 

Forx =9,y=9,z=6,a=9,neut (a) = 9; 

since Pyg(9, 9,6) S pyg(9 * 9,9 * 9,6 * 9) = pyc (9, 9, 6), we obtain that 
Puc, 9,6) S Pug, 9,9) + PrgY, 9,6) — Prg(9, 9,9). 

Forx =9,y=6,zZ=9,a =9,neut (a) = 9; 

since Pygc(9, 6,9) S pyg(9 * 9,6 * 9,9 * 9) = pyc (9, 6,9), we obtain that 
Puc9, 6,9) S PugY, 9,9) + Prg(9, 6,9) — Prg(9, 9,9). 

Forx =6,y=9,z=9,a =9,neut (a) = 9; 

since Pyg(6, 9,9) S pyg(6 * 9,9 * 9,9 * 9) = pyc (6, 9,9), we obtain that 
Pnc(6, 9,9) S Pryg(6, 9,9) + Prg(Y, 9,9) — Prg(9, 9, 9). 

Forx =0,y=0,z=0,a=9,neut (a) = 9; 

since Pyg(0, 0,0) S pyg(O * 9,0 * 9,0 * 9) = pyc (0, 0, 0), we obtain that 
Png, 9,0) < pug, 9,9) + Prg(9, 0,0) — Prg(9, 9,9). 

Forx =3,y=3,z=3,a=6,neut (a) = 6; 

since Pyg(3, 3,3) S pyc (3 * 6,3 * 6,3 * 6) = pyc (6, 6, 6), we obtain that 
Png (6, 6,6) < pyg(6, 6,6) + Prg(6, 6,6) — Prg(6, 6, 6). 

Forx =6,y=6,z=6,a=9,neut (a) = 9; 
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since Pvc (6, 6, 6) S pyc (6 * 9, 6 * 9,6 * 9) = pyc (6, 6, 6), we obtain that 
Pug (6, 6,6) < pyg(6, 9,9) + Prg(Y, 6, 6) — Prg(9, 9,9). 

Forx =9,y=9,z=9,a=9,neut (a) = 9; 

since Pyg(9, 9,9) S pygc(9 * 9,9 * 9,9 * 9) = pyc (9, 9, 9), we obtain that 
Puc, 9,9) S PugQY, 9,9) + Prg(Y, 9,9) — Prg(9, 9,9). 

Forx =4,y=0,z=0,a=4,neut (a) = 4; 

since Puc (4; 0, 0) < Png (4 *k 4 0 * 4. 0 *k 4) = Puc (4; 0, 0), we obtain that 
Pnc(4, 0,0) S pyg(4, 4,4) + Pug (4, 9,0) — pg (4, 4, 4). 

Forx =4,y=0,z=3,a=6,neut (a) = 6; 

since Pyg(4, 0,3) < Pughag(4 * 6,0 * 6,3 * 6) = pyg(0, 0, 6), we obtain that 
Pug (4, 9,3) S Pug(4, 6,6) + Prg(6, 0,3) — Prg(6, 6, 6). 

Forx =4,y=3,z=0,a=6,neut (a) = 6; 

since Pyg(4, 3,0) S pyc (4 * 6,3 * 6,0 * 6) = pyc (0, 6, 0), we obtain that 
Png(O, 6,0) < pyg(O, 6,6) + Prg(6, 6,0) — Prg(6, 6, 6). 

Forx =3,y=0,z=4,a=6,neut (a) = 6; 

since Pyg(3, 0,4) S pyc (3 * 6,0 * 6,4 * 6) = pyc (6, 0,0), we obtain that 
Png (6, 9,0) < pyg(6, 6,6) + Prg(6, 0,0) — Prg(6, 6, 6). 

Forx =3,y=4,z=0,a=6,neut (a) = 6; 

since pyg(3, 4,0) < pyg(3 * 6,4 * 6,0 * 6) = pyc (6, 0,0), we obtain that 
Png (6, 9,0) < prg(6, 6,6) + prg(6, 0,0) — Prg(6, 6, 6). 

Forx =4,y=0,z=4,a=4,neut (a) = 4; 

since Pyc(4, 0,4) < pyc (4 * 4,0 * 4,4 * 4) = pyc (4, 0, 4), we obtain that 
Puc (4, 0,4) S pug(4, 4,4) + Pug (4, 0, 4) — Pug (4, 4 4). 

Forx =4,y=4,z=0,a =4,neut (a) = 4; 

since pyc (4, 4,0) < pyc (4 * 4,4 * 4,0 * 4) = pyc (4, 4,0), we obtain that 
Puc (4, 4,9) S Ppug(4, 4,4) + Pug (4, 4,9) — pug (4, 4 4). 

Forx =0,y=4,z=4,a=4,neut (a) = 4; 

since pyc (0, 4,4) < pyc(O * 4,4 * 4,4 * 4) = pyc (0, 4,4), we obtain that 
Png (0, 4,4) S pyg(O, 4,4) + Prg (4, 4,4) — Pug (4, 4 4). 

Forx =4,y=0,z=6,a =9,neut (a) = 9; 

since Dyg(4, 0,6) S pyc (4 * 9,0 * 9,6 * 9) = pyc (0, 0, 6), we obtain that 
Png (0, 0,6) S pyg(O, 9,9) + Prg(Y, 9,6) — Pug, 9, 9). 

Forx =4,y=6,z=0,a=9,neut (a) = 9; 

since DPyg(4, 6,0) S pyc (4 * 9, 6 * 9,0 * 9) = pyc (0, 6, 0), we obtain that 
Pug, 6,0) < pyg(O, 9,9) + Prg(9, 6,0) — Prg(9, 9,9). 

Forx =6,y=4,z=0,a=9,neut (a) = 9; 
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since Pyg(6, 4,0) S pyc (6 * 9,4 * 9,0 * 9) = pyc (6, 0, 0), we obtain that 
Pug (6, 9,0) < prg(6, 9,9) + Prg(9, 0,0) — Pug (9, 9,9). 

Forx =6,y=0,z=4,a =9,neut (a) = 9; 

since Pyg(6, 0,4) S pyg(6 * 9,0 * 9,4 * 9) = pyc (6, 0,0), we obtain that 
Png (6, 9,0) < prg(6, 9,9) + Prg(9, 0,0) — Pug (9, 9,9). 

Forx =4,y=0,z=9,a=9,neut (a) = 9; 

since Pyc(4, 0,9) S pyc (4 * 9,0 * 9,9 * 9) = pyc (0, 0,9), we obtain that 
Png, 9,9) S pug(O, 9,9) + Prg(9, 0,9) — Prg(9, 9,9). 

Forx =4,y=9,z=0,a=9,neut (a) = 9; 

since Pyc(4, 9,0) S pyc (4 * 9,9 * 9,0 * 9) = pyc (0, 9,0), we obtain that 
Png, 9,9) < pyg(O, 9,9) + Prg(Y, 9,0) — Prg(9, 9,9). 

Forx =9,y=0,z=4,a=9,neut (a) = 9; 

since Pyg(9, 0,4) S pyg(9 * 9,0 * 9,4 * 9) = pyc (9, 0, 0), we obtain that 
Pnc(9, 9,0) S pug, 9,9) + Prg(Y, 9,9) — Pug, 9, 9). 

Forx =9,y=4,z=0,a=9,neut (a) = 9; 

since Pyg(9, 4,0) S pyg(9 * 9,4 * 9,0 * 9) = pyc (9, 0, 0), we obtain that 
Puc, 9,9) < pug, 9,9) + Prg(9, 0,0) — Prg(9, 9,9). 

Forx =4,y=3,z=3,a=3,neut (a) =6; 

since DPyc (4, 3,3) S pyc (4 * 6,3 * 6,3 * 6) = pyc (0, 6, 6), we obtain that 
Png(O, 6,6) < prg(9, 6,6) + Prg(6, 6,6) — Prg(6, 6, 6). 

Forx =4,y=3,z=4,a =3,neut (a) =6; 

since Pyc (4, 3,4) S pyc (4 * 6,3 * 6,4 * 6) = pyc (0, 6,0), we obtain that 
Prg(O, 6,0) < pyg(O, 6,6) + Prg(6, 6,0) — Prg(6, 6, 6). 

Forx = 4,y=4,z=3,a=3,neut (a) =6; 

since DPyc(4, 4,3) S pyc (4 * 6,4 * 6,3 * 6) = pyc (0, 0, 6), we obtain that 
Png(O, 9,6) < pyg(O, 6,6) + Prg(6, 0,6) — Prg(6, 6, 6). 

Forx =3,y=4,z=4,a=3,neut (a) =6; 

since pyg(3, 4,4) S pyg(3 * 6,4 * 6,4 * 6) = pyc (6, 0,0), we obtain that 
Prg(6, 9,0) < prg(6, 6,6) + Prg(6, 0,0) — Pug (6, 6, 6). 

Forx =4,y=3,z=6,a=9,neut (a) =9; 

since Dyg(4, 3,6) S pyc (4 * 9,3 * 9,6 * 9) = pyc (0, 3, 6), we obtain that 
Png (0, 3,6) S pyg(O, 9,9) + Prg(Y, 3,6) — Pug, 9, 9). 

Forx =4,y=6,zZz=3,a =9,neut (a) =9; 

since Pyg(4, 6,3) S pyc (4 * 9,6 * 9,3 * 9) = pyc (0, 6,3), we obtain that 
Pug, 6,3) S pyg(O, 9,9) + Prg(Y, 6, 3) — Prg(9, 9,9). 

Forx =6,y=4,z7Z=3,a=9,neut (a) =9; 
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since pyc (6, 4,3) S pyg(6 * 9,4 * 9,3 * 9) = pyc (6, 0,3), we obtain that 
Png (6, 0,3) S pyg(6, 9,9) + Prg(Y, 9,3) — Pug, 9, 9). 

Forx =6,y=3,z=4,a =9,neut (a) =9; 

since pyc (6, 3,4) S pyg(6 * 9,3 * 9,4 * 9) = pyc (6, 3,0), we obtain that 
Pug(6, 3,0) < prg(6, 9,9) + Prg(Y, 3,0) — Pug (9, 9,9). 

Forx =3,y=6,z=4,a =9,neut (a) =9; 

since pyc(3, 6,4) S pyg(3 * 9, 6 * 9,4 * 9) = pyc (3, 6,0), we obtain that 
Pug, 6,9) < pug (3, 9,9) + Prg(Y, 6,0) — Pug (9, 9,9). 

Forx =3,y=4,z=6,a=9,neut (a) =9; 

since Pyg(3, 4,6) S pyc (3 * 9,4 * 9,6 * 9) = pyc (3, 0, 6), we obtain that 
Pug, 9,6) < pug (3, 9,9) + Prg(9, 0,6) — Prg(9, 9,9). 

Forx =4,y=3,z=9,a=6,neut (a) = 6; 

since DPyc(4, 3,9) S pyc (4 * 6,3 * 6,9 * 6) = pyc (0, 6, 6), we obtain that 
Png(O, 6,6) < pyg(O, 6,6) + Prg(6, 6,6) — Prg(6, 6, 6). 

Forx =4,y=9,z=3,a=6,neut (a) = 6; 

since Pyc(4, 9,3) S pyc (4 * 6,9 * 6,3 * 6) = pyc (0, 6, 6), we obtain that 
Png, 6,6) < pyg(O, 6,6) + Prg(6, 6,6) — Prg(6, 6, 6). 

Forx =9,y=4,z=3,a=6,neut (a) = 6; 

since pyg(9, 4,3) S pyg(9 * 6,4 * 6,3 * 6) = pyc (6, 0, 6), we obtain that 
Pug (6, 9,6) < pyg(6, 6,6) + Prg(6, 0,6) — Prg(6, 6, 6). 

Forx =9,y=3,z=4,a=6,neut (a) = 6; 

since pyc(9, 3,4) S pyg(9 * 6,3 * 6,4 * 6) = pyc (6, 6,0), we obtain that 
Pug (6, 6,0) < pyg(6, 6,6) + Prug(6, 6,0) — Prg(6, 6, 6). 

Forx =3,y=9,z=4,a=6,neut (a) = 6; 

since Pyg(3,9, 4) S pyc (3 * 6,9 * 6,4 * 6) = pyc (6, 6, 0), we obtain that 
Png (6, 6,0) S pyg(6, 6, 6) + Ppyg(6, 6,0) — pyg (6, 6, 6). 

Forx =3,y=4,z=9,a=6,neut (a) = 6; 

since DPyg(3,4,9) S pyc (3 * 6,4 * 6,9 * 6) = pyc (6, 0, 6), we obtain that 
Png (6, 9,6) < pyg(6, 6,6) + Prg(6, 0,6) — Prg(6, 6, 6). 

Forx =4,y=4,z=4,a=4,neut (a) = 4; 

since pyc (4, 4,4) S pug(4 * 4,4 * 4,4 * 4) = pyc (4, 4,4), we obtain that 
Puc (4, 4,4) S Pug (4, 4,4) + Pug(4, 4 4) — Pug (4, 4, 4). 

Forx =4,y=4,z7=6,a =9,neut (a) = 9; 

since pyc (4, 4,6) S pyg(4 * 9,4 * 9,6 * 9) = pyc (0, 0, 6), we obtain that 
Puc (0, 0,6) < pyg(9, 9,9) + Pug 9, 9,6) — Prg(Y, 9, 9). 

Forx =4,y=6,z=4,a =9,neut (a) = 9; 
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since Pyc(4, 6,4) S pyc(4 * 9,6 * 9,4 * 9) = pyc (0, 6,0), we obtain that 
Png, 6,0) < pryg(O, 9,9) + Prg(9, 6,0) — Prg(9, 9,9). 

Forx =6,y=4,z=4,a =9,neut (a) = 9; 

since pygc(6, 4,4) < pyg(6 * 9,4 * 9,4 * 9) = pyc (6, 0,0), we obtain that 
Pug (6, 9,0) < pyg(O, 9,9) + Prg(9, 0,0) — Pug (9, 9,9). 

Forx =4,y=4,z=9,a=9,neut (a) = 9; 

since Pyc(4, 4,9) S pyc (4 * 9,4 * 9,9 * 9) = pyc (0, 0,9), we obtain that 
Png, 9,9) S prg(O, 9,9) + Prg(9, 0,9) — Prg(9, 9,9). 

Forx =4,y=9,z=4,a=9,neut (a) = 9; 

since Pyc(4, 9,4) S pyc (4 * 9,9 * 9,4 * 9) = pyc (0, 9,0), we obtain that 
Prg(9, 9,0) < prg, 9,9) + pug (9, 9,9) — Pug (9, 9, 9). 

Forx =9,y=4,z=4,a =9,neut (a) = 9; 

since pyg(9, 4,4) S pyg(9 * 9,4 * 9,4 * 9) = pyc (9, 0,0), we obtain that 
Prc(9, 0,0) S prg@, 9,9) + Pug, 9,9) — Pug (9, 9, 9). 

Forx =4,y=6,z=6,a=9,neut (a) = 9; 

since Pyc (4, 6, 6) S pyc (4 * 9,6 * 9,6 * 9) = pyc (0, 6, 6), we obtain that 
Png (9, 6,6) S pyg(9, 9,9) + hy, (9, 6, 6) — Pug (9, 9, 9). 

Forx =6,y=4,z=6,a=9,neut (a) = 9; 

since Pyg(6, 4,6) S pyc (6 * 9,4 * 9,6 * 9) = pyc (6, 0, 6), we obtain that 
Png (6, 9,6) < pyg(6, 9,9) + Prg(9, 0,6) — Prg(9, 9, 9). 

Forx =6,y=6,z=4,a=9,neut (a) = 9; 

since Pvc (6, 6, 4) S pyc (6 * 9,6 * 9,4 * 9) = pyc (6, 6, 0), we obtain that 
Pug(6, 6,0) < prg(6, 9,9) + Prg(9, 6,0) — Prg(9, 9,9). 

Forx =4,y=6,zZ=9,a =9,neut (a) = 9; 

since DPyg(4, 6,9) S pyc (4 * 9,6 * 9,9 * 9) = pyc (0, 6,9), we obtain that 
Png, 6,9) S prg(O, 9,9) + Prg(9, 69) — Prg(9, 9,9). 

Forx =4,y=9,z=6,a=9,neut (a) = 9; 

since Pyc(4, 9,6) S pyc (4 * 9,9 * 9,6 * 9) = pyc (0, 9,0), we obtain that 
Png, 9,9) < pyg, 9,9) + Prg(9, 9,0) — Prg(9, 9,9). 

Forx =6,y=9,z=4,a =9,neut (a) = 9; 

since Pyg(6, 9,4) S pyg(6 * 9,9 * 9,4 * 9) = pyc (6, 9, 0), we obtain that 
Pug (6, 9,9) S Pprg(6, 9,9) + Prg(Y, 9,0) — Prg(9, 9,9). 

Forx =6,y=4,z=9,a=9,neut (a) =9; 

since Dyg(6, 4,9) S pyc (6 * 9,4 * 9,9 * 9) = pyc (6, 0,9), we obtain that 
Prg(6, 9,9) < pug(6, 9,9) + Prg(9, 0,9) — Prg(9, 9,9). 

Therefore, pyc is a NTpgM. 
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Corollary 3.3: 

1) The NTpgMS differs from the pgMS. Because, there is not a * binary operation in pgMS. Also, triangle 
inequalities are different in this spaces. 

2) The NTpgMS differs from the NTMS due to triangle inequalities. 

3) The NTpgMS differs from the NTgMS. Because the triangle inequality in the NTgMS differs from the 
triangle inequality in the NTpgMS. Also, ina NTpgMS, it can be that pyg(x, x) # 0. 

Theorem 3.4: Let ((X,*), pyg) be a NTpgMS and d,: X x X > R* U {0} be a function such that 

dy (%,¥) = Prg(% YY) + Prg(%, x, y). Then, dy is a NTpM. 

Proof: 

1) Since ((X,*), pyc) 18 a NTpgMS, it is clear that for Vx,y € X;x*yeEX. 

li) Since pyg is a NTpgMS, 0 < d,(x%,x) < dp(x, y) implies that 

0 < pug(%, x, x) + Pug(® x, x) S Pug y Y) + Prg(%, x,y). 

lil) Since pyg is a NTpgMS, if d,(x, x) = d,(v, y) = d,(%, y) = 0, then we obtain x = y. 

iv) Since pyc 1s a NTpgMS, we obtain 

dy (XY) = Prg ys) + Prg(% %¥) = Pug, x, x) + Pug yx) = dp(y, x). 

v) We assume that there exists at least an element ae xX for each x, y and z such that 
Pug(% y,Z) < Pro(x * neut(a), y * neut(a), Z * neut(a)). Thus, if we assume a = x, It is clear that 

dy (xy) S dp(x, y*neut(a)). 

Also, since ((X,*), pyc )is a NTpgMS, it is obvious that 

Puc(%Y,2) S Pyg(x * neut(a), y * neut(a),z * neut(a)) < pyg(%,a,a) + Pye (@¥,Z) — Pne(a.a.a). 

Hence, we obtain 

Puc& yy) + Pug %y) S 

Pug(% a, a) + Pyg(&% Xa) + Prg(% Xa) + Prg(ay,y) + Prg(a ay) — Pug, a, a) — Prg(a, a, a). 

Thus, we have d, (x,y) S d,(x,a) + d,(a,y) — d,(a,a). 

Theorem 3.5: Let ((X, *), pyc) be a NTpgMS. If for all x € X, pyc (%, xX, xX) = 0, then ((X, *), pyc) is a NTgMS. 
Proof: We suppose that (X,*) is a NTS and ((X, *), pyc) 1s a NTpgMS. 

1) Since ((X, *), Pyc) 1s a NTpgMS; then for all x, y © X; x*y € X. 

ii) Since pyg(X%, xX, X) = 0, it is clear that 0 < pyg(%,x,x) = 0 S pyc (% V,Z). 

111) Since ((X, *), pyc) 1s a NTpgMS, it is clear that if x # y, then pyc(%, y,Z) > 0. 

iv) Since ((X, *), Dyg) is a NT pgMS, it is clear that if y # z, then pyc(X%, X,Y) S Pyc(% y, Z). 

v) Since ((X, *), DPyc) is a NTpgMS, it is clear that 

Prc(®% Y,Z) = Prg& ZY) = Prg,X, 2) = Pug, 2X) = Pug %Y) = Pue(Z y, x). 

vi) We assume that there exists at least an element a € X for each x, y, z such that 


Pruc(&Yy,Z) = Pro(x * neut(a), y * neut(a), Z * neut(a)), then 


Pno(x * neut(a), y * neut(a), z * neut(a)) < Pyg(% a,a) + Pyg(a, y, Z) — Pyg(a,a, a). 
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Since pyc (XX, X) = 0, we obtain that 
Pno(x * neut(a), y * neut(a), z * neut(a)) < Pyg(% a,a) + Pyg(a, y, Z). 
Thus, ((X, *), pyc) is a NTpgMS. 
Theorem 3.6: Let ((X,*),dyg) be a NTgM. Then, the function pyc(% y,Z) = dyg(% y,z) +k,k €R* is an 
NTpgMS. 
Proof: 
1) Since dyg 1s a NTgMS, for all x, y © X; x*y € X. 
ii) Since dyg is a NTgMS, we obtain dyc(X, x, X,) S dyg(% y, Z). Thus, it is clear that 
Pug X,X) = dng % xX) + KS pug y,Z) = dng y, Zz) + k. 
lll) Dyg(% Y,Z) = dyg(% y,Z) + k>0. 
iv) Since dyc is a NTgMS, if y # z, then dyc (x, x,y) < dyc(% y, z). Thus, it is clear that 
Pug(®% %Y) = dng %Y) +k S pug YZ) = dug y,z) + k 
v) Since dyc is a NTgMS, we obtain 
dyc(% YZ) = dyc(% ZY) = duc(y,% Z) = duc (y,Z,X) = dng (Zz, XY) = dyg(z, y,x) . Thus, it is clear that 
dyc(&% Vy, Z) + kK = dyc(%z y) + K = dyc(y, x, Zz) + Kk = dyg(y,z, x) + Kk = dyg(z,X% y) + Kk = dyg (zy, x) + kK. 
Therefore, 
Puc YZ) = Pug ZY) = Pyg,% Z) = Pug Z,X) = Pug(Z% ¥) = Pug (Zy, x) - 
vi) We assume that there exists at least an a € X for each x,y,z € X such that 
dnc(% y,Z) S dnc (x * neut(a), y * neut(a), z * neut(a)). Thus, we obtain 
Puc YZ) =dyg&y,z) +ks 
Pno(x * neut(a), y * neut(a), z * neut(a)) = dyc(x * neut(a), y * neut(a), z * neut(a)) +k. (1) 
Also, since dyc is a NTgMS, we obtain 
dug (x * neut(a), y * neut(a), z * neut(a)) < dyg(%a,a) + dyg(a,y,Z). Therefore, we obtain 
dug (x * neut(a), y * neut(a), z * neut(a)) +k < dyc(%a,a) +k + dyc(a,y,z) + k-k. Thus, 
Pno(x * neut(a), y * neut(a), z * neut(a)) < pyg(% aa) + Pug(ay,z) — k = 
Pno(x * neut(a), y * neut(a), z * neut(a)) < Pyg(% a,a) + Pyg(a, y, Z) — Pyg(a,a, a). (2) 
From (1) and (2), this condition is hold. 
In this case, ((X,*), Pycg) 1s called a NTpgMS. 
Corollary 3.7: A NTpgMS can be obtained from a NTgMS. 
Definition 3.8: Let ((X, *), pyc) be a NTpgMS and {x,,} be a sequence in this space. A point x € X is said to be 
the limit of the sequence {x,} , if limMym so Pug Xn) Xm) — Prg(% x, x) = 0 and {x,} is called a NT 
pg — convergent to x. 
Definition 3.9: Let ((X, *), pyc) be a NTpgMS and {x,} be a sequence in this space. {x,} 1s called a NT 


pg — Cauchy sequence if there exists at least a x EX such that limp m1 00 Pung Xm XL) — Pug (%, x, x) = 0. 
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Definition 3.10: Let ((X, *), pyc) be a NTpgMS. If every {x,} NT pg - Cauchy sequence is a NT 
pg - convergent, then ((X, *), pyc) 1s called a NT complete NTpgMS. 


Conclusion 


In this study we first obtained NTpgMS. We show that NTpgMS is different from pgMS, NT gMS and NTMS. 
Also, we show that a NTpgMS will provide the properties of a NTgMS under which conditions are met. Thus, 
we added a new structure to neutrosophic triple structures. Also, thanks to neutrosophic triplet partial g — metric 
space, researchers can obtain new fixed point theorems for neutrosophic triplet theory and neutrosophic triplet 
partial g - normed space, neutrosophic triplet partial g — inner product space. 


Abbreviations 

gM: g - metric 

gMS: g - metric space 

NT: Neutrosophic triplet 

NTS: Neutrosophic triplet set 

NTM: Neutrosophic triplet metric 

NTMS: Neutrosophic triplet metric space 

NTpM: Neutrosophic triplet partial metric 
NTpMS: Neutrosophic triplet partial metric space 
NTgM: Neutrosophic triplet g - metric 

NTgMS: Neutrosophic triplet g - metric space 
NTpgM: Neutrosophic triplet partial g - metric 
NTpgMS: Neutrosophic triplet partial g - metric space 
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Abstract: In this paper, we have introduced the idea on neutrosophic bitopological space and 
studied its properties with examples. We have defined several definitions of neutrosophic interior, 
closure and boundary also we have studied all of its properties. 

Keywords: Neutrosophic Closed set; Neutrosophic Open set; (1;, T;) - N-Interior; (1;, t;) - N- 
Closure ; ( T;, T;)- N- Boundary; Neutrosophic Bitopological Space. 


1. Introduction 


In 1995 neutrosophic set has been proposed by F. Smarandache [3, 4] as a new branch of 
philosophy dealing with ancient roots, origin, nature and scope of neutralities as well as their 
interactions with different ideational spectra. The term “neutron-sophy” means knowledge of 
neutral thoughts with natural represents the main distinction between fuzzy set and intuitionistic 
fuzzy set. 

In 1965, L. A. Zadeh defined the concept of membership function and discovered the fuzzy set 
[1]. With the help of fuzzy set [1] Zadeh explained the idea of uncertainty. In 1989, K. T. Atanassov 
[2] generalized the concepts of fuzzy set and introduced the degree of non-membership as an 
independent component and proposed the intuitionistic fuzzy set. 

After the introduction of fuzzy sets, several researches were conducted on the 
generalizations of the notions of fuzzy set. After the generalization of fuzzy sets, many researchers 
have applied generalization of fuzzy set theory in many branches of science and technology. Chang 
[5] introduced fuzzy topology. Coker (1997) defined the notion of intuitionistic fuzzy topological 
spaces. In 1963, J.C. Kely [12] defined the study of Bitopological spaces. A. Kandil et al.[13] 
discussed on fuzzy bitopological spaces. Lee et al. [14] discussed on some properties of 
Intuitionistic Fuzzy Bitopological Spaces. Now a day many researchers have studied topology on 
neutrosophic sets, such as Lupianez [7-10] and Salama [11]. Abdel-Baset et al. [17] discussed on 
Hybride plitogenic decision-making approach with quality function deployment for selecting 
supply chain sustainability metrics. Recently Abdel-Baset et al. [18] studied on Novel plithogenic 
TOPSIS-CRITIC model for sustainable supply chain risk management. 


In this paper, we introduce the concept of Netrosophic Bitopological Spaces. Next, we 
introduce the concepts of neutrosophic interior set, neutrosophic closure set and neutrosophic 
boundary set. Also, we have discussed some propositions related to neutrosophic interior set, 
neutrosophic closure set and neutrosophic boundary set. 


2. Basic operations 
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Definition 2.1 [20] A neutrosophic set A on the universe of discourse X is defined as 

A={<X,U4, Oy, Ya >: XE X} 

Where Ug 04, Ya: X —]0°,1*[and 0° Su, + 04+ Y, S37, Uy represents degrees of 
membership function, o,is the degree of indeterminacy and y, is the degree of non-membership 
function. 

Let ={< x,y Oy, Ya >: xEX } and B={<x,Mg Og, Yg >: xe X } be two neutrosophic sets on X. 
Then 
i. Neutrosophic subset: ASB if uy < Mg , 04 20g and Y,= Yz, That is A is neutrosophic 
subset of B 

ii. Neutrosophic equality: If A <B and A 2B then A=B 

iii. Neutrosophic intersection : AAB = {< x,M4 Ala, 04 V O4, Ya V Vp >: XE X} 

iv. Neutrosophic union: AVB = {< x,uU, VUg, 04 NOg, Ya NA Vp >: XE X} 

v. Neutrosophic complement: AC= {< x, V4, 1-04, Ug >: xe X} 

vi. Neutrosophic universal set: 1y = {< x, 1, 0, 0 >: xe xX } 


vii. Neutrosophic empty set: 0, = {< x, 0, 1, 1 >: xe x } 


Theorem 2.1 [20] Let A and B be two neutrosophic sets on X then 
i. AVA=A and AAA=A 
ii. AVB=BVA and AAB=BAA 
iii. AVOy=A and AV 1y=1y 
iv. AA Oy= 0, and AA 1=A 
v. AV (BVC)= (AVB) VC and A A (BAC)= (AAB) AC 
vi. (AIHA 
Theorem 2.2 [20] Let A and B be two neutrosophic sets on X then De Morgan’s law is valid. 
i. [Vier Aier]® = Nie Ai” 
ii. [Nie Ail°= Vier Ai” 


Definition 2.2 [7] Neutrosophic topological spaces 
Let t be a collection of all neutrosophic subsets on X. Then T is called a neutrosophic topology 
in X if the following conditions hold 

i. Oy and 1, is belong to T. 

ii. Union of any number of neutrosophic sets in T is again belong to T. 

iii. Intersection of any two neutrosophic set in T is belong to T. 


Then the pair (X, T) is called neutrosophic topology on X. 


Definition 2.3 [7, 8, 9] 
Let (X, t) be a neutrosophic topological space over X and A is neutrosophic subset on X. Then, the 
neutrosophic interior of A is the union of all neutrosophic open subsets of A. Clearly neutrosophic 


interior of A is the biggest neutrosophic open set over X which containing A. 


Definition 2.4 [7, 8, 9] 
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Let (X, t) be a neutrosophic topological space over X and A is neutrosophic subset on X. Then, the 
neutrosophic closure of A is the intersection of all neutrosophic closed super sets of A. Clearly 


neutrosophic closure of A is the smallest neutrosophic closed set over X which contains A. 


3. Main Results 

Definition 3.1 

A system (X, T;,T;) consisting of a set X with two neutrosophic topologies tT; and 1; on X is called 
Neutrosophic Bitopological space. Throughout in this paper the indices i,j take the value € {1, 2} 
and i + j. 

Example 3.1 

Let X= {a,b} and A = {< a,0.5, 0.5, 0.5 >, < b, 0.4, 0.4, 0.4 >}, 

B= {< a,0.6, 0.6, 0.6 >, < b, 0.3, 0.3, 0.3 >}, C = {< a, 0.6, 0.6, 0.6 >, < b,0.2,0.2,0.2 >}, 

D = {< a,0.7,0.7,0.7 >, < b, 0.4, 0.4,0.4 >}. Then t, = {Oy, ly, A, B,ANB,AV B} and Tz = {0x, 1y, 
C, D,C AD,C V D} then (X, 11, Tz) is neutrosophic bitopological space 


Definition 3.2 
Let (X, T;, T;) be a neutroscopic bitopological space. Then for a set A = {< x, Mj, Oi, Vij >: xE X}, 
neutrosophic (1;, T;)- N-interior of A is the union of all ( 1;, T;)-N-open sets of X contained in A and 


is defined as follows 
( Tj, T;)-N-Int(A) = {< x, V;, Ve Mijr NojArjOij Art, Vij >? XE X} 


Note : Here p;;, represents degrees of membership function, oj; is the degree of indeterminacy and 
Yij is the degree of non-membership function of a neutrosophic set and i is interrelated with 
neutrosophic topology 1, and j is interrelated with neutrosophic topologie t; when we discussed 
on ( T;, T;)-N-Int(A). 


Example 3.2 
Let X={a, b} and A = {< a,0.5,0.5, 0.5 >, < b, 0.4, 0.4,0.4 >}, B = {< a, 0.6, 0.6, 0.6 >, < 
b, 0.3, 0.3,0.3 >}, C = {< a, 0.6, 0.6, 0.6 >, < b, 0.2, 0.2,0.2 >}, D = {< a,0.7,0.7,0.7 >,< 


b, 0.4, 0.4, 0.4 >}. Then 1, = {0x, ly, A, B,AANB,AVB} and Tz = {Oy, ly, C, D,CAD,C V D} then 
(X, T1, T2) is neutrosophic bitopological space 

Let Q = {< a, 0.6, 0.4, 0.4 >, < b, 0.3, 0.3, 0.4 >} 

T2-N-Int (Q) = Oy and t,-N-Int (0,) =0, 

Hence (T,, T2)-N-Int(Q)= 0, 


Theorem 3.1 
Let (X, 1;, T; ) be neutrosophic bitopological space then 
1. (1;, T;)-N-Int(Ox) = Ox, (7, T)-N-Int(1y) = 1 
li. (Tj, T;)-N-Int(A)s A. 
iii. A is neutroscopic open set if and only if A=( 7;, t;)-N-Int(A) 
iv. ( 7;, T;)-N-Int [( 7;, T;)-N-Int(A)] = A 
v. ASB implies (1;, T;)-N-Int(A)s(1;, T;)-N-Int(B) 
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V1. ( Ti» T;)-N-Int(A)V ( Ti» T; )-N-Int(B) < ( Ti» T;)-N-Int(AVB) 
Vii.( Tj, T;)-N-Int(A A B) = (1;, t;)-N-Int(A) “ ( 7;, t;)-N-Int(B). 


Proof of the theorems are straightforward. 

Remark 3.1: (1;, T;)-N-Int(A)A( 1;, T;)-N-Int(A) when 1# j. For this we cite an example. 
Example 3.3 

Let X={a, b} and A = {< a,0.5, 0.6, 0.7 >, < b, 0.4, 0.5,0.6 >}, 

B= {<a,0.6,0.6, 0.7 >, < b, 0.6, 0.4,0.5 >}, C = {< a, 0.6, 0.6,0.7 >, < b, 0.3, 0.2,0.3 >}, D = {< 
a, 0.7, 0.6,0.7 >,< b,0.7,0.2,0.3 >}. Then t, = {0y, ly, A, B,AAANB,AV Bhand Tz = { Oy, 1y, C, 
D,C AD,C V D} then (X, T,, T2) is neutrosophic bitopological space. 

Let P = {< a,0.8,0.4,0.5 >, < b,0.7,0.1, 0.2 >} 

Then T2-N-Int(P) = D and ( T,, T2)-N-Int(P) = B. 

Now T,-N-Int(P) = B and (T2, T,)-N-Int(P) = C. 

Hence the result that is ( T,, T2)-N-Int(A)4(( Tz, T,)-N-Int(A). 


Definition 3.3 
Let (X, 1;, Tj) be a neutrosophic bitopological space. Then for a set A={<x,Ui; Oi, Vij >: xe X}, 
neutrosophic ( 1;, t;)- N-closure of A is the intersection of all ( 1;, T;)-N-closed sets of X contained in 
A and is defined as follows 
( T;, T;)-N-CI(A) = {< x, N7iNcjMij » Vx, Vr,%ij7 Vez VejVijg >? XE X} 
Example 3.4 
Let X={a, b} and A = {< a,0.5,0.5,0.5 >, < b, 0.4, 0.4, 0.4 >}, 
B= {<a,0.6, 0.6, 0.6 >, < b,0.3,0.3,0.3 >}, C = {< a,0.6, 0.6, 0.6 >, < b,0.2,0.2,0.2 >}, D = {< 
a, 0.7,0.7,0.7 >,< b,0.4,0.4,0.4 >}. Then t, = {Oy, ly, A, B,AANB,AV Bhand Tz = {Oy, ly, C, 
D,C AD,C V D} then (X, T,, T2) is neutroscopic bitopological space 
Let P = {< a,0.6,0.5, 0.4 >, < b, 0.4, 0.3,0.2 >} 
PC= {< a, 0.4, 0.5, 0.6 >, < b, 0.2, 0.7, 0.4 >}. 
Now T2-N-Cl(P)= 1y and T,-N-Cl(1y) =1ly 
Hence ( T;, T2)-N-CI(P)= 1y. 


Theorem 3.2 Let (X, 1;, T; ) be neutrosophic bitopological space then 
i. (Tj, T;)-N-Cl(Ox) = Ox, ( Tj, T;)-N-Cl(1y) = ly 
ii. A S(1j, T;)-N-Cl(A). 
iii. A is neutrosophic closed set if and only if A=( 7;, T;)-N-Cl(A) 
iv. (T;, Tj)-N-Cl [( 7;, T;)-N-CI(A)] = A 
v. ASB implies ( 1;, T;)-N-Cl(A) <( 7, T;)-N-Cl(B). 
vi. (Tj, T;)-N-Cl(AVB) = ( 7;, T;)-N-ClK(A)V( 1;, T;)-N-CI(B) 
Vii.( Tj, T; )- N-CI(AAB)S( T;, T;)-N-CL(A) A (1;, T;)-N-C1(B). 


Prove of the theorems are straightforward. 


Remark 3.2 (1;, t;)-N-Cl(A)A( 1;, T;)-N-CI(A) when i+ j. For this we cite an example. 
Example 3.5 
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Let X={a, b} and A = {< a,0.5,0.5,0.5 >, < b, 0.4, 0.4, 0.4 >}, 

B= {<a,0.4, 0.6, 0.6 >, < b, 0.2, 0.8, 0.4 >}, C = {< a, 0.6, 0.6, 0.6 >, < b,0.2,0.2,0.2 >}, 

D = {< a,0.7,0.7,0.7 >, < b, 0.4, 0.4, 0.4 >}. Then t, = {Oy, ly, A, B,AANB,AV Bhand Tz = {Oy, 1y, 
C, D,C AD,C V D} then (X, 1, Tz) is neutroscopic bitopological space 

Let P = {< a,0.6,0.5,0.7 >, < b, 0.3, 0.7, 0.4 >} 

T2-N-Cl(P)= D© and T,-N-Cl(D°)=1y and ( T,, T2)-N-CI(P)= 1x. 

Now, T,-N-Cl(P)= BS and t2-N-Cl(B°)=D© and ( T,, T2)-N-Cl(P)= DS. 

Hence ( 1;, t;)-N-Cl(A) # (1, T;)-N-Cl(A). 


Theorem 3.3 
Let (X, 1;, T; ) be neutrosophic bitopological space then 
1. (tj, T))-N-Int(A9Y) =[( 7), T)-N-Cl(A)]° 
li. ( T;, T;)-N-Cl(AS) =[( tj, 1;)-N-Int(A)]- 
ii. ( Tj, T;)-N-Int(A) =[( tj, T))-N-Cl(AS)]© 
iv. (Tj, T;)-N-Cl(A) =[( 7), T;)-N-Int(AS) ]° 
Proof of (i) 
LetA={<x,Mij, Oy, Vij >: xE X}. 
Then A° = {< x, yj, 1-— Oi, Wij >! xe X}. 
Now (7, T))-N-Int(A®) = {< x, Vir, VeVij, NArjC1 — Oj), Nac Mig > xE X$ 
= {Sy Ve, VeiVij 1- Va, Vr 0ij, No Acjbiy >? XE Xx} 
( T;, T;)-N-Cl(A)= {< x, NoAcjMij » Vr V0, Fi Via, VejVig >* XE Xx} 
[( tj, T))-N-CKA)]o={< x, Ve, Ve Vig, 1- Vie, Ve, Oij, At ArjMiy >! x X} 
Hence ( 7;, T;)-N-Int(A9) =[( 7;, T;)-N-Cl(A)]© 
Example 3.6 
From the Example 3.4, we have 
T2-N-Int(P°) = Oy , (74, T2)-N-Int(P°)= Oy. 
T2-N-Cl(P) = 1x, (71, T2)-N-Cl(P)= 1y and [( 71, T2)-N-Cl(P)]@ Ox. 
Hence ( 7;, T;)-N-Int(A9) =[( 7;, 7;)-N-Cl(A)]© 
Proof of (ii) is straight forward 
Proof of (iii) 
LetA={<x,Mij, Oyj, Vij > xE X}. 
Then A° = {< x, viz, 1- Oi, Ui >: xe X}and 


( tj, T;)-N-Int(A) = {< x, V;, VeMijr NoArjOij Art, Vij >? XE X} 


Now 
(tage) —N- C1(A°) = {< x, NiAcjVij» 1—- Nor %j Ve, Vj Hij >: XE xX} 
So, 


[( t,t; ) — N — CI(AS)]= {< x, Vz, VejMijy NajArjFij, Nar, Vij > XE X3 


Hence ( 7;, T;)-N-Int(A) =[( tj, T;)-N-Cl(AS)]° 
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Example 3.7 Let X={a, b} and A = {<a,0.5,0.5,0.5 >,< b,0.4,0.4,0.4 >}, B = {< a, 0.6, 0.6, 0.6 >, < 
b, 0.3, 0.3, 0.3 >},C = {< a, 0.6, 0.6, 0.6 >, < b, 0.2, 0.2,0.2 >}, D = {< a,0.7,0.7,0.7 >, < 
b, 0.4, 0.4, 0.4 >}. Then Tt, = {0x, ly, A,B, AN B,AV B}and Tz = {Oy, ly, C, D,CAD,C V D} then (X, 
T,, T2) is neutrosophic bitopological space 

Let P = {< a,0.6,0.5, 0.4 >, < b, 0.2, 0.3, 0.2 >} and Let P° = {< a,0.4, 0.5, 0.6 >, < b, 0.2, 0.7, 0.2 >} 
T2-N-Int(P) = Ox , (71, T2)-N-Int(P)= Ox. 

T2-N-Cl(P°) = 1x, (Ty, T2)-N-Cl(P= 1y and [( 71, T2)-N-Cl(P9)]@ Oy. 

Hence ( 7;, T;)-N-Int(A) =[( tj, T;)-N-Cl(AS)]© 


Proof of (iv) is straight forward 


Definition 3.4 

Let A be a neutrosophic set in (X, 7;, T; ), then (1;, t;)-N-neutrosophic boundary of A is defined as 
( T;, T;)-N-Bd(A) = ( 7), T))-N-CI(A) A( Tj, T;)-N-CKAS. 

Proposition 3.1 

Let A be neutrosophic set in (X, 1;, T; ). Then (7;, t;)-N-Bd(A) VA <(t;, ,T;)-N-CI(A). 

Proof : We have from the definition (1;, T;)-N-Bd(A)S(q;, ,T;)-N-Cl(A) and As<(t;, ,7;)-N-CI(A) and 
hence ( T;, T;)- N-Bd(A)VAS (7;, T;)-N-Cl(A). 

Remark 3.3: The converse part of the proposition is not true. For this we cite an example. 

Example 3.8 

Let X={a, b} and A = {< a,0.8,0.7,0.8 >, < b,0.5,0.4,0.5 >}, B = {< a, 0.6, 0.6, 0.6 >, < 

b, 0.3, 0.3, 0.3 >}, C = {< a, 0.6, 0.6, 0.6 >, < b, 0.2, 0.2,0.2 >}, 

D = {< a,0.7,0.7,0.7 >, < b, 0.4, 0.4, 0.4 >}. Then t, = {Oy, 1y, A,B, ANB,AV B}and T, = {0y, 1y, 
C, D,C AD,C V D} then (X, 11, Tz) is neutrosophic bitopological space 

Let P = {< a,0.7,0.4,0.7 >, < b,0.4, 0.4,0.3 >} 

PC= {< a, 0.7, 0.6,0.7 >, < b, 0.3, 0.6, 0.4 >}. 

Now 12-N-Cl(P)= 1y and ( 7;, T;)-N-Cl(P) = 1 

T2-N-Cl(P9)= (CAD)¢£ and ( 7;, T))-N-Cl((CAD)°) = (AAB)° 

Now (14, T2)-N-Bd(P)= (AAB)° and 

( T,, T2)-N-Bd(P) VP ={< a, 0.8, 0.3, 0.6 >, < b, 0.5, 0.6, 0.3 >} 

Hence ( 7;, T;)-N-Bd(A) V AA(t;,T;)-N-CI(A). 


Propositions 3.2 
Let A and B be neutrosophic sets in (X, 1;, T; ). Then 
i. (1;, T;)-N-Bd(A) = (tj, T;)-N-Bd(A°). 
i. If A be (1;, t;)-N- neutrosophic closed set then (1;, T;)-N-Bd(A) <A 
ii. If A be (1;, t;)-N- neutrosophic open set then (1;, T;)-N-Bd(A) < AC 
Proof of (i) 
( T;, T;)-N-Bd(A) =( 7;, T))-N-cl(A) A (7;, T))-N-CL(AS) 


=<, Ag Ari » Va, Vrj Fg Vig Vey Vij > XE XIMS< x, Ag Ar Vij: 
des Nr Ar %j Ve, Ve jij >? XE x} 
Also (t;,,;)-N-Bd(A‘) = (tj, t;)-N-Cl(AS) A ( tj, T;)-N-Cl(A) 
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={< x, NiAcjVij» 1- Nr Ar, %j Ve, Ve jij >: xe X}A 
{< x, No Ac jMij , Ve, Vr j ij: Vo, Ve jVij >: XE xX} 
Hence ( 1;, t;)-N-Bd(A) = (1;, ;)-N-Bd(A‘). 


Proof of (ii) 
Let A be (1;, t;)-N- neutrosophic closed set then (1;, T;)-N-Cl(A) = A 


Now ( 7, t;)-N-Bd(A) = (tj, T))-N-Cl(A) A (1, T))-N-CUAS) S (1, T;)-N-Cl(A) = A 


Hence (1;, T;)-N-Bd(A) s A. 


Converse part is not true. 


Remark 3.4: The converse part of the proposition is not true. For this we cite an example. 


Example 3.9 
Let X={a, b} and A = {< a,0.8,0.7,0.8 >,< b,0.5,0.4,0.5 >}, B={<a,0.6,0.6,0.6 >,< 
b, 0.2, 0.3, 0.3 >}, C = {< a,0.6, 0.6, 0.6 >, < b,0.2,0.2,0.2 >}, D = {< a,0.7,0.7,0.7 >, < 


b, 0.4, 0.4, 0.4 >}. Then 1, = {Ox, ly, A,B, AA B,AV B}and Tz = {Oy, ly, C, D,C AD,C V D} then (X, 
T,, T2) is neutroscopic bitopological space 
Let S = {< a,0.9,0.3,0.2 >, < b, 0.6, 0.2,0.3 >} 
SC= {< a, 0.2,0.7,0.9 >, < b, 0.3, 0.8, 0.6 >}. 
Now 12-N-Cl(S)= 1y and ( 1;, T;)-N-Cl(1y) = ly 
T2-N-CI(S°)= (CAD)¢© and ( T;, T;)-N-Cl((CAD)°) = (AAB)° 
Now (1, T2)-N-Bd(S)= (AAB)° < S. 
But S is not a ( 7;, t;)-N-closed set. 
Hence the converse part is not true. 
Proof of (iii) is straight forward. 
Proposition 3.3 
Let A be neutrosophic set in (X, 7;, T; ), then 
[( t;,7;) — N — Bd(A)]° = (tj, t;)-N-Int(A) V(7;, T;)-N-Int(AS) 


Proof: 
From the definition we have ( 7;, t;)-N-Bd(A) = ( 7;, T)-N-Cl(A) A (1;, T))-N-Cl(AS) 


[( ti, T))-N-Bd(A)] [( 7), T))-N-CIA)IS V [( ti, T))-N-CHAS)]S 
= (Tj, T;)-N-Int(A) V [( 7, T))-N-Int(A%). 


Example 3.10 Let X={a, b} and A = {< a,0.8,0.7,0.8 >,< b,0.5,0.4,0.5 >}, B = {< a, 0.6, 0.6, 0.6 >, < 
b, 0.2,0.3,0.3 >}, C = {< a, 0.6, 0.6, 0.6 >, < b,0.2,0.2,0.2 >}, D = {< a,0.7,0.7,0.7 >, < 

b, 0.4, 0.4, 0.4 >}. Then tT, = {Ox, ly, A,B, AANB,AV B}and Tz = { 0x, ly, C, D,C AD,C V D} then 
(X, T1, Tz) is neutrosophic bitopological space 

Let P = {< a,0.9,0.3,0.2 >, < b, 0.6, 0.2,0.3 >} 

PC= {< a, 0.2, 0.7,0.9 >, < b, 0.3, 0.8, 0.6 >}. 

Now T,-N-Cl(P)= 1y and (1, T2)-N-Cl(1y) = 1x 
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T2-N-Cl(P9)= (CAD)€ and ( T1, T2)-N-Cl((CAD)°) = (AAB)° 


So, ( T1, T2)-N-Bd(P)= (AAB)© and [( 7, T2)-N-Bd(P)]= AAB. 


Now 1T,-N-Int(P)= CvD, ( T, T2)-N-Int(P)= AAB 
T2-N-Int(P°)= ¢, ( T1, T2)-N-Int(P)= @ and (T,, T2)-N-Int(A)v[( 71, T2)-N-Int(A°)= AAB. 
Thus [( 1,72) — N — Bd(A)]© = (ty, T2)-N-Int(A) V(t, T2)-N-Int(A9) . 


Proposition 3.4 


Let A be neutrosophic set in (X, 7;, T; ), then 


( T;, T;)-N-Bd(A) = ( 1;, T;)-N-CI(A) - (tj, T;)-N-Int(A) 


Proof: From the definition of (1;, T;)-N-Bd(A) we have 


( Tj, T;)-N-Bd(A) = (1;, T;)-N-CI(A)A(7;, T;)-N-CLAS) 


= (tT), %))-N-CI(A) - [( 7), ))-N-C(AQ]¢ 
= (Tj, t;)-N-Cl(A) -( 7;, T;)-N-Int(A). 
Example 3.11 
From the Example 3.10 we have 
T2-N-Int(P)= CvD, ( T1, T2)-N-Int(P)= AAB and 1, - AAB = (AAB)<. 


Hence ( T, T2)-N-Bd(A) = ( T,, T2)-N-CI(A) - (T,, T2)-N-Int(A). 


Proposition 3.5 
Let A be neutrosophic set in (X, 7;, T; ), then 
( T;, T;)-N-Bd(Int(A)) < ( 1;, t;)-N-Bd(A). 
Proof : 
( T;, T;)-N-Bd(Int(A))= (tj, T))-N-Cl(Int A)A( 1;, T;)-N-CldUnt AS) 
= (1;, T;)-N-Cl(Int A) — [( 7;, t;)-N-Cldnt AS) ]° 
= (T;, T;)-N-Cl(Int A) — (7;, T;)-N-Int(A) 
<( Tj, T;)-N-CI(A) — (tj, T;)-N-Int(A) 
= ( T;, T;)-N-Bd(A). 
Remark 3.5: The converse of the proposition is not true. For this we cite an example. 
Example 3.12 
From Example 3.10, we have 
T2-N-Int(P°)= Oy, ( T1, T2)-N-Int(P°)= Oy 
( T1, T2)-N-Bd(Int(A))= ( T1, T2)- N-Cl(0x) A(T, T2)-N-Cl(Int 1) 
=O, 
Also Now T2-N-Cl(P)= 1y and (Ty, T2)-N-Cl(1y) = 1x 
T2-N-Cl(P9)= (CAD)€ and ( T1, T2)-N-Cl((CAD)°) = (AAB)° 
Now (11, T2)-N-Bd(P)= (AAB)¢. 
Hence ( T,, T2)-N-Bd(Int(A))<( T1, T2)-N-Bd(A) but ( T,, T2)-N-Bd(Int(A)) 4( T1, T2)-N-Bd(A). 


Proposition 3.6 
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Let A be neutrosophic set in (X, 7;, T; ), then 
( T;, T;)-N-Bd(CI(A)) <( 7;, T;)-N-Bd(A). 
Proof : Straightforward. 


Remark 3.6: The converse of the proposition is not true. For this we cite an example. 
Example 3.13 
From Example 3.10, we have 
( T1, T2)-N-Bd(Cl(P)) = ( 4), T))-N-Cl(1y)A( Tj, T)-N-Cl( 0x) 
= Oy 
Also Now T2-N-Cl(P)= 1y and (T,, T2)-N-Cl(1y) = 1x 
T2-N-Cl(P9= (CAD)€ and ( T1, T2)-N-Cl((CAD)°) = (AAB)° 
Now (1, T2)-N-Bd(P)= (AAB)¢. 
Hence ( T1, T2)-N-Bd(CI(A)) <( 1, T2)-N-Bd(A) but ( T,, T2)-N-Bd(Int(A)) 4( T,, T2)-N-Bd(A). 
Proposition 3.7 


Let A be neutrosophic set in (X, 7;, T; ), then 


(1;, 1;)-N-Int (A) =A - (1;, tj)-N-Bd(A) 


Proof: Straightforward. 

Proposition 3.8 

Let A and B be neutrosophic set in (X, T;, T; ). Then 

( T;, T;)-N-Bd(AVB)<( 7;, T;)-N-Bd(A) V (7;, t;)-N-Bd(B) 

Proof: Straightforward. 

Remark 3.7: The converse of the proposition is not true 

Example 3.14 

From Example 3.10, we have 

Let Q = {< a,0.8, 0.8, 0.8 >, < b, 0.5, 0.5,0.5 >}Q° = {< a, 0.8, 0.2, 0.8 >, < b,0.5,0.5,0.5 >} 
PVQ={<a,0.9,0.3,0.2 >,< b,0.6,0.2,0.3 >} 

Now T2-N-Cl(Q)= ly and ( 7;, T))-N-Cl(Q) = 1x 

T2-N-Cl(Q9= lyand ( 7;, T;)-N-Cl((QS) = ly 

SO, (71, T2)-N-Bd(Q)= 1x 

Now 12-N-Cl(P V Q)= 1y and ( 1;, T;)-N-CI(P V Q) = ly 

T2-N-CI([P V Q ]©)= (CAD)¢£ and ( 7;, T;)-N-Cl([P V Q ]S) = (AAB)° 

So, ( T1, T2)-N-Bd(P V Q)= (AAB)° 

Now ( 7, T;)-N-Bd(PVQ) =(AAB)¢ and (7;, T;)-N-Bd(P) V (7, T;)-N-Bd(Q)= 1x 
Hence (1;, T;)-N-Bd(PVQ) A( 7;, T;)-N-Bd(P) V (1;, T;)-N-Bd(Q). 


Proposition 3.9 
Let A and B be neutrosophic set in (X, T;, T; ). Then 
( Ti» T; )-N-Bd(AAB) — ( Tip T; )-N-Bd(A) V ( Tip T; )-N-Bd(B) 


Proof: Straightforward. 
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Conclusion: In this work we have redefined the definition of Bitopological space with the help of 
netrosophic set. Then we have investigated the properties of interior, closure and boundary of 
neutrosophic bitopological spaces. Hope our work will help in further study of neutrosophic 
generalized closed sets in neutrosophiv bitopological space. This may lead a new beginning for 
further research on the study of generalized closed sets in neutrosophic bitopological space 
associated with digraph and directed graphs. This may also lead to the new properties of separation 


axioms on neutrosophic bitopological space. 
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Abstract: The target of this study is to apply the notion of neutrosophic soft sets to the theory of 
BCK-modules by introducing the notion of neutrosophic fuzzy soft BCK-submodules and deriving 
their basic properties. Also,(a,f,y)-soft top of neutrosophic fuzzy soft sets in BCK-modules is 
presented. The concept of Cartesian product of neutrosophic fuzzy soft BCK-submodules is defined 
and some results are investigated. Finally, an application of neutrosophic fuzzy soft sets in decision 
making is investigated and an example demonstrating the successfully application of this method 
is provided. 


Keywords: BCK-algebras; BCK-modules; soft sets, fuzzy soft sets, neutrosophic sets; neutrosophic 
soft sets; neutrosophic fuzzy soft BCK-submodules. 


1. Introduction 


A soft set theory as a new mathematical tool for dealing with uncertainties was proposed by 
Molodtsov in 1999 [21]. He pointed out several directions for the applications of soft sets. In 2002, 
Maji et al. [19] described the application of soft set theory to a decision-making problem. They [18] 
also studied several operations on the theory of soft sets. Few years later, Chen et al. [11] presented a 
new definition of soft set parametrization reduction and compared this definition to the related 
concept of attributes reduction in rough set theory. At present, works on the soft set theory are 
progressing rapidly. The algebraic structure of set theories dealing with uncertainties has been 
studied by some authors. The most appropriate theory for dealing with vagueness is the theory of 
fuzzy sets developed by Zadeh [34]. Since then it has become a vigorous area of research in different 
domains such as engineering, medical science, social science, physics, statistics, graph theory, 
artificial intelligence, signal processing, multiagent systems, pattern recognition, robotics, computer 
networks, expert systems, decision making and automata theory. 

Neutrosophic set theory was introduced by F. Smarandache in 1998 [28]. It is considered as a 
generalization of the fuzzy set. For the first time V.Kandasamy and F. Smarandache [14] introduced 
the concept of algebraic structures which has caused a pattern shift in the study of algebraic 
structures. Maji [17] had combined the neutrosophic sets with soft sets and introduced a new 
mathematical model neutrosophic soft set. The neutrosophic sets aims to model vagueness and 
ambiguity in complex system. In recent years, it is applied by many researchers in various fields such 
as group of decision making [3, 22], Project scheduling [1,2] and image processing [26, 33] etc. 

In 1994, the notion of BCK-modules was introduced by H. Abujable, M. Aslam and A. Thaheem 
as an action of BCK-algebras on abelian group [4]. BCK-modules theory then was developed by Z. 
perveen, M. Aslam and A. Thaheem [25]. Bakhshi [8] presented the concept of fuzzy BCK- 
submodules and investigated their properties. Recently, H. Bashir and Z. Zahid applied the theory 
of soft sets on BCK-modules in [16]. 
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In this paper, the concept of neutrosophic fuzzy soft BCK-submodules of BCK-algebra will be 
introduced and some related properties will be established. Also, (a,8,y)-soft top of neutrosophic 
fuzzy soft sets in BCK-modules will be presented. We will define the concept of Cartesian product of 
neutrosophic fuzzy soft BCK-submodules and investigate some results. Finally, an application of 
neutrosophic fuzzy soft sets in decision making is going to be investigated and an example 
demonstrating the successfully application of this method will be given. 

This paper is classified as follows. Section 2 gives a brief introduction of neutrosophic fuzzy set, 
neutrosophic fuzzy soft set, BCK-algebra and BCK-submodule. The notion of neutrosophic fuzzy soft 
BCK-submodules and some related results are introduced in section 3. The concept of Cartesian 
product of neutrosophic fuzzy soft BCK-submodules and some properties are obtained in section 4. 
Section 5 investigates the application of neutrosophic fuzzy soft set in group decision making 
problems. Finally, in section 6 conclusion is given. 


2. Preliminaries 


In this section, some preliminaries from the soft set theory, neutrosophic soft sets, BCK-algebras 
and BCK-modules are induced. 


Definition 2.1.[21] Let U be an initial universe and E be aset of parameters. Let P (U) denote 
the power set of U and let A be anonempty subset of EF. A pair F, = (F,A) is called a soft set over 
U, where A © E and F: A > P(U) isa set-valued mapping, called the approximate function of 
the soft set (F, A). It is easy to represent a soft set (F,A) by a set of ordered pairs as follows: 

(F,A) = {(x,F (x): x € A} 


Neutrosophic set is a generalization of the fuzzy set especially of intuitionistic fuzzy set. The 
intuitionistic fuzzy set has the degree of non-membership as introduced by K. Atanassov [7]. 
Smarandache in 1998 [28] has introduced the degree of indeterminacy as an independent 
component and defined the neutrosophic set on three components: truth, indeterminacy and falsity. 


Definition 2.2.[28] A neutrosophic set A on the universe of discourse U is defined as A = 
{(x, T,(x), I4(x), Fa(x)),x € U} where T,: U >] —0,1 +[ isa truth membership function, 

I,: U >] —0,1 +[ is an indeterminate membership function, and F,: U >] —0,1 +[ isa false 
membership function and 0— < T,(x) + I4(x) + Fy(x) S 3 +. 

From philosophical point of view, the neutrosophic set takes the value from real standard or 
nonstandard subsets of | — 0,1 + [. But in real life application in scientific and engineering 
problems it is difficult to use neutrosophic set with value from real standard or non-standard subset 
of |— 0,1 + [. Hence, we consider the neutrosophic set which takes the value from the subset of 
[0, 1]. 


Definition 2.3.[17] Let U be an initial universe set and E be aset of parameters. Consider A C 
E. Let P (U) denotes the set of all neutrosophic sets of U. The collection (F,A) is termed to be the 
neutrosophic soft set (NSS) over U, where F is a mapping given by F: A > P(U). 


Definition 2.4.[17] Let (F,A) and (G,B) be two neutrosophic soft sets over the common 
universe U. (F,A) is said to be neutrosophic soft subset of (G,B) if A C B, and Trrey)(x) S 
Tee) (X), Tee) (%) S Tecey (%), Frcey (*) 2 Fee) (x), Ve € A,x € U. We denote it by (F,A) © (G,B). 


Definition 2.5. [17] The complement of a neutrosophic soft set (F,A) denoted by (F,A)° and 
is defined as (F,A)° = (F°,~ A), where F°:~ A ~ P (U) isa mapping given by 
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F¢ (e) = ( Trece) = Fre)! F¢(e) = Ir(e), F Fee) = Trey) forall e E~A 


Definition 2.6.[12,13] An algebra (X,*,0) of type (2,0) is called BCK-algebra if it is satisfying 
the following axioms: 

(BCK-1) (x * y) * (x * 2) *(z*y) = 0, 

(BCK-2) (x * (x * y))*y = 90, 

(BCK-3) x * x = 0, 

(BCK-4) 0 * x = 0, 

(BCK-5) x * y = Oandy * x = Oimplyx = y,forallx,y,z € X. 
” is defined on X by x S$ y @& x * y = 0.A BCK-algebra X is said to 
be bounded if there is an element 1 € X suchthat x < 1, forall x € X, commutative if it satisfies 


A partial ordering “< 


the identity x A y = y Ax, where x Ay = y * (y * xX), forallx,y € X and implicative if 
x * (y * x) = x,forall x,y € X. 


Definition 2.7.[4] Let X be a BCK-algebra. Then by a left X-module (abbreviated X-module), 
we mean an abelian group M with an operation X x M > M with (x,m) +> xm satisfies the 
following axioms for all x,y € X and m,n € M: 

(i) @ A y)m = x(ym), 

(ii) x(m + n) = xm + xn, 

(iii) Om = 0. 


A subgroup N of aBCK-module M is called submodule of M if N is also a BCK-module. 


Definition 2.8.[8] Let X be a BCK-algebra. A subset N of a BCK-module M is a BCK- 
submodule of M if and only if ny — nz € N and xn € N forall n,ny,n, € N and x € X. 


Moreover, if X is bounded and M satisfies 1m = m, for all m € M, then M is said to be 
unitary. A mapping p: X — [0,1] is called a fuzzy set in a BCK-algebra X. For any fuzzy set p in 
X and anyt € [0,1], we define set U(u;t) = wy, = {x © X|u(x) = t}, which is called an upper 
t-level cut of u. 


Definition 2.9.[8] A fuzzy subset of M is said to be a fuzzy BCK-submodule if for all 
m,m,,mz € M and x € X, the following axioms hold: 
(FBCKM1) w(m, + m2) 2 min{wOn,), Wm )j, 
(FBCKM2) w(—m) = u(m), 
(FBCKM3) p(xm) = um). 


Definition 2.10.[16] A soft set (F,A) over a BCK-module M is said to be a soft BCK-submodule 
over M if forall ¢ € A, F(e€) isa BCK-submodule of M. 


3. Neutrosophic fuzzy soft BCK-submodules 


In this section, we introduce the notion of neutrosophic fuzzy soft BCK-submodules and some 
related results. 


Definition 3.1. A neutrosophic fuzzy soft set (F,A) over a BCK-module M ina BCK-algebra X 
is said to be a neutrosophic fuzzy soft BCK-submodule over M if for all m,m,,m, € M,x € X and 
e € A the following axioms hold: 


(NF5SS1) Tre) (My + Mm) 2 min{T p<) (M1), Tre) (M2) }, 


Trey +m) 2 min{lp¢¢)(m), Trey (M2) }, 
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Frcey(My + Mz) S max{Fre)(™), Frce)(M2) 5, 
(NFSS2) Tre) (—m) = Tr(e)(M), Irce)(—m) = Ircey(™m), Fre)(—M) = Frcey)(m), 
(NF553) Tre) (xm) = Tre) (m), Tr¢e) (xem) = Trcey(M), Fre) (xm) = Frce)(™). 


Example 3.2. Let X = {0,a,b,c,d,1} be a set with a binary operation * defined in Table 1, 
then (X,*,0) forms a bounded commutative, non-implicative BCK-algebra (see [20]). (M,+) forms a 
commutative group defined in Table 2 where M = {0,a,c,d} be a subset of X. Consequently, M 


forms an X-module (see [15]). 





Table 1 Table 2 Table 3 


Let A = {0,a}. Define a neutrosophic fuzzy soft set (F,A) over M as shown in Table 4. 


GA) (0a |e sd] 
Tra [09 [0.7 [08 | 07 
Fino, [08 [05 [06 | 05 


Tra) [05 





Table 4 


Consequently, a routine calculations shows that (F,A) forms a neutrosophic fuzzy soft BCK- 
submodule over M. Note that, Table 3 explains the action of X on M under the operation xm = x A 
m forall x € X and m € M. 


For the sake of simplicity, we shall use the symbol NFSS(M) for the set of all neutrosophic fuzzy 
soft BCK-submodules over M. 


Theorem 3.3. Let X be a BCK-algebra then a neutrosophic fuzzy soft set (F,A) € NFSS(M) if 
and only if 
(i) Trcey(xm) = Tre)(™), Tepe) XM) = [pce (M), Frcey(eM) S Frey (mM), 
(i1) Tre) (My, — M2) 2 min{Tr(¢) (M1), Tre) (M2), 
Trcey(™My — Mz) min{lp¢¢)(m,), Trey (M2), 
Frcey(M, — Mz) S max{Fre)(™,), Free) (M2) }. 
for all m,m,,m, € M,x € X andée € A. 


> 
< 


Proof. Let (F,A) be a neutrosophic fuzzy soft BCK-submodule over M then by the Definition (3.1) 
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condition (i) holds. 
(i1) Tre) (m, — M2) = Tre) (m, + (—mz)) Zz min{T;(e) (m1), Tre) (—m,)} = min{TFe) (M1), Tre) (M2)}, 
Similarly for 
Ircey(M, — Mz) 2 min{Ip¢e)(m1), [p¢e) (M2) } 
and 
Frcey(M, — Mz) S max{Fre)(™,), Fre) (Mz) }. 

Conversely suppose (F,A) satisfies the conditions (i), (ii). Then we have by (1) 
Trcey(—M) = Trey((-1)m) = Trrey(m), and Trrey(M) = Trey(-1)(-1)m) = Tre) (—™m). 
Thus, Tre) (M) = Tr(e)(—M). Similarly for Ire) (—m) = Tre) (m) and Fre)(—M) = Fr¢e)(™). 
(11) Te) (m, + M2) = Tre) (m, = (—mz)) a min{T Fe) (m1), Tre) (—m,)} = min{T Fe) (M1), Tre) (M2) }, 
Similarly for 

Ire) (m, +m 2) = min{Ip¢¢)(m,), Ip¢e)(Mz)} 
and 
Frcey(my + Mz) S max{Fre) (M1), Fre) (Mz)}- 


Hence (F,A) is aneutrosophic fuzzy soft BCK-submodule over M. 


Theorem 3.4. A neutrosophic fuzzy soft set (F, A) belongs to NFSS(M) ina BCkK-algebra X if and 
only if for all m,m,,mz € M,x,y € Xandee A the following statements hold: 
(i) Trce)(0) = Trey), Tepe) O) = Tecey(™), Frey (0) S Frcey(m), 
(i1) Tre) (xy — ym) 2 min{T re) (M1), Tre) (M2) }, 
Ircey(XM, — yM2) 2 min{lpey(M), Tepe) (M2), 
Frce)(XM, — yMz) S max{F re (M), Free) (Mz)}. 


Proof. Let (F,A) bea NFSS(M), by Theorem (3.3) and since 0m = 0 forall m€ M, we have 
(i) TV r(¢) (0) = TV r(¢) (Om) = Tr(¢) (m). 

The same way for Ipc¢)(0) = Ipcey(m) and Frey(O) S Freey(™).- 
(ii) Trcey(xm, — ymz) > min{T pe) (xm), Trey m2) } = min{T re) (M1), Tre) (M2)}- 


Similarly for 


IV 


Tre) (xm, — ymz) min{lp(¢) (m,), Ire) (m2 )}. 


and 
Fre) (xm, — ym) s max{Fre)(™,), Free) (M2)}. 


Conversely suppose (F,A) satisfies (i), (ii), then 
Trce)(xm ) = Tree) x(m — 0)) = Trey( xm — x0) = min{Tp¢¢)(M), Tre) (0)} = Tre (m). 


Similarly for Ip¢e)(xm) = Ipcey(mM) and Fece)(xm) S Fee) (™). 
Also, 
Tre) (M, — M2) = Trey Am, = lin). min{Tp<)(m,), Tre) (Mz)}- 


Similarly for 
Ircey(M, — Mz) = min{Tee) (M1), [ecey(M2)} 


and 
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Frce)(M, — Mz) S max{Frce)(M), Fre) (M2)} 
Hence by Theorem (3.3), (F,A) is a neutrosophic fuzzy soft BCK-submodule over M. 


Definition 3.5. Let (F,A) be aneutrosophic fuzzy soft set over M. Then (a,£,y)-soft top of (F, A) 
is a soft set given by (H, Cia.g,y)(A)) = (Ma, WU), (F)") where 


H (a) ={m € M: Trey (m) = A, Iece) (M) = B, Freey(M) S ¥} 
forall ¢ € A,a € Cap, (A) and a,f,y € [0,1] witha + Pty s 3. 


Proposition 3.6. A soft set over BCK-module M is a neutrosophic fuzzy soft BCK-submodule 
over M if and only if the (a,f6,y)-soft top is either empty or soft BCK-submodule over M for all 
a,B,y € [0,1] with a + B+y< 3. 


Proof. Let (F,A) be a NFSS(M), (H, Cia gy) (A)) isnon-empty (a,f,y)-soft top of (F,A) and X isa 
BCK-algebra. Let m,n € H (a) then by Definition (3.5) we have 
Tr(ey(M) = a, Tre) (n) = @ > min{ Tre) (M), Tre) (1)} = G, 
Ire) 2 B, IpgyQ() 2 B > min{lpey(M), Ip ()} 2 B, 
Froey(QM) S Y, Frey) S Y > max{ Fee) (M), Frey M} S Y. 
By Theorem (3.3), we have 
Trem — n) = min{ Tre) (™), Trey (n)} = @, 
Ie¢ey(m — n) = min{lecey(M), ley (M)} = B, 
Freey(m — n) S max{ Fece)(™M), Frcey(M)} S Y. 
Hence m — n € H (a). 
Now let m € H (a),x € X. Then 
Trey (XM) 2 Tre) (M) = a, 
Ipce)(XM) 2 Ipey(M) = B, 
Frey(XM) S Frcey(M) S Y. 
Hence xm € H (a). Therfore H (a) is a BCK-submodule of M and (H, Cia, (A)) is a soft BCK- 
submodule over M. 
Conversely, let (H, C(a,g,y) (A)) is a soft BCK-submodule over M forall a,B,y € [0,1] with a+ pf + 
y <x 3.Leta = min{ Tr¢e)(M), Tre) (n)}, B = min{ Tre) (M), Tepe (1)} andy = max{ Fre)(™), Ferre) (1) } 
for m,n € M.Then m,n € H (a). Since H(a)is a BCK-submodule of M, therefore m — n € H (a) 
which mean 
Tre) (m — n) = a =min{ Tr(e) (m), Tre) (n)}, 
Ince) (m — n) = B = min{lpce) (M), Jee) (DJ, 
Frce)(m — n) S y = max{ Facey (M), Free) (1). 
Now let a@ = Tpe)(m), B = Tpce)(M) and y = Frrey(m) then me H (a). Since H (a) is a BCK- 
submodule of M then xm € H (a) forall x € X ie. 
Trey(xm) = a = Trrey(M), Ipcey(xM) 2 B = Ipcey(M) and Frey(xm) S Y = Frrey(m). By Theorem 
(3.3) we have, (F,A) is aneutrosophic fuzzy soft BCK-submodule over M. 


Definition 3.7. Let (F,A) be a neutrosophic fuzzy soft set over M, then (F , Ag ) is called soft 
support of (F, A) if it satisfies 


F (6) = {m EM: Tre) (m) > 0, Lee) (m) > 0, Fre) (m) < 1} 


for all 6 € Aj and m € M. 
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Theorem 3.8. Let (F,A) be a neutrosophic fuzzy soft BCK-submodule over M, then (F ,Aj ) is 
a soft BCK-submodule over M. 


Proof. Let (F,A) be a neutrosophic fuzzy soft BCK-submodule over M in a BCK-algebra X and let 
M,,M, € F(a), a € Ad then 

Trcey(M, — M2) 2 Mint Tre) QM4), Trey (M2)} > O, TeceyQr4 — Mz) 2 min{ Ipc) (M1), Le ce)(M2)$ > O, 
and Fre(m, — mz) S max{ Fere)(m,), Fece)(Mz)} < 1.S0,m, — m, € F(a). 
Now let me F(a),x € X, then we have Trg) (xm) 2 Trey (mM) > 0, Ince) (XM) = Ipcey (M) > O, 
and Frey (xm) S Frere) (M) < 1.50, xmeE F(a). Hence F(a) is a BCK-submodule of M. Therefore 
(F,A}) asoft BCK-submodule over M. 


Proposition 3.9 If a neutrosophic fuzzy soft set over M is a neutrosophic fuzzy soft BCK- 
submodule over M, then the complement of a neutrosophic fuzzy soft set is also neutrosophic fuzzy 
soft BCK-submodule over M. 


Proof. The proof follow from the Theorem (3.3) and Definition (2.5). 


Corollary 3.10 Let (F,A) be a neutrosophic fuzzy soft BCK-submodule over M if and only if 
(F, A)* is aneutrosophic fuzzy soft BCK-submodule over M. 


4. Cartesian Product of Neutrosophic Fuzzy Soft BCK-submodules 


In this section, we defined the concept of Cartesian product of neutrosophic fuzzy soft BCK- 
submodules and obtained some properties on it. 


Definition 4.1. Let (F,A) and (G,B) be two neutrosophic fuzzy soft BCK-submodules over M. 
Then the Cartesian product (F,A) x (G,B) = (H,C) where C = AXB and H (e,6) = F (é) X 
G(6) forall (€,6) € AX B defined as H(e,6) = (Try¢(™,N), [py ¢(M, 2), Fryg(m,n)) where 


TH (¢,8) (m,n) = Tryg (m,n) = min{ Tre) (m), Tes) (n)}, 
T(e,6) (M, nN) = Irxg (m,n) = minf{ Ire) (m), les) (n)}, 
Fu(e5)(M,N) = Fryg (m,n) = max{ Fre) (Mm), Fes) ()} . 


For all m,n € M and Ty,/y,Fy:M xX M > [0,1]. 


Theorem 4.2. Let (F,A) and (G,B) be two neutrosophic fuzzy soft BCK-submodules over M. 
Then (F,A) X (G,B) is aneutrosophic fuzzy soft BCK-submodule over M x M. 


Proof. Let X bea BCK-algebra and (F,A), (G,B) be aneutrosophic fuzzy soft BCK-submodules 
over M. Let me M, then by Definition (4.1) and Theorem (3.4) 
Trx¢ (0,0) = min{ Tre) (0), Tg 6) (0)} = min{T¢e) (m), Tg (6) (m)} = Tryg (m,m), 
The same for Ipyg¢ (0,0) = Ipyg (m,m) and Fryg (0,0) < Frxg (m,m) forall (€,6) EA XB. 
Also, for any (™,,n,),(2,n2) € MXM and x,y € X wehave 
Trxg(em, — yM2z,xn, — ynz) = min{ Tre) (XM, — YMz), TE (5) (XN — ynz)} 

> min{min{Tp¢e) (m1), Tre) (M2) }, min{T (5) (M1), Tes) (M2)} 
= min{min{T pc) (m1), Tacs) (M1) $, MiN{T pe) (M2), Tes) (M2)}} 
= min{Tpx¢ (M1, 4), Trxg (Mz, N2)}$. 

Similarly for 

Inxg(XM, — yMz,XNy — yN2) = mint{lpyg (m1, 74), [pxg(M2,N2)} 
and 


Fryg (xm, — ymz, xn, — ynz) S max{Fry¢(m,,N,), Frxg(M2,N2z)$ 
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Hence (F,A) X (G,B) is a neutrosophic fuzzy soft BCK-submodule over M x M. The converse of 
Theorem 4.2 is not true in general as seen in the following example. 


Example 4.3. Let X = {0,a,b,c} witha binary operation * defined in Table 5, and then 
(X,*,0) forms a bounded implicative BCK-algebra (see [20]). Let M = {0,a} be a subset of X witha 
binary operation + defined by Table 6. Then M is a commutative group. Define scalar 
multiplication (X,M) > M by xm = x Am for all x € X and m € M tthat is given in Table 7 
Consequently, M forms an X-module (see [15]). 


p+ [0 | a | 
pO sa! 
pala o | 





Table 5 Table 6 Table 7 
Let A = B = M. Then C = AXB = {(0,0), (0, a), (a, 0), (a,a)}. Define a neutrosophic fuzzy 
soft set (H,C) on M X M as shown in Trot 8. 
non | 03 [03 Poa [02 | 
Minoo [07 [05 | 06 | 05 
FFuoa [05 [06 | 08 | 06 
Pos [06 [05 | 06 


Fee a) 





Table 8 
Then (H,C) = (F,A) X (G,B) is aneutrosophic fuzzy soft BCK-submodule over M x M. But if 
we consider the neutrosophic fuzzy soft sets (F,A) and (G,B) defined as in Table 9 and Table 10. 





Table9 Table 10 
we can observe that (G,B) is not a neutrosophic fuzzy soft BCK-submodule over M since 


TG (0) (0a) = TG (0) (0 A a) = TG (0) (0) = 0.3 Do T6(0) (a) = 0.4 


Proposition.4.4. Let (F,A) and (G,B) be two neutrosophic fuzzy soft BCK-submodules over 
M. Then the following equalities are satisfied for the (a, f, y)-soft top: 
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(Trxga = (Trea X (Tes) ar Urxe)p = Crcey)p X Uecsy)g and (Frxg)” = (Frcey)” X (Fecsy)” 
For all (€,6) EA XB. 
Proof: Let (x,y) € (Trxg)q be arbitrary. So 


TrxgG(%y) 2ae min{ Tre) (X), Tes) (y)} za 
© Tre) (xX) 2 a, Tesy)Qy) 2 a 
= (x, y) E (Tre) a x (Te(6)a: 


Urxg)p = Urce))p X Uecs))g 18 proved in similar way. Now let(x,y) € (Frxg)’. Then 


Frygy) Sy @ max{ Fre) (x), Fesy(y)} SY 
© Frey (®) Sv, Feo) Sv 
= (xy) € (Frce))” X (Fecsy)”: 


Hence the equalities (Try¢)ea = (Trea X Tes) as Cexedgp = Crepe X Uesy)p and (Fryg)" = 
(Frce))” X (Fecs))” are satisfied for all (€,6) € A x B. 


5. The Neutrosophic Fuzzy Soft Set Application in a Decision-Making Problems 


In this section we have investigated the application of neutrosophic fuzzy soft set in group 
decision making problems. Let U = {u,,uz,..., U,} be a universal set consisting set of alternatives. 
Let E = {e1,€2,..., Cm} beaset of criteria. We can represent a group decision making problem using 
the neutrosophic fuzzy soft approach in the following way. 

Let (F,A) denotes the corresponding neutrosophic fuzzy soft set in which F(e;) represents the 
neutrosophic fuzzy set for the alternative u; corresponding to the criteria @;. 


Definition.5.1.[17] Let A = (T,,1,,F,) be a neutrosophic fuzzy number, and then the score 
function S(A) is defined as follows 
S(A) = (1% +1-1,+1-F,)/3 
For two neutrosophic fuzzy numbers A and B,if S(A) > S(B) then A > B. 


Algorithm 

Step 1: Input the neutrosophic soft set (F’, A). 

Step 2: Compute the score function S(A) of aneutrosophic fuzzy number A = (Ty, 1,, F,), based on 
the truth-membership degree, indeterminacy-membership degree and falsity membership degree 
by S(A) = (1% +1—-1,+1-F,)/3 and the induced fuzzy soft set A % = (F,A). 

Step 3: Calculate the average of F (e;) foreach u; and let it be denoted as a; , this is the decision 
table. 

Step 4: Select the optimal alternative u; if a; = max(dx). 


Step 5: If there are more than one u;'s then any one of u; may be chosen. 


Remark 5.2: 

In the case of multicriteria decision making problems, sometimes every criteria e; associated 
with the value w, € [0,1] called its weight, which used to represent the different importance of the 
concerned criteria. In this case there is a small change in the above algorithm. In step 3 instead of 
average we take weighted average 
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vi=t F (e;)W; 
m 
and follows the next steps. 


We adopt the following example to illustrate the idea of algorithm given above. 


Example 5.3. Suppose that someone wants to invest his money in a stock exchange company. 
Let U = {uy,Uz, U3, Uz} the set of alternative companies. Then the four alternatives are evaluated 
over the set of criteria E = {e,,e2, €3, e,} where e,=Earnings Per Share, e,=Dividend, e3;=Book 
Value and e,=Price/Earning Ratio. The Evaluation values of the four alternatives on the basis of 
the above four criteria using the form of neutrosophic fuzzy soft set. The problem is the selection of 
best company which satisfies the criteria. 
Step 1: Neutrosophic fuzzy soft set (F,A) can describe in Table 11. 


(0.4,0.2,0.5) | (0.5,0.3,0.3) | (0.2,0.7,0.5) | (0.4,0.6,0.5) 


(0.3,0.6,0.1) | (0.2,0.6,0.1) | (0.4,0.2,0.5) | (0.2,0.7,0.5) 
(0.3,0.5,0.2) | (0.4,0.5,0.2) | (0.9,0.5,0.7) | (0.3,0.7,0.6) 
(0.6,0.7,0.5) | (0.8,0.4,0.6) | (0.6,0.3,0.6) | (0.8,0.3,0.2) 


Table 11 





Step 2: calculate the score of each neutrosophic fuzzy number and obtain the induced fuzzy soft 
set 
A ; = (F,A), which is shown in Table 12. 


ju, | 0.47 | 0.6 | 0.57 | 0.77_ 


Table 12 





Step 3: Calculate the average of F(e;) and the decision table for each company u; obtained in 


Table 13. 


0.4825 
0.5 


A3 





Table 13 
Step 4: Rank all the alternative companies according to the average values a; (i = 1,2,3,4) as: 
i StS 
and thus wu, is the most desirable alternative. 


6. Conclusion 


In this paper, we introduced the concept of neutrosophic fuzzy soft BCK-submodules of BCK- 
algebra and established some related properties. Also, (a, 6, y)-soft top of neutrosophic fuzzy soft 
sets in BCK-modules was presented. We defined the concept of Cartesian product of neutrosophic 
fuzzy soft BCK-submodules and investigated some results. Then, we presented an application 
method for the neutrosophic fuzzy soft set theory in decision making problem. Finally, we provided 


Alghamdi and Alshehri, Neutrosophic Fuzzy Soft BCK-submodules. 


Neutrosophic Sets and Systems, Vol. 33, 2020 155 


an example demonstrating the successfully application of this method. The study of neutrosophic 
fuzzy soft set and their properties have a considerable significance in the sense of applications as well 
as in understanding the fundamentals of uncertainty. In the future, we shall further develop more 
algorithms for neutrosophic fuzzy soft set and apply them to solve practical applications in areas 
such as group decision making, image processing, fusion images and so on. 
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Abstract: The simplified form of a neutrosophic set (NS) was introduced as the simplified NS (S-NS) 
containing an interval-valued NS (IV-NS) and a single-valued NS (SV-NS) when its truth, 
indeterminacy and falsity membership degrees are constrained in the real standard interval [0, 1] 
for the convenience of actual applications. Then, Ye presented subtraction operations of simplified 
neutrosophic numbers (S-NNs), containing the subtraction operations of interval-valued 
neutrosophic numbers (IV-NNs) and single-valued neutrosophic numbers (SV-NNs) in S-NN 
setting. However, the subtraction operations of S-NSs lack actual applications in current research. 
Since simplified neutrosophic aggregation operators are one of critical mathematical tools in 
decision making (DM) applications, they have been not investigated so far. Regarding the 
subtraction operations of S-NNs (SV-NNs and IV-NNs), this work proposes an IV-NN subtraction 
operational weighted arithmetic averaging (IV-NNSOWAA) operator and a SV-NN subtraction 
operational weighted arithmetic averaging (GV-NNSOWAA) operator as a necessary complement 
to existing aggregation operators of S-NNs to aggregate S-NNs (SV-NNs and IV-NNs). Then, a DM 
approach is developed by means of the SV-NNSOWAA and IV-NNSOWAA operators. Finally, an 


illustrative example is presented to indicate the applicability and effectiveness of the developed 
approach. 


Keywords: Decision making; Simplified neutrosophic set; Subtraction operation; Subtraction 
operational aggregation operator 


1. Introduction 


Neutrosophic set (NS) introduced by Smarandache [1] can depict indeterminate and 
inconsistent information, which is characterized independently by its truth, falsity and 
indeterminacy membership degrees in the real standard or non-standard interval ] 0, 1'[. As a 
simplified form of NS, however, a simplified NS (S-NS) can be introduced when the truth, falsity and 
indeterminacy membership degrees are constrained in the real standard [0, 1] for the convenience of actual 
applications. Thus, Ye [2] introduced the S-NS composed of an interval-valued NS (IV-NS) [3] and a 
single-valued NS (SV-NS) [4], as the subclass of NS. S-NSs can depict the inconsistent and 
indeterminate information which exists in actual situations, while (interval-valued) intuitionistic 
fuzzy sets (IFSs) cannot do it. Therefore, S-NSs have received more and more attention in various 
fields. So far S-NSs (SV-NSs and IV-NSs) have been utilized in image processing [5], medical 


Shigui Du, Rui Yong and Jun Ye, Subtraction operational aggregation operators of simplified neutrosophic numbers and 
their multi-attribute decision making approach 


Neutrosophic Sets and Systems, Vol. 33, 2020 158 


diagnosis [6], clustering analysis [7, 8], fault diagnosis [9-11], decision making (DM) [12-23] and so 
on. 

Then, division and subtraction operations of (interval-valued) IFSs were presented in existing 
literature [26-28], and then the subtraction operational aggregation operators (SOAOs) of IFSs were 
developed for DM problems of clay-brick selection [29]. After that, division and subtraction 
operations of S-NSs [30], containing the division and subtraction operations of IV-NNs and SV-NNs, 
were proposed as the operational generalization of (interval-valued) IFSs. However, the subtraction 
operations of S-NSs lack actual applications in current research. Since simplified neutrosophic 
number (S-NN) aggregation operators are one of critical mathematical tools in DM applications, the 
SOAOs of S-NNs have been not investigated so far. Since S-NSs are the extension of (interval-valued) 
IFSs, the SOAOs of (interval-valued) IFSs can be also generalized to S-NSs to form the SOAOs of 
S-NSs as a necessary complement to existing aggregation operators of S-NNs. Hence, this paper 
presents an IV-NN subtraction operational weighted arithmetic averaging (IV-NNSOWAA) 
operator and a SV-NN subtraction operational weighted arithmetic averaging (SV-NNSOWAA) 
operator based on the S-NN (IV-NN and SV-NN) aggregation operators [18-20] and establishes their 
multi-attribute DM approach in S-NN setting. 

For this study, the remainder of this paper is formed as the structure. Section 2 introduces some 
basic notion of S-NSs and operations of S-NNs ([V-NNs and SV-NNs). Section 3 proposes the 
SV-NNSOWAA and IV-NNSOWAA operators of S-NNs. A multi-attribute DM approach is 
developed by using the SV-NNSPOWAA or IV-NNSOWAA operator in Section 4. In Section 5, an 
illustrative example is provided to indicate the applicability and effectiveness of the developed 
approach. Some conclusions and future work are contained in Section 6. 


2. Some basic notion of S-NSs and operations of S-NNs 


By the truth, falsity and indeterminacy membership degrees constrained in the real standard 

interval [0, 1] for the convenience of actual applications, Ye [2] introduced the S-NS notion as a 
subclass of NS. 
Definition 1 [2]. A S-NS N in a universal of discourse U is characterized by a truth-membership 
function TMny(u), a falsity-membership function FMn(u), and an indeterminacy-membership 
function IMn(u), where the values of the three functions TMn(u), IMn(u) and FMn(u) are three real 
single/interval values in the real standard interval [0, 1], such that TMn(u), IMn(u), FMn(u) € [0, 1] 
and 0 < TMn(u) + IMn(u) + FMn(u) $3 for SV-NS and then TMn(u), IMn(u), FMn(u) c [0, 1] and 0 < sup 
TMn(u) + sup IMn(u) + sup FMn(u) < 3 for IV-NS. Thus, a S-NS N is denoted as the following 
mathematical symbol: 


N ={(u,TM,(u), IM y(u), FM y(u))|u EU}. 

For the simplified representation, the element (u, TM ,,(u), IM ,,(u), FM, (u)) in the S-NS N 
is simply denoted as the S-NN a =<TMa, [Ma, FMa>, including IV-NN and SV-NN. 

Suppose that two S-NNs are a= (TM ,,IM,,FM,) and b= (TM ,,1M,,FM,), then there 
are the following relations [2]: 

(i) ae (FM lt lM, IM . for the complement of the SV-NN_ a_= and 
a° =([inf FM,,sup FM, ],[1-sup/M_,,1—inf M,],[inf TM,,sup7M_,]) for the complement of 
the IV-NN a; 

(ii) a S bif and only if 7M, <7M,, IM, 21M,, and FM, 2 FM, for the SV-NN a and 
mf7TM, <intTM, , wmtiM,2inf iM, , int FM, 2inf FM, sup?7M,<sup7M, , 
suplM 2sup/M,,and supFM, 2sup/'M, for the IV-NN a; 


(iii) a= bif and only ifa S band b € a. 
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For two S-NNs a=(7M_,,JM,,FM,) and b=(TM,,IM,,FM,), their operational laws 
are introduced as follows [18, 20]: 
(i) a+b=(IM,+TM,-TM,TM,,1IM_IM,,FM_,FM,) for SV-NNs and 
lint 7M, +inf TM, -int TM, inf TM,,supTM, +sup7M, —supTM, supT™M, |, 
: = te inf JM,,sup lM, sup/M, |,[inf FM, inf FM, ,sup FM, sup F'M, | 
IV-NNs; 
(ii) axb= (TM _TM,, 1M, +IM,—IM_ IM,,FM,+FM, -FM FM, ) for SV-NNs and 
linf 7M inf TM,,sup7M, sup7M, |, 
axb=( [mf/M, +inf JM, -inf JM, inf (M,,sup/M, +sup/M, —sup/M_, sup JM, |, for 
linf FM, +inf PM, -int FM, inf FM,,sup VM, +sup FM, —sup FM, sup F'M, | 
IV-NNs; 
(iii) | pa=(1-(1-7M,)’,IM?,FM?) for SV-NN and p > 0 and 
[1-—d-inf 7M_,)’,1—(1-—sup7M_, )”], 
= - IM)’, (sup IM,)° ],[Gnf FM)’, (sup FM,,)’] 
(iv) a’ =(TM?,1-(1-IM,)’,1-(1-FM,)?) for SV-NN and p > 0 and 
oe Tas 


for 


for IV-NN and p > 0; 


[l1-—(l-inf FM, )’,1—(1—sup FM)” ] 
For any S-NN a =<T'Ma, [Ma, FMa>, its score functions can be introduced as follows [18]: 


for IV-NN and p> 0. 


S(a)=(2+TM,-IM,-—FM,)/3, S(a)e€[0,1] for SV-NN, (1) 
S(a) =(4+inf TM, -inf JM, -inf FM, +supTM, —sup/M,—-supF'M,)/6, S(a)€[0,1] for 
IV-NN. (2) 


Set a, = (TM, IM .FM, ) (j =1, 2, ..., n) as a group of S-NNs. Then we can introduce the 


following SV-NN weighted arithmetic averaging (SV-NNWAA) and IV-NN weighted arithmetic 
averaging (IV-NNWAA) operators [18, 20]: 


SV —NNWAA(a,,4),....4,) = >wa, =(1-[ [d-7™, )’.[ [UM ) . P [ eM, } (3) 
j=l j=l j=l 


j=l 


IV —NNWAA(Q,,a,,...54,) = wa, 


j=l 


1 [o-inen, "1-[]o-supr, "| , (4) 


j=l j=l 


| [Gof mz, )”.[ [up iv, )’ || [ [Got ei, )’. [ [up Fu, )"' 
j=l , gal : j=l i = J 
where wj (j = 1, 2, ..., 1) is the weight of aj (7 = 1, 2, ..., n) for wi € [0, 1] and ys w,= 1. 


3. SOAOs of S-NNs (SV-NNs and IV-NNs) 


In this section, we present SOAOs based on the subtraction operation of S-NNs (SV-NNs and 
IV-NNs). 
Definition 2 [30]. Set a = <TMa, [Ma, FM.a> and b = <TM», IMv, FMi> as two S-NNs (SV-NNs and 
IV-NNs), then the subtraction operations of the S-NNs a and b are defined below: 
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fax PEM, IM, EM, 
1-T™M, IM, FM, 


nf7M, —inf TM, sup7TM, —supTM, 
l-infTM, —  1-sup7M, 
a-—b= for IV-NNs, (6) 
inf lM, sup/M, || int PM, supFM, 
inf JM, supIM, || inf FM,’ sup FM, 
which is valid under the conditions a > b, TMi #1, IMv + 0, and FMz # 0 for the SV-NNs a and b, 
and then a Db, TMo # [1, 1], [Mo # [0, 0], and FM + [0, 0] for the IV-NNs a and b. 
Corresponding to the operational laws of S-NNs, we give the following theorem. 
Theorem 1. Set a =<TMa, [Ma, FMa> and b = <TMb, I[Mv, FMo> as two S-NNs and p > 0. Then, there are 
the following subtraction operational laws: 


p p p 
p(a-b) = 1-1 ‘toa ‘a if a>b,TM, #1,1M,,FM, #0 for SV-NNs, (7) 
1-TM, IM, } ’\ FM, 


for SV-NNs, (5) 








io ,_ int IM, —int TM, ° = ,_ Sup iM, —supiM, ‘ 
1-inf 7M, 1—-sup7M, 


inf IM, \ (supIM,) ||(inf FM, \ (supFM, \y 
inf IM, ) \sup/M, ) || (inf FM, ) ‘(sup FM, 
for IV-NNs, (8) 


A A A 
ow = (Bese {Be 1{- fi) J ipa My for 


p(a—b) = ,if aD>b,TM, #[11],M,, FM, 4[0,0] 


























1-TM,, IM , FM, 
SV-NNs, (9) 
inf 7M, —inf TM, ' sup7M , —sup7M, : 
1—inf TM, 1—sup7TM, 
: p p 
pret. qe lps) paige Bee | |), ,if a>b,TM, #[L1],1M,, FM, £[0,0] 
inf IM, sup JM , 





,_(,_inf eM.) ,_[,_ sup FM, ) 
inf FM, ) sup FM, 
for IV-NNs. (10) 
Obviously, Eqs. (7)-(10) are true according to the operational laws of S-NNs. 
Definition 3. Set a,=(TM, ,IM,,FM, and b,=(TM, ,IM,,FM, ) (j= 1, 2, ---, m) as two 


groups of S-NNs and c, =a,—b, = (TM, ,IM.,FM, | ( = 1, 2, ..., n) as a group of subtraction 


operations between aj and bj. Based on Eqs. (3), (4) and (7)-(10), we can present the SV-NNSOWAA 
and IV-NNSOWAA operators: 


SV —NNSOWAA(C,,C,,..-5C,) = we, =. w(a,—b,) 
a = for SV-NNs, (11) 


= ( - IIa -T™M.)' T]o™, ie [[em,.” 
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IV —NNSOWAA(c,,€,,...5¢,) = wie, =e w,(a,—6,) 
j=l j=l 


[ -[[G-inf 7™,)”,1-[ ]G-sup7™, )" | : for IV-NNs, (12) 


j=l j=l 


tl (inf IM, )"’,] [ (sup, )” foe FM.,)’,[ [up FM, )” 
j=l j=l Jet jal 


where wj (j = 1, 2, ..., n) is the weight of cj = a) — bj J = 1, 2, ..., n) for wi € [0, 1] and oe Wy, —],and 
a 


the three elements in cj for the SV-NNs a and b contain the following forms: 


™ , -T™, 
—_——— [0,1], if 7M, 2TM, andTM, #1 
TM, =; 1-T™, yy (13) 


0, otherwise 





M 
~€[0,1],if IM, <IM, and IM, #0 
IM, =4 IM, es (14) 


1, otherwise 


a 





“e[0,1],if FM, <FM, and FM, #0 
FM, =; FM, 


J 


(15) 


1, otherwise 
or the three elements in cj for the IV-NNs a and b contain the following forms: 
nf7M, —inf TM, sup7M, —supTM, 
—— fae oS ee eee SO EM, and TM AN ae 
TM, = |-inf TM, l-sup7M,, i , (16) 
[0,0], otherwise 


inf (MV, sup/M, 
: ~|/c[0,1],if IM, <cIM, and IM, #(|0,0] 


IM, =,| inf IM, sup IM, (17) 
[1,1], otherwise 
inf FM, supfM 
a C[0,1],if FM, Cc FM, and FM, # [0,0] 
FM, =4| inf FM, supFM, i . (18) 


[1,1], otherwise 


4. Multi-attribute DM approach corresponding to the SV-NNSOWAA and IV-NNSOWAA 
operators 


Regarding the SV-NNSOWAA and IV-NNSOWAA operators, we can _ establish a 
multi-attribute DM approach to deal with the DM problem with S-NNs (SV-NNs and IV-NNs). 

As for a multi-attribute DM problem in S-NN setting, suppose that P = {P1, P2, ..., Pm} is a set of 
alternatives and R = {n, 12, ..., fm} is a set of attributes. Then the suitability assessment of an 
alternative Pi (1 = 1, 2, ..., m) over an attribute 7 (j = 1, 2, ..., n) is expressed by a S-NN 


a, = (™M, IM ,FM (i=1,2,...,m;j=1,2,...,n),where [M__ indicates the degree that the 
i “ij aij i 
alternative Pi is satisfactory to the attribute 7, [M, indicates the indeterminate degree that the 
ij 


alternative Pi is satisfactory and/or unsatisfactory to the attribute r, and /'M__ indicates the degree 
ij 
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that the alternative Pi is unsatisfactory to the attribute 7;. Thus, all the assessment values of S-NNs 
can be structured as a S-NN decision matrix D = (@ij)m,n. Then, the weight of each attribute rj (j = 1, 


2, ..., 1) is w (j= 1, 2, ..., n) for w € [0, 1] and a =|), 


Regarding the DM problem with S-NNs (SV-NNs or IV-NNs), the decision steps is indicated as 
follows: 
Step 1. From the S-NN decision matrix D = (dij)m,n, the j-th S-NN positive ideal solution can be 


determined by the SV-NN a> = (TM * ,IM* FM? | = (max(7M,,),min(/M,, ), min(FM , )) or the 
j j j j ; ij ; ij ; ij 
| max (inf TM , ), max(sup TM , ) : 
INN ig (TMM PM = | min(inf ZM,,), min(sup 1M, | G-12.,mi=12 ., 
| min inf FM), min(sup FM, )| 
m), While the j-th S-NN negative ideal solution can be determined by the SV-NN 
a, =(TM;,IM;,FM,)=(min(T™M,),max(/M,),max(FM,)) or the IV-NN 


| min(inf TM ,),min(sup 7M, )| ; 


a; = (TM; ,IM;,FM,; ) = | max(inf /M,,),max(sup IM, |, Ga Dep 1 = 2h aap): 
| max(inf FM, ), max (sup FM, )| 
Step 2. Two collective values d; and d, (i=1, 2, ..., m) for each alternative Pi (i = 1, 2, ..., m) 
can be obtained by the SV-NNSOWAA and IV-NNSOWAA operators: 


d* = SV — NNSOWAA(G,,, C35 5-+C;,) = we =) w,(a? A) 
a = for the SV-NN ai, (19) 


- ( -|[a- TM .] (IM... YT] (FM, ) 
j=l | j=l 


f=! 


d* =IV -NNSOWAA(c,,,C;,,..5C;,) = wc} =), w (a; —4,,) 
jal j=l 


1 [a-iner, 9" 1-] ](-sup7™ ,)° } for the 
j=l / j=l i 


| [Gof 2.) [ [up || | [Gnf F_.)’ | [up F_, ) 
j=l SA : j=l jet . 
IV-NN aj, (20) 
d, = SV —NNSOWAA(C,,,C;55+++s Cin) = > wey = w,(a, —4, ) 
j=l j=l 


for the SV-NN aj, (21) 


- ( - Tl (17M ) Tl (IM ) Tl (FM ye 


j=l j=l j=l 
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d, =IV —-NNSOWAA(c,,,C,5,..-5C,,) = a, =, w,(a,;—a,) 
j=l j=l 
1 [a-ner," 1-] ](-sup7™ _)” } for the 
j=l ; j=l " 


TT (inf JM y Tl (sup /M _ yA } TT (inf FM _ )" Tl (sup FM _ "i 


yl jal jal ia 


IV-NN aij, (22) 
where wj (j = 1, 2, ..., 2) is the attribute weight for wj € [0, 1] and er w,= 1, and the components 


in the SV-NNs Cc and c, contain the following forms: 


T™ .-T™M, 
—_1___,ifT™M .>TM, andTM, #1 
EM gs) AEM e ; _ 3 


0, otherwise 


IM 


-,if IM ,<IM, and IM, £0 
IM .=.1M a; 


y 
Gi ay 





1, otherwise 


FM 


+ 
a 


FM, =, FM, - 





if FM, < FM, and FM, #0 


1, otherwise 


TM, -TM . 


—___“ if TM _<TM, andTM_ #1 
TM_=, 1-ITM . aj y a; 


J 
0, otherwise 


IM 


- if IM _>IM, and IM _ #0 
IM_=4IM . “i “i 


J 
ij ne 





1, otherwise 


FM 
——_,if FM _ 2M and FM _ #0 
FM =2FM . 7 : ay 


J 
ij a 


1, otherwise 
and the components in the IV-NNs C. and c,, contain the following forms: 
inf IM . —infTM, sup IM .—suplM, 
i} | if TM, DTM, and TM, #11) 
IM , = 1-inf TM, 1—sup7M, qj V i ; 


[0,0], otherwise 


inf /M . sup/M , 
———+ ,—___— |,if IM , CIM, and IM, #[0,0] 
IM .. = inf 1M sup/M a; i i 


J 
ij 


[1,1], otherwise 
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inf FM. supFM , 
—_——_—_ ,___—_ |, if FM . CFM, and FM, #[0,0] 
FM . = inf FM, sup FM , aj ij ij s 


ij 


[1,1], otherwise 


inf TM, —inf TM _ supTM, —supTM _ 

$$ , —_______+ |, if TM _cTM, andT _ =[l,]] 

7M _= 1—inf 7M - 1—supTM - “i : “ / 
[0,0], otherwise 

inf iM, suplM, 


—_—__—_ ,___—_ |, if IM _>IM, and IM _ #[0,0] 
IM . — inf JM _ suplM - a; i a; 


[1,1], otherwise 
infFM, supkM, 


———— ,_—_—_—__ |,if FM __>FM,, and FM _ [0,0] 
FM ~ — inf FM - sup kM aj ij aj : 


[1,1], otherwise 
Step 3. By Eq. (1) and (2), we calculate the score values of S(d," ) and S(d,) (i= 1, 2, ..., m). 


Step 4. The relative closeness degree of each alternative with respect to the S-NN ideal solution 
(1=1, 2, ...,m) is calculated by 
S(d, 
C.= oe for Ci € [0, 1]. (23) 
S(d,)+ S(d@;) 

Clearly, the larger value of Ci reveals that an alternative is closer to the ideal solution and 
farther from the negative ideal solution simultaneously. Therefore, all the alternatives can be 
ranked in the descending order according to the values of Ci (i= 1, 2, ..., m). The alternative with the 
largest value is chosen as the best one. 

Step 5. End. 


5. Illustrative example 


For convenient comparison, we consider the multi-attribute DM problem adapted from [12]. 
Some investment company needs to invest a sum of money into the best company. Then, the panel 
indicates four possible alternatives as their set P = {P1, P2, P3, Pa}, where P1, P2, P3, and Ps are denoted 
as a car company, a food company, a computer company, and an arms company, respectively. To 
select the best company, they must be assessed by the three attributes: ri (risk), r2 (growth) and 13 
(environmental impact), while their weight vector is specified by w = (0.35, 0.25, 0.4). The four 
alternatives are assessed over the three attributes by the suitable assessments, then their assessment 
values are represented by the form of S-NNs (SV-NNs and IV-NNs) and constructed as the SV-NN 
decision matrix: 


(0.4,0.2,0.3) (0.4,0.2,0.3) (0.2,0.2,0.5) 
D=G)...'= (0.6,0.1,0.2) (0.6,0.1,0.2) (0.5,0.2,0.2) | 
mm"! (0.3,0.2,0.3) (0.5,0.2,0.3) (0.5,0.3,0.2} 
(0.7,0.1,0.1) (0.6,0.1,0.2) (0.4,0.3,0.2) 


and the IV-NN decision matrix: 
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D=(4, ) en 
([0.4,0.5],[0.2,0.3],[0.3,0.4]) ([0.4,0.5],[0.2,0.3],[0.3,0.4]) (0.2, 0.3],[0.2, 0.3],[0.5,0.6]) 
([0.6,0.7],[0.1,0.2],[0.2,0.3]) ([0.6,0.7],[0.1,0.2],[0.2,0.3]) ([0.5, 0.6],[0.2, 0.3],[0.2,0.3]) | 

7 ([0.3, 0.4],[0.2, 0.3],[0.3,0.4]) ([0.5, 0.6], [0.2, 0.3],[0.3,0.4]) ([0.5, 0.6], [0.3, 0.4],[0.2, 0.3]) 
([0.7,0.8],[0.1,0.2],[0.1,0.2]) ([0.6,0.7],[0.1,0.2],[0.2,0.3]) ([0.4,0.5],[0.3, 0.4],[0.2, 0.3]) 

On the one hand, the proposed DM approach can be applied in the DM problem with SV-NNs 
and depicted by the following decision steps: 
Step 1. By a} =(7M;,IM;, FM}; )= (max(7M, ),min(/M, ),min(FM, )) (G=1,2,3,4j=1, 


2, 3) for the SV-NN decision matrix D = (4ij)m,n, we can determine the SV-NN positive ideal solution 
(ideal alternative): 
P* = {a;,a,,a; } = {< 0.7,0.1,0.1 >,< 0.6,0.1,0.2 >,< 0.5,0.2,0.2 >}, 
then by a, = (7M ; IM; ,FM; ) = (min(7™M, ),max(IM, ),max(FM, )) (j= 1, 2, ..., n), we can 
determine the SV-NN negative ideal solution (non-ideal alternative): 
P” ={a, ,a,,a,} ={< 0.3,0.2,0.3 >,< 0.4,0.2,0.3 >,< 0.2,0.3,0.5 >}. 
Step 2. By using Eqs. (19) and (21), we can obtain the two aggregated values d . and d. (i=1, 
2, ...,m) for each alternative Pi (i= 1, 2, ..., m): 
d, = <0.4126, 0.6598, 0.4264>, dz = <0.0958, 1.0000, 0.7846>, d; = <0.2970, 0.5610, 0.6152>, and 
d, = <0.0703, 0.8503, 1.0000>; 
d, =<0.0525, 0.8503, 1.0000>, d, = <0.3844, 0.5610, 0.5435>, d,; =<0.2083, 1.0000, 0.6931>, and 
d, = <0.4013, 0.6598, 0.4264>. 
Step 3. By applying Eq. (1), we calculate the score values of S(d;") and S(d,_) (i= 1, 2, 3, 4): 
S(d,)= 0.4421, S(d;)=0.1037, S(d;)= 0.3736, and S(d;, )= 0.0733; 
S(d, )= 0.0674, S(d, )=0.4267, S(d, )=0.1717, and S(d,)= 0.4384. 
Step 4. By using Eq. (23), we calculate the relative closeness degrees of each alternative with 
respect to the SV-NN ideal solution: 
Ci = 0.1323, C2 = 0.8044, C3 = 0.3149, and Cs = 0.8567. 


Since the ranking order of the relative closeness degrees is C1 > C2 > C3 > Ci, the ranking order 
of the four alternatives is P4 > P2 > P3 > Pi. Hence, the best alternative is P4. 


On the other hand, the proposed DM approach can be also applied in the DM problem with 
IV-NNs and depicted by the following decision steps: 


| maxcinf TM, ),max(supTM,, ) 


Step 1 By gt -(7M+, IM‘, FM*\ = | min inf JM, ),min(sup 1M, | G=12,3, 4 j= 1,23) 


| min(inf FM,, ),min(sup FM,) | 


for the IV-NN decision matrix D = (dij)m.n, we can determine the IV-NN positive ideal solution (ideal 
alternative): 


<[0.7,0.8],[0.1,0.2],[0.1,0.2] >, 
P* ={a*,a*,a*}=( <[0.6,0.7],[0.1,0.2],[0.2,0.3]>, 
<[0.5,0.6],[0.2,0.3],[0.2, 0.3] > 
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| min inf 7M, ), min(sup 7M, , 
By a; =(TM, IM, ,FM; )= | max(inf /M,,),max(sup 1M, |, G = 1, 2, ..., n), we can 


| maxcinf FM ,,,),max(sup FM, ) 
determine the IV-NN negative ideal solution (non-ideal alternative): 
<[0.3,0.4],[0.2,0.3],[0.3,0.4] >, 
P ={a,,a,,a,;}=( <[0.4,0.5],[0.2,0.3],[0.3, 0.4] >, 
<[0.2,0.3],[0.3,0.4],[0.5, 0.6] > 


Step 2. By using Eqs. (20) and (22), we can obtain the two aggregated values d . and d. (i=1, 
2, ...,m) for each alternative Pi (i= 1, 2, ..., m): 

d,” = <[0.4126, 0.4894], [0.6598, 0.7841], [0.4264, 0.5533]>, dz =<[0.0958, 0.1323], [1.0000, 1.0000], 
[0.7846, 0.8677|>, d; = <[0.2970, 0.3665], [0.5610, 0.6988], [0.6152, 0.7301]>, and d, = <[0.0703, 
0.0854], [0.8503, 0.8913], [1.0000, 1.0000]>; 

d, =<[0.0525, 0.0618], [0.8503, 0.8913], [1.0000, 1.0000]>, d, =<[0.3844, 0.4480], [0.5610, 0.6988], 


(0.5435, 0.6377]>, d, = <[0.2083, 0.2439], [1.0000, 1.0000], [0.6931, 0.7579]>, and d, = <[0.4013, 
0.4763], [0.6598, 0.7841], [0.4264, 0.5533]>. 

Step 3. By applying Eq. (2), we calculate the score values of S(d,) and S(d__) (i= 1, 2, 3, 4): 

S(d;)= 0.4131, S(d;)= 0.0960, S(d;)= 0.3431, and S(d; )= 0.0690; 

S(d, )= 0.0621, S(d, )=0.3986, S(d,; )= 0.1669, and S'\(d, )= 0.4090. 

Step 4. By using Eq. (23), we calculate the relative closeness degrees of each alternative with 
respect to the SV-NN ideal solution: 

Ci = 0.1307, C2 = 0.8059, C3 = 0.3272, and C4 = 0.8556. 


Since the ranking order of the relative closeness degrees is C1 > C2 > C3 > C1, the ranking order 
of the four alternatives is P4 > P2 > P3 > Pi. Hence, the best alternative is Ps. 


By the comparison of the above decision results with the decision results obtained in [12], both 
the ranking order of the four alternatives and the best one above are the same as in [12]. 


Table 1. Decision results of multi-attribute DM approaches regarding various weighted 
ageregation operators of SV-NNs and IV-NNs 
Aggregation en Relative closeness Ranineorder 
operator degree 
S(d1*) = 0.4421, S(d2*) = 0.1037, 


(dst) = 0.3736, S(ds*)=0,0733, CL = 9:1823, Ca = 


- = P4> P2>P3>P 
SV-NNWSOAA —F4-) - 0.0674, S(dr) = 0.4267, ae 0.3149, Pi> P2> Ps> Pi 
S(d3) = 0.1717, S(ds°) = 0.4384 va 
S(d1") = 0.4131, S(d2*) = 0.0960, 
Ci: = 0.1307, @ = 
S(ds*) = 0.3431, S(ds*) = 0.0690; 
- = P4> P2> P3>P 
IVNNWSORR:. cae gue, Gi) = 05086 ste 0.3272, Pa>P2>P3>Pi 
S(ds-) = 0.1669, S(ds") = 0.4090 ms 
S(d1) = 0.5611, S(d2) = 0.6891, 
= AA [18, 2 Ps>P2>+P3>P 
PNONINGUOEAAGreUL | Give eion 6(y= 06901 / eae te ve 
= 0.5407 = 0. 
IV-NNWAA [18,20] Std) = 0.5407, S(ca) = 0.6696, eee 


S(ds) = 0.5993, S(da) = 0.6712 
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To demonstrate the effectiveness and rationality of the proposed DM approach in this paper, 
we compare it with existing DM approaches based on the SV-NNWAA and IV-NNWAA operators 
[18, 20]. By directly using the SV-NNWAA operator of Eq. (3) and IV-NNWAA operator of Eq. (4) 
and the score function of Eqs. (1) and (2), we can obtain all the aggregated values of 


d, = SV — NNWAA(a,,,4,),4;3,4,4) and d, =IV —-NNWAA(a,,,a,,,4,,,4;,), and then the score 


values of S(di) and decision results for each alternative Pi (i= 1, 2, ..., m) are tabulated in Table 1. 

In Table 1, all the ranking orders of the four alternatives given by the multi-attribute DM 
approaches based on the SV-NNWSOAA, IV-NNWSOAA, SV-NNWAA, and IV-NNWAA 
operators are identical, and then the best choices indicate the same alternative Ps, which show the 
effectiveness of the proposed approach. Clearly, the DM results obtained by the SV-NNWSOAA 
and IV-NNWSOAA operators reveals stronger identification than the DM results obtained by 
existing SV-NNWAA and IV-NNWAA operators [18, 19] because the values of the relative 
closeness degrees show bigger difference than the score values in existing approaches [18, 19]. 
Therefore, the DM method proposed in this paper is reasonable and provides an effective DM way 
for decision-makers. 


6. Conclusion 


Regarding existing subtraction operations of S-NNs (SV-NNs and IV-NNs), this paper firstly 
presented the SV-NNSOWAA and IV-NNSOWAA operators for S-NNs as a necessary complement 
to existing aggregation operators of S-NNs. Next, we developed a multi-attribute DM approach 
based on the SV-NNWSOAA and IV-NNSOWAA operators for the first time. Finally, an illustrative 
example was presented to demonstrate the applicability and effectiveness of the developed 
approach. However, the main advantage of the proposed DM approach is that the DM results in this 
study reveals stronger identification than the DM results of existing DM approaches. In the future 
work, the developed approach will be further extended to other fields, such as image processing and 
clustering analysis. 
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Abstract. In this paper we for the first time develop, define and describe a new class of algebraic codes using 
Neutrosophic Quadruples which uses the notion of known value, and three unknown triplets (T,/, /’) where 
T is the truth value, J is the indeterminate and F' is the false value. Using this Neutrosophic Quadruples 


several researchers have built groups, NQ-semigroups, NQ-vector spaces and NQ-linear algebras. However, so 





far NQ algebraic codes have not been developed or defined. These NQ-codes have some peculiar properties 
like the number of message symbols are always fixed as 4-tuples, that is why we call them as Neutrosophic 
Quadruple codes. Here only the check symbols can vary according to the wishes of the researchers. Further we 
find conditions for two NQ-Algebraic codewords to be orthogonal. In this paper we study these NQ codes only 
over the field 72. However, it can be carried out as a matter of routine in case of any field Z, of characteristics 
(o 

Keywords: Neutrosophic Quadruples; NQ-vector spaces; NQ-groups; Neutrosophic Quadruple Algebraic codes 
(NQ-algebraic codes); Dual NQ-algebraic codes; orthogonal NQ- algebraic codes; NQ generator matrix; parity 


check matrix; self dual NQ algebraic codes 


1. Introduction 


Neutrosophic Quadruples (NQ) was introduced by Smarandache in 2015, it assigns a 
value to known part in addition to the truth, indeterminate and false values, it happens to 


be very interesting and innovative. NQ numbers was first introduced by |1] and algebraic op- 





erations like addition, subtraction and multiplication were defined. Neutrosophic Quadruple 
algebraic structures where studied in [2]. Smarandache and et al introduced Neutrosophic 
triplet groups, modal logic Hedge algebras in (31/4). Zhang and et al in defined and de- 
scribed Neutrosophic duplet semigroup and triplet loops and strong AG(1, 1) loops. In [8112], 
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various structures like Neutrosophic triplet and neutrosophic rings application to mathemat- 


ical modelling, classical group of neutrosophic triplets on {Z2p), x} and neutrosophic duplets 





in neutrosophic rings were developed and analyzed. 

Algebraic structures of neutrosophic duplets and triplets like quasi neutrosophic triplet 
loops, AG-groupoids, extended triplet groups and N'T-subgroups were studied in [7/1 3\[16/17]. 
Various types of refined neutrosophic sets were introduced, developed and applied to real 
world problems by [18}]24]. In 2015, has obtained several algebraic structures on refined 
Neutrosophic sets. Neutrosophy has found immense applications in [25}{28}. Neutrosophic 
algebraic structures in general were studied in [29}{32]. The algebraic structure of Neutrosophic 
Quadruples, such as groups, monoids, ideals, BCl-algebras, BCI-positive implicative ideals, 
hyper structures and BCK/BCI algebras have been developed recently and studied in [34}/39). 
In 2016 have developed some algebraic structures using Neutrosophic Quadruples (NVQ, +) 





groups and (NQ,.) monoids and scalar multiplication on Neutrosophic Quadruples. have 
recently developed the notion of N@ vector spaces over R(reals) (or Complex numbers C’ or 
Z, the field of characteristic p, p a prime). They have also defined NQ dual vector subspaces 
and proved all these NQ-vectors though are distinctly different, yet they are of dimension 4. 


The main aim of this paper is to introduce Neutrosophic Quadruple (NQ) algebraic codes 





over Z2. (However it can be extended for any Z,, p a prime). Any NQ codeword is an 
ordered quadruple with four message symbols which can be a real or complex value, truth 
value, indeterminate or complex value and the check symbols are combinations of these four 
elements. We have built a new class of NQ algebraic codes which can measure the four aspects 
of any code word. 

The proposed work is important for Neutrosophic codes have been studied Neutrosophic 
codes have been studied by but it has the limitations for it could involve only the inde- 
terminacy present and not all the four factors which are present in Neutrosophic Quadruple 
codes. Hence when the codes are endowed with all the four features it would give in general 
a better result of detecting the problems while transmission takes place. 


It is to be recalled any classical code gives us only the approximately received code word. 





However the degrees of truth or false or indeterminacy present in the correctness of the received 
code word is never studied. So our approach would not only be novel and innovative but give 


a better result when used in real channels. 





The main objective of this study is to assess the quality of the received codeword for the 


received code word may be partially indeterminate or partially false or all the four, we can 





by this method assess the presence of these factors and accordingly go for re-transmission or 


rejection. 
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Hexi codes were defined in which uses 16 symbols, 0 to 9 and A to F. Likewise these 
NQ codes uses the symbols 0, 1, T, I and F. 





This paper is organized into six sections. Section one is introductory in nature. Basic 
concepts needed to make this paper a self-contained one is given in section two. Neutrosophic 
Quadruple algebraic codes (NQ-codes) are introduced and some interesting properties about 
them are given in section three. Section four defines the new notion of special orthogonal NQ 
codes using the inner product of two NQ codewords. ‘The uses of NQ codes and comparison 
with classical linear algebraic codes are carried out in section five. The final section gives the 


conclusions based on our study. 


2. Basic Concepts 





In this section we first give the basic properties about the NQ algebraic structures needed 
for this study. Secondly we give some fundamental properties associated with algebraic codes 


in general. For NQ algebraic structures refer [29]/33). 


Definition 2.1. A Neutrosophic quadruple number is of the form (x, yT, zl, wF’) where T, I, F 
are the usual truth value, indeterminate value and the false value respectively and x,y, z,w € 
Zp (or R or C). The set NQ is defined by NQ = {(2, yT, zl, wF)|z, y, z,w € R (or Z, or C); 
p a prime} is defined as the Neutrosophic set of quadruple numbers. 

A Neutrosophic quadruple number (xz, y7, zl, wF') represents any entity or concept which 
may be a number an idea etc., x is called the known part and (yT, zI, wF’) is called the unknown 
part. Addition, subtraction and scalar multiplication are defined in in the following way. 
Let x = (41, 20T,x31,24F) and y = (y1, yoT, y3l, yak’) € NQ. 

t+y = (rity, (Lo + yo)T, (@3 + ys)L, (v4 + ys) F) 

wy = (1 — yt, (€2 — y2)T, (3 — ys)L, (v4 — ys) F) 

For any a € R (or C or Z,) and x = (#1, %2T, x31, x4F) where a € R (or C or Zp) will be 


known as scalars and « € NQ the scalar product of a with x in defined by 


a.v = a(v1, tT, x31, 24F) 
= (ax, ax0T, axrz3l,ar4F). 
If a = 0 then a.x = (0,0,0,0). (0,0,0,0) is the additive identity in (NQ,+). For every 
x € NQ there exists a unique element —x = (—2#,—-22T,—23I,—ax4F), in NQ such that 
x +(—2a) = (0,0,0,0). x is called the additive inverse of —x and vice versa. 


Finally for a,b € C (or R or Z,) and xz,y,€ NQ@ we have (a+ b).c = a.a+b.a and 
(ax b).a2=ax (bax)a(at+y)=axz+a.y. 


These properties are essential for us to build NQ-algebraic codes. 
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We use the following results; proofs of which can be had form [33]. 





Theorem 2.2. (NQ,+) is an abelian group. 
defines product of any pair of elements x,y € NQ as follows. Let x = 
(x1, LoT,, xd, t4F’) and y= (yi, yoT’, y3l, yak’) S NQ. 


x.y = (@1,0oT, x31, r4F).(y1, yoT, ysl, ysF) 
(xiy1, (e1yo + oy + roye)T, 
(x1y3 + coy3 + e3y1 + L3y2 + eZ y3)L, 


(t1y4 + Coys + ays + Lays + Lay1 + Layo + Lay3)F). 
Theorem 2.3. (NQ,.) is a commutative monoid. 


Now we just recall some of the properties associated with basic algebraic codes. 

Through out this paper Z2 will denote the finite field of characteristic two. V a finite 
dimensional vector space over F' = Zp {AO}. 

We call a n-tuple to be C = C(n,k) codeword if C’ has k message symbols and n — k check 
symbols. For c = (cj, €2,---,Ck,Ck41;-+-Cn) Where (c1,C2,...,c¢e) € V (dimension of V over 


Z2) and Cri41,---;€n are check symbols calculated using the (c1,c2,...,ch) € V. To basically 








generate the code words we use the concept of generator matrix denoted by Gand Gisakxn 





matrix with entries from Z and to evaluate the correctness of the received codeword we use 
the parity check matrix H, which is an—k x n matrix with entries from Z2. We in this paper 
use only the standard form of the generator matrix and parity check matrix for any C(n, k) 
code of length n with k message symbols. The standard form of the generator matrix G for 


an C(n,k) code is as follows: 


G= er — A") 
where I, isakxk identity matrix and —A’ isa kxn—k matrix with entries from Z). Here 
the standard form of the parity check matrix H = (A,I,_,) where A is an—k x k matrix 
with entries fromZ, and J,_, is the n — k x n—k identity matrix. We have GH? = (0). In 
this paper, we use both the generator matrix and the parity check matrix of a NQ code to be 


only in the standard form. 


3. Definition of NQ algebraic codes and their properties 





In this section we proceed on to define the new class of algebraic codes called Neutrosophic 
Quadruple algebraic codes (NQ-algebraic codes) using the NQ vector spaces over the finite 
field Za. We have defined NQ vector spaces over Z2 in [41). 
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NQ = {(a,bT, cl, dF)|a, b, c,d € Zo} 


under + is an abliean group. 


Now we proceed on to define x on NQ. Let 
C=%,+%ol +43l + 44F 
and 
y= yt yal + ysl + ys 


where 2;,y; € R or C or Z, (p a prime) and T,/ and F satisfy the following table for product 


ree 





So the set {T, J, F,0} under product is an idempotent semigroup. now we find 
exy=(%, +09 +43f + a4F) x (yt yeT + y3l + ysP) 


= 2£1y1 + (yite + 1Yy2 + Loy2)T + (e3y1 + y3%1 + 23y3)l + (t1ya + yr v4 + Lays) F EC NQ 


{NQ, x} is a semigroup which is commutative. 





In this section we introduce the new notion of algebraic codes using the set NQ which is a 


eroup under ’+’ 


NQ = {(0000), (1000), (0700), (00170), (000 F), (1700), (1010), (100 F), 


(OTIO0), OTOF), (OOLF), (1TI0), 1 TOF), (LOI F), OTIF), (1TIF)}; 


{NQ,+} is a NQ vector space over Z2 = {0,1}. NQ coding comprises of transforming a 
block of message symbols in NQ into a NQ code word aja2a34a4%5%6 ...%p, Where a,aga3a4 € 
NQ that is ajaga3a4 = (a,a2a3a4) € NQ is a quadruple and %5,%6,...,%n belongs to the 
set T = {a+ 67 + cl + dF/a,b,c,d takes its values from Z2 = {0,1}}. The first four terms 
aja2a3a4 symbols are always the message symbols taken from NQ and the remaining n— 4 are 
the check symbols or the control symbols which are from T. 

In this paper NQ codewords will be written as ayaga3a4%5%6X7 ...%n, Where (ayaga3a4) € 
NQ and x; € T,4 <i<n. The check symbols can be obtained from the NQ message symbols 
in such a way that the NQ code words a = (a,a2a3a4) satisfy the system of linear equations 


Ha* = (0), where H is the n — 4 x n parity check matrix in the standard form with elements 
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from Z2. Throughout this paper we assume H = (A, Jpn—4), with A, an —4 x 4 matrix and 
In-4 the n — 4 x n — 4 identity matrix with entries from Zo. 
The matrix G = (I4xa, —A?) is called the canonical generator matrix of the linear (n, 4) 


NQ code with parity check matrix H = (A, Ipn_4). 





We use only standard form of the generator matrix and parity check matrix to generate the 





NQ-codewords for general matrix of appropriate order will not serve the purpose which is a 
limitation in this case. 


We provide some examples of a HQ linear algebraic code. 


Example 3.1. Let C(7,4) be a NQ code of length 7. G be the NQ generator matrix of the 
(7,4)NQ code. 


10 0 0 1 1 =O 

O 10 0 0 1 O 
G= 

0 0 1 0 1 0 0 

000 1 0 0 1 


G takes the entries from Z2, over which the NQ vector space is defined and the message 
symbols are from NQ. Consider the set of NQ message symbols, P = {(0 00 0), (0 ZT 0 0), (0 
010), (OOO0F), (OOIF), (O TIF), (101 F), (0 TI0), (OTOF)} C NQ. We now give the 
NQ code words of 

C(7,4)={ (0000000), (0TOOOTO),(OOO0OFOOF), OOTOI00), (OOIFIOF), (0 
TIFITF), 1 01IF1+I1IF) (OTIOITO), (0 TOFOT F) } which are associated with 
PC NQ. The NQ parity check matrix associated with this generator matrix G is as follows; 


1 0tl 0 1 0 0 
H=]{110 0 0 1 0 
0 0 0 1 0 0 1 





It is easily verified Hx’ = (0); for all NQ code words x € C(7,4). Suppose one receives a NQ 





code word y = (0 1 0 T I 0 0); how to find out if the received NQ code word y is a correct one 
or not. For this we find out Hy’, if Hy’ = (0), then y is a correct code word; if Hy’ (0), 
then some error has occurred during transmission. Clearly Hy* 4 (0). Thus y is not a correct 


NQ code word. 


How to correct it? These NQ code behave differently as these codewords, which is a 1 x n 


row matrix does not take the values from Z, but from NQ and T; message symbols from NQ 





and check symbols from ‘IT’. Hence, we cannot use the classical method of coset leader method 





for error correction, however we use the parity check matrix for error detection. 





We have to adopt a special method to find the corrected version of the received NQ code 


word which has error. 
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Here we describe the procedure for error correction which is carried out in three steps; 





Suppose y is the received NQ code word; 


(1) We first find Hy’, if Hy° is zero no error; on the other hand if Hy’ is not zero there is 


(2 


(3 


) 


) 


error so we go to step two for correction. 

Now consider the NQ received code word with error. We observe and correct only 
the first four component in the y that is we correct the message symbols; if the first 
component is 1 or 0 then it is accepted as the correct component in y; if on the other 
hand the first component is T (or I or F’) and if 1 has occurred in the rest of any three 
components then replace T' (or J or F’) by one if 1 has not occurred in the 2nd or 3rd 


or 4th component replace the first component by 0. 





Now observe the second component if it is T’ accept, if not T but 0 or 1 or I or F, 
then replace by zero if T’ has not occurred in the first or third or fourth place. If T 


has occurred in any of the 3 other components replace it by ‘I. Next observe the third 





component if it is I accept else replace by I if I has occurred as first or second or fourth 


component. If in none of the first four places I has occurred, then fill the third place 





by zero. Now observe the fourth component if it is F accept it, if not replace by 0 if 
in none of the other places F has occurred or by F if F has occurred in first or second 
or third place, now the message word is in NQ by this procedure. If the corrected NQ 
code word z of y is such that Hz’ = (0) then accept it if not we go for the next step. 


We check only for the correctness of the message symbols. 





For check symbols we use the table of codewords or check matrix H and find the check 


symbols. 


Table of NQ codewords related to P C NQ@ given in example 2. 


TABLE 1. ‘Table of NQ codewords related to P 


pe | ori) | Orrrrtr) 
Ps) oror) 
pe [@orr)_[aorritiF) 








Kandasamy V. et. al, Neutrosophic Quadruple Algebraic Codes 


Neutrosophic Sets and Systems, Vol. 33, 2020 176 


We provide one example of the codeword given in Example 2.1. Let y= (J 1F01+4/ 1 F), 
we see Hy’ is not zero, so we have found the error hence we proceed to next step. We see 
first component cannot be I so replace I by 1 for 1 has occurred as second component. As 
second component cannot be one we see in none of the four components 'T has occurred so we 


replace 1 by zero. In the second place. Third component is F which is incorrect so we replace 





it by I as I has occurred in the first place. We observe the fourth component it can be 0 or 
F; 0 only in case F has not occurred in the first three places but F has occurred as the third 
component so we replace the zero of the fourth component by F’. So the corrected message 


symbol is (1 0 I F). In step three we check from the table of codes the check symbols and the 





check symbols matches with the check symbols of the corrected message symbols so we take 


this as the corrected version of corrected code word as (1 01 F I+1 1 F). 





We give the definition of the procedure. 


Definition 3.2. Let C(n, 4) be a NQ code of length n defined over Zp. The mes- 
sage symbols are always from the set NQ; whatever be n there are only 16 codewords 
only check symbols increase and not the message symbol length, for it is always four. If 


y = (A, Ag Az Ag a5 ag A7...Gn) is a received NQ codeword and it has some error, then we 





define the rearrangement technique of error correction in the message symbols A; Ag Ag Ag 
only, where if A, Ag Ag Ay is to be in NQ then A, can only values 1 or 0, Ag can take values 
0 or ‘T; Ag can take values 0 or J and Ay can take values 0 or F’. If this is taken care of the 
message symbol will be correct and will be in NQ. 

If not the following rearrangement process is carried out; 

Observe if A, is different from 0 or 1 then see values in the 2nd, third and the fourth 
components if 1 has occurred in any one of them replace the first component by 1, if 1 has 
not occurred in any one of the four components fill the first component by zero. Now go for 
the second component A» if Ag is T then it is correct ;if not and 1 or 0 or I or F has occurred 
and 'T’ has occurred in any one of the other three places replace the second component by T; 
if T’ has not occurred as any one of the four components replace the second component by 0. 
Inspect the third component if it is I then it is correct, if not I and if T or O or 1 or F has 
occurred and I has occurred in any of the four components replace the third component by 
I, if I has failed to occur in any of the four places replace the third component by zero. Now 
for the fourth component if it is F it is correct, if not and if F has occurred in any one of the 
other three components replace it by F, if not by zero. After this arrangement certainly the 


message symbols will be in NQ. 


This method of getting the correct code word is defined as the rearrangement technique. 
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4. Orthogonal NQ codes and special orthogonal NQ codes 





In this section we define the notion of orthogonality of two HQ code words and the special 
orthogonal HQ code words and suggest some open problems in this direction in the last section 
of this paper. Now we define first inner product on the NQ code words of the NQ algebraic 
code C'(n,4) defined over 29. 


Definition 4.1. Let C(n,4) be a NQ code of length n defined over Z. Let «x = 
(A, Ag Az Ag a5 ag a7 ... Gn) and y = (B, Bo B3 By bs be b7...bn) be any two NQ 
code words from C'(n, 4), where A;,B; € NQ, i = 1,2,3,4 and a;,b; € T; 7 = 5,6,...n. We 
define the dot product of x and y as follows: 





x.y = A, x By + Ao x Bo + Ag x B3 + Aq x Bg tas X b5 +...+ an X by 


If x.y = 0 then we say the two NQ codes words are orthogonal or dual with each other. 


Example 4.2. Let C(6, 4) be a NQ code of length 4 defined over Z2; with associated generated 





matrix G in the standard form with entries from Z2 given in the following: 


0 0 O 0 


oOo OO O&O 
ES ee DO 


1 0 O 1 
O 1 O it 
0 0 1 0 

The C'(6,4) NQ code words generated by G is as follows; C(6,4) = {(000000), (1000 
10), (0TOOOT), (OOIOID, (0O00F FO), (1T0017), (10101411), (100FFH+1 
NOVO TED OTOP ET) COlrer). 0 T1011 Tee POR Ter TD), 
(OtPReTSPTOTLETe PTS Tre Leis Pre a. 

We see (0 0 0 0 0 0) is orthogonal with every other NQ code word in the NQ code (6, 4). 
Consider the NQ code word (1 0 0 0 1 0) in C (6, 4), NQ code words orthogonal to (10001 
0) are {(100010), (000000), (0 TOOOT), (1 T001 T) }. The NQ codes orthogonal 
to (0 T 000 T) are given by 

{(000000), (0TO00T), (100010), OOTOID, O00F FO), (1T0017), (100 
Peer One TOL Ol0t sO Torr), Mulla) sar TO 
(Tea Tori Dil Piel ee OT PIS ere pari iS? 
4+FT4+D}=C(6,4). 

Thus every element in C(6,4) is orthogonal with (0 T 0 0 0 T). However (1 000 0 1) is 
not orthogonal with every element in C'(6,4). We call all those NQ codes words which are 








orthogonal to every code word in C’(6,4) including it as the special orthogonal NQ code. A 
NQ code word which is orthogonal to itself is defined as the self orthogonal NQ code word. 





We define them in the following; 





Kandasamy V. et. al, Neutrosophic Quadruple Algebraic Codes 


Neutrosophic Sets and Systems, Vol. 33, 2020 178 


Definition 4.3. Let C(n, 4) be a NQ code of length n. We say a NQ code word is self 
orthogonal if x . x = O for x in C(n, 4). A NQ code word x in C(n, 4) is defined as a special 
orthogonal NQ code word if x is self orthogonal and x is orthogonal with every NQ code word 


in C(n, 4). (0 0 0 ...0) is a trivial special NQ code word. 
We give yet another example of a NQ code which has NQ special orthogonal code word. 


Example 4.4. Let C(7, 4) be a NQ code word of length 7. Let G be the associated generator 
matrix of the NQ code C. 


0 
1 
0 


Co. GS 
te Ss ED 


1 
1 
0 


SS i 


0 1 
0 0 
1 0 
0001101 
It is easily verified that only the NQ code word (0 010001) in C is the special orthogonal 





NQ code word. We have yet another extreme case where every NQ code word in that NQ code 


is a special orthogonal NQ code word. 


We give examples of them. 





Example 4.5. Let C(8, 4) be a NQ code generated by the following generator matrix G 


0 0 
1 O 
0 1 


Ce. *.. *S 


0 
1 
0 


- CO Oo O&O 
Co GO 


0 
0 
if 
0 


Co. SC CS. tie 


0 0 1 0 
It is easily verified every NQ code word in C(8,4) is a special orthogonal NQ code word. 


oO 





We call such NQ codes as special self orthogonal NQ code or self orthogonal NQ code. 


Definition 4.6. Let C = C(n,4) be a NQ code word defined over Zz. We define C to be a 
NQ special self orthogonal code if every NQ code word in C is a special orthogonal NQ code 
word of C. 


5. Uses of NQ codes and comparison of NQ codes with classical linear algebraic 


codes 


NQ codes are best suited for data transmission where one does not require security. They 
are also very useful in data storage for one can easily retrieve the data even if the data is 


corrupted. The disadvantage of these NQ codes is that they always have a fixed number of 





message symbols namely four. They are not compatible in channels were one needs security. 
The only flexibility is one can have any number of check symbols. NQ codes are entirely 


different from the classical linear algebraic code ; for these code words take the message 
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symbols from NQ and the check symbols from T where as the later take their values from Zo 
(or Zp). 

Classical linear algebraic codes takes its code words from Z,, p a prime or more commonly 
from Z9; and are defined over Zp or Z2; but in case of NQ@ codes the code words take their values 
from NQ for message symbols and from T’ for their check symbols which is a big difference as 
we can only use the standard form of the generator matrix and the parity check matrix, in 
this case also both the matrices take their values from Z2 (or Z,) only. The similarity is both 
the codes take the entries of the matrices from the finite field over which they are defined. All 
NQ codes are only of a fixed form that is they can have only 4 message symbols from NQ, 
but the classical codes can have any value from 1 to m , mj n, which is a major difference 


between the two class of codes. Both NQ codes and the classical linear code use parity matrix 





to detect the error in the received code word, that is error detection procedure for both of 


them is the same. For error correction we have to adopt a special technique of rearrangement 





of the message symbols once an error is detected in the received NQ code word, as the coset 
leader method of error correction cannot be carried out as the NQ code words do not belong 


to the field over which the NQ code words are defined. 


6. Conclusions 


In this paper for the first time we have defined the new class of codes called NQ codes which 
are distinctly different from the classical algebraic linear codes. All these NQ codes can have 
only fixed number of message symbols viz four. NQ codes are of the form C'(n, 4), n can vary 
from 5 to any finite integer. We have defined orthogonality of these NQ codes. This has lead 
us to define NQ special orthogonal code word and NQ special orthogonal codes. We suggest 


the following problems: 


(1) Prove or disprove all NQ codes have a non trivial code word which is orthogonal to all 
codes in C (n, 4). 
(2) Characterize all NQ codes C (n, 4) which are NQ special orthogonal codes. 


For future research we would be defining super NQ structures and NQ codes over Zp, p an 
odd prime. Also application of these codes can be done in case of Hexi codes in McEliece 
Public Key crypto-systems and in coding applications like 'T-Direct codes and multi 
covering radius with rank metric [46]. 
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Abstract. A Similarity measure for Neutrosophic function performs a fundamental role in tackling the prob- 
lems that include blurred and hazed information but is not able to handle the fuzziness and vagueness of the 
problems which have numerous information. The objective of this research paper is to generalize neutrosophic 
soft set to the multi-polar neutrosophic soft set (mNS set), aggregation operators and their properties on mNS 
sets. It also discusses the distance-based similarity measures that rely on between two mNS sets. It explains 
with the help of examples that the intended similarity measures of mNS sets are applicable in the field of med- 
ical diagnosis and decision-making problem for selection of lecturer in universities. Eventually, this proposed 


method is concluded as an algorithm in the application. 


Keywords: mNS Set; Operators on mNS; Properties; Distance and Similarity Measure; Medical Diagnosis; 
Decision-Making 


1. Introduction 


Zadeh [1] introduced fuzzy sets as an additional classical conception of set. The theory 
of fuzzy set can be widely utilized in those domains where the information is deficient or 
incomplete like in bio-informatics fuzzy set logics, the members in a set are allowed to have 
a moderate assessment of membership, this is explained by the help of membership function 
admired in real unit interim [0,1]. Fuzzy sets have been derived from crisp sets, because the 


different aspects of functions of crisp sets are extraordinary occasions of degree functions of 
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fuzzy sets if the later contains the values of fuzzy relations like O or 1 used in different areas like 
clustering (Bezdek [16]), linguistics (Cock [17]), and decision-making (Deli |18]) are significant 
theories of L-relations when the unit interval L is [0,1]. Further than intuitionistic fuzzy set 
was being proposed by Atanassov |2] which was an extension of Zadeh’s conviction and it was 
in itself adjunct the classical conviction of a set. ‘The Intuitionistic fuzzy set was only able to 
grasp insufficient particulars and facts, not unspecified particulars and facts. Neutrosophy was 
proposed by Florentin [19]. It is a limb of philosophy that scrutinizes the origination, essence, 
and range of neutralities along with interconnection with various ideational spectra. Neutro- 
sophic set is a powerful general authorized substructure which deducts the theory of fuzzy sets 
and intuitionistic fuzzy set. ‘The Soft set supposition is induction of fuzzy set supposition that 
was being presented by Molodtsov [3] to trade with unpredictability in a parametric model. 
He designated strains and troubles that were in mathematical representations and tackle the 
complications by proposing a soft set theory. Maji [4,23] expanded the soft set scheme into 
a fuzzy soft set and neutrosophic soft set theory. Feng {20] further explored decision-making 
that was supported by fuzzy soft sets. 

Bipolar fuzzy sets and its connections were further introduced by Zhang [5], then Chen [6] 
proposed the notion of multi-polar fuzzy sets that was an abstraction of bipolar fuzzy sets. 
It was being manifested that bipolar fuzzy sets were isomorphic mathematical conceptions. 
Further than Wang and Liu [22] proposed decision-making on the multi-polar neutrosophic 
numbers. Deli [24| studied the neutrosophic soft multi-set theory with the multi distinct 
universe. 

Chen [9,10] researched the notion of similarity measure of a vague set which was unsuccessful 
to retain in some scenarios. To conquer this problem Hong and Kim [21] proposed some 
altered calculations. Majumdar and Samanta [11,12,13] proposed uncertainty measures of 
soft sets and fuzzy sets. Kharal [14] proposed similarity measures of soft sets on set-theoretic 
functions. Li and Cheng [7] suggested the vision of new SMs allying in intuitionistic fuzzy sets. 
Deli [18,24] introduced decision-making methods on interval-valued neutrosophic soft set and 
neutrosophic soft multi-set theory. Huang [25] proposed TOPSIS for group decision-making 
problems. Furthermore, Anisseh [27] extend the TOPSIS model for group decision-making 
problem under multiple criteria. 

Smarandache [28] generalized the soft set to hypersoft set by converting the function into 
a multi-decision function. Aggregate operators, similarity measure and a TOPSIS technique 
is introduced by [29-34] in his work. Application of fuzzy numbers in mobile selection in 
metros like Lahore is proposed by [35]. TOPSIS technique of MCDM can also be used for 
the prediction of games, and it’s applied in FIFA 2018 by [386], prediction of games is a very 
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complex topic and this game is also predicted by [37|. Abdel-Basset [38-41] has published a 


set of articles on Medical disease diagnosis based on neutrosophic environment. 


1.1. Motivation 


A huge number of articles is published in neutrosophic field, and as well as this theory 
is applied and extended in different branches such as Decision Making. ‘The extension of 


neutrosophic environment to m-polar Nuetrosophic Soft set is totally new. Here, a set of 





questions arises that how mNS set can be represented? what is the purpose of m-polar 


structure? and how m-polar structures can be utilized in medical diagnosis and in decision 





making problems? From this point of view, mNS structure is good choice to get better results 


to the problems in decision making. 


1.2. Paper Presentation 


This article visualizes new concept m-polar Neutrosophic Soft Set as an extension of Neu- 


trosophic Soft Set. 


e Basic operators such as union, intersection on mNS set are introduced 





e Properties related to operators on mNS structure 
e Distance measure of different types are introduced between any two mNS sets 
e A case study of two applications are concluded with an algorithm in the field of medical 


diagnosis and decision-making problem. 


2. Preliminaries 


This section studies some basic definitions related to this article. 


2.1. Neutrosophic Set 


Definition 2.1 [19] Let Z be a universal set. A neutrosophic set X is defined as : 
X= 12, (Tx (2), 1x (2), Fx(z)) 2 € 4}, 
where, 
Tx (z), Ix (x), Fx(z) € [0,1] 


O< Tx (Zz) + Ix(z) + F(z) <3 
for al zE€ Z 


2.2. Multi-Polar Neutrosophic Set 


Definition 2.2 |22] An mN set on a universal set Z is a mapping 


KS ((s1 o Tx (z), 82 o Tx(z), 77° 5 Sm o Tx(z)), (sy o Ix (2), 82 oTx(z),--- 5m Ci (2), 
(SiO y(7Z); S96: Fe (Z)nt 958m © Fx(Z))) 2 Z > (0,1), (0,1), 10.1)") 
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where 2 — th mapping is defined as 
s;0 Tx : [0,1] — [0,1] 
s,o lx : [0,1]™ — [0,1] 
s;0 Fy : [0,1] — [0,1] 
and 


0<s,0Tx(z)+s5s0lx +sj0 Fy <3 


for alli =1,2,---,mandzE€Z 


2.3. Soft Set 
Definition 2.3 [3] Let Z be a universal set and E be the set of attributes of elements in Z. 
Take X to be a subset of & then a function F’ defined as 
Pax Py), 
then a pair (FX) is called a soft set over Z such as 


(PX) = {e, F(e):e€ X, Fle) € P(Z)} 


2.4. Not Set 
Definition 2.4 |23| The Not Set of set of parameters FE = {e1,€2,:-- ,ég}, denoted by =F is 
defined as 

aa DD = 4 Ne is 1€92, oe “Seay 


where e; means not e; for all 7 =1,2,--- ,¢. 


2.9. Neutrosophic Soft Sets 


Definition 2.5 [23] A Neutrosophic Soft set (w, X) over a universal set Z is a mapping from 
X to P(Z) and defined as 

(w,X) =Ox = {(e, (z, Tx (e)(z), [x(e)(z), Fx(e)(z)):2€ Z,e€ E)} 
where, P(Z) denotes collection of all neutrosophic subsets of Z. Each of Tx(e), [x(e) and 
Fx (e) is a mapping from Z to interval [0,1] and 


0 < Tx(e)(z) + Ix(e)(z) + Fx(e)(z) <3 
for alle € EF and z€ Z 


2.6. Multi-Polar Nuetrosophic Soft set 


Definition 2.6 [24] Let Z be a universal set, EF be a set of attributes and X C E. 
Define w : X — mN% where mN7% is the collection of all mN subsets of set Z. Then (w, X) is 


called an mNS set over Z as follows 


Ox = (w,X) = {e,wx(e):e € E,wx(e) € mN7} 
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and wx(e) is an MN set denoted by, 
wx(e) = {z, 5; 0 Tx(e)(z), 5; o [xy (e)(z), 8; 0 Fx(e)(z): 2 € Z} 
and 


0<s,0Tx(e)(z), 5; 0 [x(e)(z), 5; 0 Fx(e)(z) < 3 


for alla =1,2,---,m;ee€ Fandz€Z 


3. Operations on mN Soft Sets 


This section discusses some operators on mNS sets. 


3.1. Multi-Polar Neutrosophic Soft subset 


Definition 3.1 Let Z be a universal set, X and Y are subsets of a set of attributes EL. A set 
Qy is an MNS subset of Vy denoted by QyCwWy if 
(i) Xe Y 


(ii) wx(e) C vy(e) ie. 


s,0 Tx(e)(z) < 8,0 Ty(e)(z), 5; oIx(e)(z) < 8; 0 Fy(e)(z) and s; 0 Fx (e)(z) > 8; 0 Fy(e)(z) 
for alla =1,2,---,m;eE€ X and ze Z 


Example 3.1 Let Z = {z1, z2} be a universal set and E = {e1, e2,e3, } be a set of attributes. 
X = {e1,e2},Y = {e1,e2} C E.Let Qx and Wy be two 3—NS set defined as: 





Qx = {e1, (21, (0.7, 0.5, 0.5), (0.2, 0.2, 0.3), (0.3, 0.5, 0.3)), (z2, (0.3, 0.4, 0.5), (0.3, 0.2, 0.4), (0.3, 0.5, 0.8)), 
e2, (21, (0.3, 0.5, 0.6), (0.1, 0.4, 0.2), (0.7, 0.5, 0.3)), (z2, (0.7, 0.2, 0.7), (0.3, 0.4, 0.4), (0.2, 0.7, 0.4))} 


Wy = {e1, (21, (0.8, 0.8, 0.7), (0.4, 0.5, 0.4), (0.3, 0.3, 0.2)), (z2, (0.4, 0.7, 0.4), (0.6, 0.4, 0.5), (0.3, 0.3, 0.6)), 
e9, (21, (0.7, 0.8, 0.8), (0.3, 0.8, 0.2), (0.3, 0.4, 0.3)), (z2, (0.8, 0.5, 0.8), (0.5, 0.8, 0.4), (0.2, 0.5, 0.3))} 


this implies 2) x CVy 


3.2. Equal Multi-Polar Neutrosophic Soft set 


Definition 3.2 Let Qy and Vy be two mNS set over a universal set Z, where X and Y are 
subsets of sets of attributes £. Then two mNS sets Qy and Wy are said to be equal denoted 
as Qy=Vy if and only if QyCWy and Wy Cox 


3.3. Relative Null Multi-Polar Neutrosophic Soft set 


Definition 3.3 An mNS set over the universal set Z is said to be relative empty or relative 
null mNS set concering the set of attributes X C E&, denoted by @ x if 
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8; 0 Tx(e)(z) = 0 
Selviehg) = 
s,0 Fx(e)(z) =1 

for alla = 1,2,---,m;eEX andzEeEZ 


that is 


VY 


Bx = {e, (z, ((0,0,--- ,0), (0,0,--- ,0),(1,1,--- ,1))): ze Zee xX} 


3.4. Relative Whole Multi-Polar Neutrosophic Soft set 


Definition 3.4 An mNS set over the universal set Z is said to be relative whole mNS set 
concering the set of attributes X C E, denoted by Y, x if 


s,0 Tx(e)(z) =1 
§, Oly (e)(Z) = 1 
5; 0 Fx(e)(z) =0 
for alli =1,2,---,m;eE€X andzEeZ 


that is 
De ANOOA  leston gd Gls lotow. ct) (OL Orans0) sete Zee Ct 


3.5. Absolute Multi-Polar Neutrosophic Soft set 
Definition 3.5 An mNS set over the universal set Z is said to be an absolute mNS set 
concering the set of attributes E, denoted by Zz if 

s,;0 Tx(e)(z) =1 

sole) (a)H1 

srod'x(e)(zZ)=0 

for alla =1,2,---,m;eec Fandze€Z 
that is 
Tp =e. (pls al) os Lane) 1), (0,029.0) ) eZee Bh 
Example 3.2 Let Z = {21, z2} be universal set and F = {e1, €2, e3} is set of attributes, 
if X = {e1,e9} C E, A 3—NS set 1x such that 
Qx = {€1, (21, (0, Q, 0), (0, Q, 0), id iL, 1), (za, (0, Q, 0), (0, Q, 0), ‘Go I; i) 
e2, (z1, (0,0, 0), (0, 0,0), (1, 1, 1)), (ze, (0,0, 0), (0, 0,0), (1,1,1))} = @x 
then Qy is a relative null 3—NS set ®y. 

if Y = {e,,e3} C E, A 3—NS set Wy such that 


Wy = {e1, (z1, (1,1, 1), (1,1, 1), (0,0, 0)), (ze, (1, 1, 1), (1,1, 1), (0, 0, 0)), 
e3, (21, (1,1, 1), (1,1, 1), (0,0, 0)), (ze, (1, 1, 1), (1, 1, 1), (0,0,0))} = Zy 


then Wy is a relative whole 3—NS set VS 
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if W = E = {e1, e€2,e3}, A 3—NS set Aw such that 


Aw = {e1, (21, (1,1, 1), (1,1, 1), (0, 0, 0)), (za, (1, 1, 1), (1, 1, 1), (0,0, 0)), 
e2, (21, (1, 1,1), (1,1, 1), (0,0,0)), (ze, (1,1, 1), (1,1, 1), (0,0, 0)), 
e3, (z1, (1,1, 1), (1,1, 1), (0, 0,0)), (ze, (1,1, 1), (1,1, 1), (0,0,0))} = Zz 


then Aw is an absolute 3—NS set Vie 
Proposition 3.1 Let Z be a universal set, F a set of attributes, X,Y,W C EF, If Ox, Vy and 


Aw are MNS sets over Z, then 
(i) Nx CZx 

(ii) Py CNx 

(iii) Ox COQx 

(iv) QxCWy and Vy CAy, then 0x CAw 

(v) Qx=Wy and Vy=Ay, then Q0x=Aw 


3.6. Complement of mN Soft Set 


Definition 3.6 The complement of an mNS set (2x over a universal set Z with respect to 
the set of attributes X C E, denoted by 0% = (w°, X) where w° : ~X —> mNS7% is a mapping 
given as 

w°(e) = {z, ((si 0 TY (me)(z) = 81° Fx (e)(2)), (81 0 LX (re) (z) = (1, 1,--- 1) — 81 0 Ix (e)(2)), 


(8; 0 B'S (me) (z) = 84 0 Tx (e)(z)))} 
for alli = 1,2,---,m, me € 7X and zE€ Z 


3.7. Relative Complement of mN Soft Set 


Definition 3.7 The relative complement of an MNS set (2x over a universal set Z with respect 
to the set of attributes X C E, denoted by O%, = (w", X) where w” : X > mNS4 is a mapping 
given as 
Ww" (e) = 12, ((s1 0 Tk (e) (2) = 81 0 Fx(e)(z)), (81 0 Ly (e)(z) = CL, 1L,--+ 1) — 8: 0 Ix (e)(2)), 
(8; 0 Fy (e)(z) = 8; 0 Tx(e)(z)))} 
for alla =1,2,---,m;eEX andzEeZ 


Example 3.3 Let Z = {z1, z2} be universal set and F = {e1, €2, e3} is set of attributes, 
if X = {e1,e9} C E, A 3—NS set Qy such that 


Qx = {e1, (21, (0.4, 0.4, 0.6), (0.2, 0.4, 0.5), (0.5, 0.3, 0.7)), (z2, (0.5, 0.7, 0.5), (0.6, 0.5, 0.3), (0.5, 0.7, 0.3)), 
e2, (21, (0.7, 0.4, 0.6), (0.8, 0.6, 0.4), (0.2, 0.6, 0.7)), (z2, (0.5, 0.7, 0.6), (0.8, 0.4, 0.7), (0.9, 0.3, 0.6))} 


Then, 


OQ = {7e1, (21, (0.5, 0.3, 0.7), (0.8, 0.6, 0.4), (0.4, 0.4, 0.6)), (z2, (0.5, 0.7, 0.3), (0.4, 0.5, 0.7), (0.5, 0.7, 0.5)), 
5€2, (21, (0.2, 0.6, 0.7), (0.2, 0.4, 0.6), (0.7, 0.4, 0.6)), (z2, (0.9, 0.3, 0.6), (0.2, 0.6, 0.3), (0.5, 0.7, 0.6))} 
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OY = fey, (z1, (0.5, 0.3, 0.7), (0.8, 0.6, 0.4), (0.4, 0.4, 0.6)), (z2, (0.5, 0.7, 0.3), (0.4, 0.5, 0.7), (0.5, 0.7, 0.5)), 
e2, (21, (0.2, 0.6, 0.7), (0.2, 0.4, 0.6), (0.7, 0.4, 0.6)), (z2, (0.9, 0.3, 0.6), (0.2, 0.6, 0.3), (0.5, 0.7, 0.6))} 


Proposition 3.2 Let (2x be an MNS set over a universal set Z. Then 
(i) (QY)* = Ox 
(ii) (QK)" = Qx 
Gi) 2o Soe a7 
( 


iv) OD =Zy = OF 


3.8. Union of Two mN Soft Sets 


Definition 3.8 Let Z be a universal set and X and Y are subsets of the set of attributes EL. 
The set Qy and Vy are two mNS sets. Let W = X UY, then the union of (ly and Wy is an 
MNS set denoted by QxUWVy and defined as for all e C W 
wx(e), eEX\Y; 
QxUVy = ¢ wy(e), ecY\X; 
wx(e)Upy(e), CE XNY. 
where, 
wx(e) Upy(e) = (max(s;o Tx(e)(z), 8,0 Ty(e)(z)),maxr(s;o Ix(e)(z),s;° Iy(e)(z)), 
min(s;o Fx(e)(z),s,° Fy(e)(z))) 
for alli =1,2,---,m;eECW andzEZ 


3.9. Intersection of Two mN Soft Sets 


Definition 3.9 Let Z be a universal set and X and Y are subsets of the set of attributes EL. 
The set Qy and Wy are two MNS sets. Let W = X MY, then the intersection of Qy and Vy 
is an MNS set denoted by NxMWy and defined as for all e C W 
Oxynvy — wx (e) (7 wy (e) 
where, 
wx(e) Nwy(e) = (min(s;o Tx(e)(z), 8,0 Ty(e)(z)), min(s;°o Ix(e)(z), 8,0 Ty(e)(z)), 


max(s;o Fx (e)(z),s;0 Fy(e)(z))) 
for alla =1,2,---,m;eE€W andzeEZ 


3.10. Restricted Union of Two mN Soft Sets 


Definition 3.10 Let Z be a universal set and X and Y are subsets of the set of attributes EF. 
The set Qy and Vy are two MNS sets. Let W = X MY, then the Restricted union of y and 
Wy is an MNS set denoted by (92x Ur Vy and defined as for all e © W 


Qy Up Vy = wx (e) U wy (e) 
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3.11. Extended Intersection of Two mN Soft Sets 


Definition 3.11 Let Z be a universal set and _X and Y are subsets of the set of attributes EF. 
The set Qy and Vy are two mNS sets. Let W = X UY, then the Extended intersection of 
Qy and Wy is an mNS set denoted by Qh N- Vy and defined as for all e Ee W 
wx(e), eEex\Y; 
Qx Ne Vy = 4 wy(e), ec Y\X; 
wx(e)Nwy(e), eEXNY. 


3.12. OR-operator of Two mN Soft Sets 


Definition 3.12 Let Z be a universal set and X and Y are subsets of the set of attributes EF. 
The set Qy and Vy are two mNS sets, then the OR-operator of Qy and Vy is an mNS set 
denoted by Qy V Vy and defined as Qy V Vy = Axyy where 


Axxy (, y) = wx (x) U py (y) 
for all (x,y) EX x Y 


3.13. AND-operator of Two MN Soft Sets 


Definition 3.13 Let Z be a universal set and X and Y are subsets of the set of attributes EF. 
The set Qy and Vy are two mNS sets, then the AND-operator of Qx and Vy is an MNS set 
denoted by Qy A Vy and defined as Ox A Vy = Axyy where 
AXxy (XL, y) = Wx (x) N vy (y) 
for all (x,y) EX x Y 


Example 3.4 Let Z = {2z1, z2} be a universal set and E = {e1, e2, e3, } be a set of attributes. 
Let X = {e1,e2},Y = {e2,e3} C E. Let Qx and Vy be two 3—N soft set defined as. 





Qx = {e1, (21, (0.7, 0.5, 0.5), (0.4, 0.5, 0.4), (0.3, 0.5, 0.3)), (z2, (0.3, 0.4, 0.5), (0.6, 0.4, 0.5), (0.3, 0.5, 0.8)), 
e, (21, (0.3, 0.5, 0.6), (0.3, 0.8, 0.2), (0.7, 0.5, 0.3)), (z2, (0.7, 0.2, 0.7), (0.5, 0.8, 0.4), (0.2, 0.7, 0.4))} 


Wy = feo, (21, (0.3, 0.5, 0.7), (0.2, 0.6, 0.3), (0.3, 0.4, 0.6)), (z2, (0.4, 0.6, 0.7), (0.3, 0.5, 0.7), (0.4, 0.7, 0.3)), 
e3, (21, (0.4, 0.7, 0.4), (0.7, 0.5, 0.3), (0.8, 0.5, 0.7)), (z2, (0.2, 0.7, 0.4), (0.3, 0.8, 0.9), (0.2, 0.1, 0.6))} 


Then, 


QxUWy = {e1, (21, (0.7, 0.5, 0.5), (0.4, 0.5, 0.4), (0.3, 0.5, 0.3)), (z2, (0.3, 0.4, 0.5), (0.6, 0.4, 0.5), (0.3, 0.5, 0.8)), 
e2, (21, (0.3, 0.5, 0.7), (0.3, 0.8, 0.3), (0.3, 0.4, 0.3)), (z2, (0.7, 0.6, 0.7), (0.5, 0.8, 0.7), (0.2, 0.7, 0.3)), 
e3, (21, (0.4, 0.7, 0.4), (0.7, 0.5, 0.3), (0.8, 0.5, 0.7)), (z2, (0.2, 0.7, 0.4), (0.3, 0.8, 0.9), (0.2, 0.1, 0.6))} 


QxAWy = {e2, (21, (0.3, 0.5, 0.6), (0.2, 0.6, 0.2), (0.7, 0.5, 0.6)), (22, (0.4, 0.2, 0.7), (0.3, 0.5, 0.4), (0.4, 0.7, 0.4))} 


Qx Up Vy = feo, (21, (0.3, 0.5, 0.7), (0.3, 0.8, 0.3), (0.3, 0.4, 0.3)), (z2, (0.7, 0.6, 0.7), (0.5, 0.8, 0.7), (0.2, 0.7, 0.3))} 
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Qx Ne Vy = fer, (21, (0.7, 0.5, 0.5), (0.4, 0.5, 0.4), (0.3, 0.5, 0.3)), (z2, (0.3, 0.4, 0.5), (0.6, 0.4, 0.5), (0.3, 0.5, 0.8)), 
e, (21, (0.3, 0.5, 0.6), (0.2, 0.6, 0.2), (0.7, 0.5, 0.6)), (z2, (0.4, 0.2, 0.7), (0.3, 0.5, 0.4), (0.4, 0.7, 0.4)), 
e3, (z1, (0.4, 0.7, 0.4), (0.7, 0.5, 0.3), (0.8, 0.5, 0.7)), (z2, (0.2, 0.7, 0.4), (0.3, 0.8, 0.9), (0.2, 0.1, 0.6))} 


Qx V Wy = {(e1, €2), (21, (0.7, 0.5, 0.7), (0.4, 0.6, 0.4), (0.3, 0.4, 0.3)), (22, (0.4, 0.6, 0.7), (0.6, 0.5, 0.7), (0.3, 0.5, 0.3)), 
(e1,€3), (21, (0.7, 0.7, 0.5), (0.7, 0.5, 0.4), (0.3, 0.5, 0.3)), (z2, (0.3, 0.7, 0.5), (0.6, 0.8, 0.9), (0.2, 0.1, 0.6)), 
(€2, €2), (21, (0.3, 0.5, 0.7), (0.3, 0.8, 0.3), (0.3, 0.4, 0.3)), (z2, (0.7, 0.6, 0.7), (0.5, 0.8, 0.7), (0.2, 0.7, 0.3)), 
(e2, €3), (21, (0.4, 0.7, 0.6), (0.7, 0.8, 0.3), (0.7, 0.5, 0.3)), (z2, (0.7, 0.7, 0.7), (0.5, 0.8, 0.9), (0.2, 0.1, 0.4))} 
Qx A Wy = {(e1, 2), (21, (0.3, 0.5, 0.5), (0.2, 0.5, 0.3), (0.3, 0.5, 0.6)), (22, (0.3, 0.4, 0.5), (0.3, 0.4, 0.5), (0.4, 0.7, 0.8)), 
(e1,€3), (21, (0.4, 0.5, 0.4), (0.4, 0.5, 0.3), (0.8, 0.5, 0.7)), (z2, (0.2, 0.4, 0.4), (0.3, 0.4, 0.5), (0.3, 0.5, 0.8)), 
(e2, €2), (21, (0.3, 0.5, 0.6), (0.2, 0.6, 0.2), (0.7, 0.5, 0.6)), (z2, (0.4, 0.2, 0.7), (0.3, 0.5, 0.4), (0.4, 0.7, 0.4)), 
(e2, €3), (21, (0.3, 0.5, 0.4), (0.3, 0.5, 0.2), (0.8, 0.5, 0.7)), (z2, (0.2, 0.2, 0.4), (0.3, 0.8, 0.4), (0.4, 0.7, 0.6))} 


4. Properties of mNS Set Operators 


In this section, we define some properties of mNS set operators that satisfied among mNS 
sets. We also give proof of some of them, while others can also be proved. Let Qy, Vy and 
Aw be three mNS sets over universal set Z with respect to parameter set & where X,Y and 


W are subsets of &. The approximation functions of Qx, Vy and Aw are defined as 


wx(e) = {(z, 3, 0 Tx(e)(z), 5; 0 Ix(e)(z), 35° Fx(e)(z)):2€Z,eE X} 
wy (e) = {(z, 5; 0 Ty (e)(z), 5; o Ty (e)(z), 8, 0° Fy(e)(z)): z2€ Z,e€ Y} 
Aw (e) = {(z, 5; o Tw(e)(z), 8; 0 Iw(e)(z), 35 0 Fw(e)(z)): 2€Z,eewWw} 


for alli =1,2,---,m 

4.1. Idempotent properties 

(i) QyUQx = Qy =Qy Up OY 

(ii) OxyNnQy = = Oe nels 
4.2. Identity Properties 

(i) QxUby = Qy =Qy Up Py 

(ii) QxAZx — a eee aa Vir 
4.3. Domination Properties 

(i) QyvUZy = Te = Oe lip Te 

(ii) QxAPy = Py =O Mz Py 
4.4. Complementation Properties 

(i) 2, = @x = Z 

(ii) 65 = Zy = 64, 
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4.5. Double Complementation Property 


(i) (Q§)° = Qe = (Q)” 


4.6. Absorption Properties 


(i) QxU(QxNWy) = Ox 
(ii) OxA(QxUWy) = Ox 
(iii) Ox Ur (Ox Ne Vy) = Ox 
(iv) Ox Ne (Qx UR Vy) = Ox 
Remark 4.1 
(i) Union U and extended intersection MN; do not absorb over each other among mNS sets 


(ii) Restricted Union Ug and intersection M do not absorb over each other among mNS sets 


4.7. Commutative Properties 


(i) AxOWy = Wy UI 
(ii) Ox Up Vy = Vy UR Ox 
(iii) AxAWy = WyAQy 
(iv) Ox Ne Vy = Vy 1 Ox 
Remark 4.2 
(i) OR-operator V and AND-operator A do not commute among mNS sets 


4.8. Associative Properties 


(i) QxU(WyUAp) = (QxUVy )UAy 

(ii) OxN(WyNAp) = (AxNWVy )NAw 

(it) Ox Up (Wy Up Aw) = (Ox Un Vy) Ur Aw 

(iv) Ox Ne (Wy Ne Aw) = (Qx Ne Vy) Ne Aw 

(v) Qx V (Wy V Aw) = (Qx V Vy) V Aw 

(vi) Ox A (Wy A Aw) = (Qx A Vy) A Aw 
Proof (i) 


=> wx(e) U (Wy(e) UAy(e)) = mar{s; o Tx (e)(z), max(s; o Ty (e)(z), 8; 0 Tw(e)(z))}, 
Max 8; O Ix(e)(z), max (s; » Ty (e)(z), S12 Tw (e) (z))}, 
mints; 0 Fx (e)(z), min(s; o Fy (e)(z), so Fw(e)(z))} 

for alli =1,2,---,mjeEXU(YUZ)=(XUY)UZ and zE€Z 


=> wx(e) U (wy (e) U Ay (e)) = max(s; 0 Tx (e)(z), 5; 0 Ty (e)(z), 85 0 Tw(e)(z)), 


max(s; o Ix (e)(z), 8; 0 Ly(e)(z), 5; 0 Tw(e)(z)), min(s; o Fx (e)(z), 8; o Fy (e)(z), 8; o Fw(e)(z)) 
for alli =1,2,---,mjeEXU(YUZ)=(XUY)UZ and zEZ 
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=> wx(e) U (Wy (e) UAy(e)) = max{max(s; 0 Tx (e)(z), 51 0 Ty (e)(z)), 81 0 Tw(e)(z)}, 
(z)), 81 © Iw(e)(z)}, 
(z)), 


z)), 81° Fw(e)(2)5 
(XUY)UZ andzeEZ 


max{max(s; o lx (e)(z), 5; 0 [y(e) 
min{min(s; o Fy (e)(z), 5; 0 Fy(e) 
for alli =1,2,---,mjeeXUYUZ)= 


= wx(e) U (Wy (e) UAy(e)) = (wx(e) U dy (e)) UAy(e) 


for alli =1,2,---,mjeEXU(YUZ)=(XUY)UZ and zEZ 


=> OQxU(VyUAy) = (QxUVy )UAp 
Proof (ii) 
= wx(e) NM Wye) M Ay(e)) = min{s; 0 Tx(e)(2), min(si oTy(e)(2), 84 0 Tw(e)(2))}, 
mints; o Ix (e)(z), min(s; o Iy(e)(z), 8: ° Iw(e)(z))}, 


max {s; 0 Fx(e)(z), max(s; 0 Fy(e)(z), 8; o Fy(e)(z))} 
for alli =1,2,---,mjeEXN(YNZ)=(XNYINZ andzE€Z 


=> wx(e)N (dy (e) NAy(e)) = min(s; o Tx (e)(z), 8: 0 Ty (e)(z), 55 0 Tw(e)(z)), 


min(s; o Ix(e)(z), 5; 0 Ly(e)(z), 5; o Iw(e)(z)), max(s; o Fx (e)(z), 5; 0 Fy(e)(z), 8; 0 Fw(e)(z)) 
for alli =1,2,---,mpeEXN(YNZ)=(XNYINZ andzE€Z 


=> wx(e)N (Wy (e) MN Ay(e)) = min{min(s; o Tx (e)(z), 5; 0 Ty (e)(z)), 83 0 Tw(e)(z)}, 
min{min(s; O Ix (e)(z), Sj O Ty (e)(z)), 57 0 Tw (e) (z)}, 
max{max(s; o Fx (e)(z), 5; 0 Fy(e) 


(z)), 1 0 Fw(e)(z)} 
for alli =1,2,---,mjeEXN(YNZ)=(XNYINZ andzE€Z 


= wx(e)N (by (e) M1 Ay (e)) = (wx(e) U dy (e)) U Ay (e) 


for alli =1,2,---,mjeEXN(YNZ)=(XNYINZ andzEeZ 


=> OxN(VynAw) = (QxNWVy )N Ay 


Similarly, others associative properties also satisfy equality. 


4.9. Distributive Properties 


(i) QxU(VyNAw) = (QxUVy )A(QxUAp) 

(ii) OxA(WyUAp) = (QxNVy )U(QxNAw) 

(iii) Ox Up (Wy Ae Aw) = (Qx UR Vy) Ne (Q% UR Aw) 

(iv) Ox Ne (Wy Up Aw) = (Ox Ne Vy) UR (Ox Ne Aw) 

(v) Ox UR (WyNAw) = (Qx UR Vy)N(Qx UR Aw) 

(vi) OxA(Vy UR Aw) = (OxNWVy) UR (QxNAw) 

Proof (i) 
=> wx(e) U (wy (e) NM Aw(e)) = max{s; o Tx(e)(z), min(s; o Ty (e)(z), s; o Tw(e)(z))}, 

max{s; o Tx (e)(z), min(s; o Iy(e)(z), 8; o Iw(e)(z))}, 
min{s; o Tx(e)(z), max(s; o Ty(e)(z), 5; o Tw(e)(z))} 





Saeed et al., Multi-Polar Neutrosophic Soft Sets with Application in Medical Diagnosis and Decision-Making 


Neutrosophic Sets and Systems, Vol. 33, 2020 195 
for alli =1,2,---,m;eEXU(YNW)=(XUYIN(XUW) andzEZ 


= wx(e) U (by (e) N Aw (e) = 
min{max(s; 0 Tx(e)(z), 8; 0 Ty (e)(z)), max(s; o Tx(e 


NS 


(2), 8: 0 Tw(e)(z))f, 
(z), 81 0 Tw(e)(z))f; 
max{min(s; o Fx (e)(z), 8; 0 Fy(e)(z)), min(s; o Fx (e)(z), $; 0 Fw (e)(z))} 
for alli =1,2,---,m;eEXU(YNW)=(XUY)N(XUW) andzEeZ 


NS 


min{max(s; o Ix (e)(z), 5; 0 Ty (e)(z)), max(s; o Ix (e 


= wx(e) U (dy (e) ND Aw(e)) = (x (©) U dy (€)) 1 (wx(e) U Aw (e)) 


for alli =1,2,---,m;eEXU(Y NW) =(XUY)IN(XUW) andzEZ 


=> QxU(VyNnAw) — (QxUVy )A(Qx UA) 


Proof (ii) 
=> wx(e)M (wy(e) U Aw(e)) = min{s; o Tx(e)(z), max(s; o Ty(e)(z), 5; o Tw(e)(z))}, 
mints; o Ix (e)(z), max(s; o Iy(e)(z), si o Iw(e)(z)) }, 
max{s; 0 Tx(e)(z), min(s; o Ty (e)(z), 5; o Tw(e)(z))} 


for alli =1,2,---,mjeEXN(YUW)=(XNY)U(XNW) andzEeZ 


=> wx(e)M (wy(e) UAw(e) = 


max{min(s; o Tx (e)(z), 5; 0 Ty (e)(z)), min(s; o Tx (e)(z), 8; o Tw(e)(z)) }, 
max{min(s; o Ix (e)(z), 5; 0 Ly (e)(z)), min(s; o Ix (e)(z), 8; 0 Tw(e)(z))}, 
min{mazx(s;o Fx(e)(z), 8 0 Fy(e)(z)), max(s; o Fx (e)(z), si o Fw(e)(z))} 


for alli =1,2,---,mreEXN(YUW)=(XNY)U(XNW) andzEZ 


= wx(e)N (by (e) U Aw(e)) = (@x(e) N Py (e)) U (wx(e) N Aw (e)) 


for alli =1,2,---,mjeEXN(YUW)=(XNY)U(XNW) andzEeZ 
=> OxN(VyUAp) — (QxNWy )U(QxNAw) 


Similarly, others distributive properties also satisfy equality. 
Remark 4.3 
(i) Union U and extended intersection N- do not distribute over each other among mNS sets 
(ii) OR-operator V and AND-operator A do not distribute over each other among mNS sets 


(iii) Restricted union Ur distribute over union U but converse does not hold true 





(iv) Intersection M distribute over extended intersection MN; but converse does not hold true 
Counter-Example 4.1 
Let Qx = {e2, (21, (0.5, 0.6), (0.3, 0.2), (0.9, 0.7)), (za, (0.3, 0.6), (0.4, 0.7), (0.5, 0.8)) }; 
Vy = {e1, (21(0.3, 0.2), (0.4, 0.6), (0.1, 0.8)), (za, (0.6, 0.4), (0.6, 0.8), (0.8, 0.8))} and 
Aw = {e2, (21, (0.7, 0.2), (0.3, 0.5), (0.2, 0.1)), (za, (0.6, 0.5), (0.3, 0.6), (0.5,0.4))} be three 
2—NS sets over the universal set Z = {21,22} with respect to set of attributes E = {e1,e2}, 
then 
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Ax Ne (Vy UAw) = {e1, (z1(0.3, 0.2), (0.4, 0.6), (0.1, 0.8)), (za, (0.6, 0.4), (0.6, 0.8), (0.8, 0.8)), 
€2, (21, (0.5, 0.2), (0.3, 0.2), (0.9, 0.7)), (za, (0.3, 0.5), (0.3, 0.6), (0.5, 0.8))} 
and 
(Qx Ne Vy)U(Ax Ne Aw) = fer, (21 (0.3, 0.2), (0.4, 0.6), (0.1, 0.8)), (z2, (0.6, 0.4), (0.6, 0.8), (0.8, 0.8)), 
€2, (21, (0.5, 0.6), (0.3, 0.2), (0.9, 0.7)), (z2, (0.3, 0.6), (0.4, 0.7), (0.5, 0.8))} 
Hence, Qy ae (Vy UAw) ra (Qx ae Wy )U(Qx (le Aw) 


4.10. De Morgan’s Properties 


Ge Ua wy) SOLOW, 
(ii) (Qx Wy)" = O] Ur VY 
(iii) (Ox AWy)” = 0% V (UY 
(iv) (Qx V Uy)" =O AWYL 
(v) (QxUWVy)” = OL A, VL 
(vi) (Qx Ne Vy)" = OL UW, 
( 
( 
( 
( 
( 


x) (Ox V Wy )& = OF AWE 

xt) (OM Uy = Oe US 

(xii) (Qx N- Vy)* = NZ UWE 
Proof (i) 


= (wx(e) Upy(e))” = [max(s; o Tx (e)(z), 51 0 Ty (e)(z)), 
max(s; 0 Ix(e)(z), 8; o Ty (e)(z)), min(s; o Fx (e)(z), 8; o Fy (e)(z))]" 
for alli =1,2,---,mjpeEXNY andzEeZ 


=> (wx(e) Uwy(e))” = min(s; o Fx (e)(z), 5; 0 Fy(e)(z)), 
(1,1,--- ,1) — maz(s; o Ix(e)(z), 5; o Ty (e)(z)), max(s; o Tx (e)(z), 8; o Ty (e)(z)) 
for alli =1,2,---,mjpeEXNY andzeZ 


=> (wx(e) Uwy(e))” = min(s; o Fx (e)(z), 5; 0 Fy(e)(z)), 
min{(1,1,---,1)—s;olx(e)(z), (1, 1,--- ,1)—s;0ly(e)(z))}, max(s; oT x (e)(z), 5; 0 Ty (e)(z)) 
for alli =1,2,---,mjpeEXNY andzeEZ 


=> (wx(e) Uvy(e))” = [s; o Fx(e)(z), (1,1,--- ,1) — 33° Ix(e)(z), 53 0 Tx (e)(z)| 


M [s; o Fy(e)(z)), (1,1,--- ,1) — 5; o Iy(e)(z)), 5; o Ty (e)(z))| 
for alli =1,2,---,mjpeEXNY andzEeZ 


=> (wx(e) Uyy(e))” = [si o Tx(e)(z), 81 ° Ix (e)(z), 81 0 Fx(e)(z)/" 


M [si 0 Ty (e)(z)), 81° Ly (e)(z)), 81° Fy (e)(z))/" 
for alli =1,2,---,mjpeEXNY andzeZ 
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= (wx(e) Udy (e))” = wk (e) NYY (Ee) 
for alli =1,2,---,mjpeEXNY andzEeZ 


=> (Qx UR Wy)” = (Qx)"AVy)” 
Proof (ii) 


= (wx(e) Nby(e))” = [min(s; o Tx (e)(z), si 0 Ty (e)(z)), 
min(s; o [x (e)(z), 3; 0 Ty(e)(z)), max(s; o Fx (e)(z), 8; o Fy (e)(z))]" 
for alli =1,2,---,mjpeEXNY andzEeZ 


=> (wx(e) MN wy(e))” = max(s; o Fx (e)(z), 5; 0 Fy(e)(z)), 


(1,1,--- ,1) — min(s; 0 Ix(e)(z), 5; 0 Iy(e)(z)), min(s; o Tx(e)(z), 5; 0 Ty (e)(z)) 
for alli =1,2,---,mjpeEXNY andzEeZ 


=> (wx(e) MN wy(e))” = max(s; o Fx (e)(z), 5; o Fy(e)(z)), 


max{(1,1,--- ,1)—s;olIx(e)(z), (1, 1,--- ,1)— 5; 0 ly (e)(z))}, min(s; oT x (e)(z), 5; 0 Ty (e)(z)) 
for alli =1,2,---,mjpeEXNY andzEeZ 


=> (wx(e) Nwy(e))” = [s; o Fx(e)(z), (1, 1,--- 1) — 35 o Ix (e)(z), 53 0 Tx (e)(z)] 


U [s; o Fy(e)(z)), (1,1,--- ,1) — 5; o Iy(e)(z)), 5; o Ty (e)(z))| 
for alli =1,2,---,mjpeEXNY andzEeZ 


= (wx(e) NM by (e))" = [si 0 Tx (e)(Z), 81 0 Lx (©) (2), 81° Fx (e)(2)" 


U [si 0 Ty (e)(z)), 81° Ly (e)(z)), 81 0 Fy (e)(z)) |" 
for alli =1,2,---,mjpeEXNY andzeZ 


= (wx(e) Ny (e))” = wk (e) UYy(e) 
for alli =1,2,---,mjpeEXNY andzEeZ 


= (QxNWVy)" = (Qx)” UR (Wy )" 


Similarly, all the other De Morgan’s properties can be proved in the same way. 


4.11. Exclusion and Contradiction Properties 


The Exclusion and Contradiction Properties among mNS set do not hold, we show it by a 
counter-example 

(i) Nx OOS, A Zx AO UR OY 

(ii) OXUONS A Zx AQY URNS 

(iii) AAO, ¢ bx FOX. Vy 

(iv) OxANS ZA Ox FOX NA: NY 
Counter-Example 4.2 
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Let Qx = fe1, (21, (0.5, 0.6), (0.3, 0.2), (0.9, 0.3)), (za, (0.3, 0.6), (0.4, 0.7), (0.5, 0.8))} be a 2—-NS 
set over universal set Z = {21,z2} with respect to the set of attributes X C E, relative 
complement of 2—NS set (2x will be 
On. = {e1, (z1, (0.9, 0.3), (0.7, 0.8), (0.5, 0.6)), (z2, (0.5, 0.8), (0.6, 0.3), (0.3, 0.6))}, then 
AXON = {e1, (21, (0.9, 0.6), (0.7, 0.8), (0.5, 0.3)), (z2, (0.5, 0.8), (0.6, 0.7), (0.3, 0.6))} 4 Zx 
and 


QxAQ = {e1, (21, (0.5, 0.3), (0.3, 0.2), (0.9, 0.6)), (z2, (0.3, 0.6), (0.4, 0.3), (0.5, 0.8))} # &x 


Similarly, others can also be proved by counter-example. 


5. Distances and Similarity Measure 


In this section we define distances and similarity measure formulas for mNS set as follows: 


5.1. Distances 


Definition 4.1 Let Z = {21, 22,...,2n} be a universal set, EF = {€1,€2,...,€g} be a set of 
attributes and X,Y € &. Let Qx,Vy are two MNS sets over Z with their mN approximate 
mapping 
wx (ej) = {(z, 81 0 Tx (e7) (ze), 81 © Lx (ej) (Zk), 81 0 Fx (ej) (Zk) F 
by (e;) = {(2, 81 9 Ty (e7) (Zk), 81 © Ty (e;) (Ze), 81 0 FY (ej) (Ze) $ 
for all i = 1,2,--+ ,m; 7 =1,2,---,qandk—1,2,---,n 





respectively, then the distance measure between (2x and Wy is defined as 


(1) Hamming distance: 





dy (Qx, Vy) = sD |S; 0 Tx ( (e;) (ze) — SiO Ty (e€;)(Zx)| 
i=1 j=1 k=1 
+|s;0 Ix(ej)(zn) — 81° Ty (e;)(z)| 
+|8;0 Fx (e;)(ze) — 81° Fy (ej) (ze)|)t (1) 
(2) Normalized Hamming distance: 
inn(Ox, Wy) = = AY Villa o Tx(es)() 819 TH(e) (40) 
i=1 j=1 k=1 
+|s;0 Ix(ej)(ze) — 81° Ty (e;)(ze)| 
+|850 Fx (e;)(ze) — 81° Fy (ej) (ze)|)t (2) 
(3) Euclidean distance: 
Ge gett CHC OE CIC aie 
= hj= li hea 
+(si0 Ix(ej)(zn) — 81° Ty(ej)(zx)) 
+(8;0 Fx(e;)(24) — 820 Fy(ey)(2))”)}? (3) 
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(4) Normalized Euclidean distance: 


mr qd Tr 
1 


yD DM (si Tx (ej) (zk) — 51.0 Ty(e;)(2n))° 


j=) g=1 k=) 
+(8;0 Ix(e;)(ze) — 8:0 Ty(e;)(zn))* 
+(si0 Fx(e;)(2x) — 810° Fy(e;)(2x))?)}? (4) 





dve(Qx, Vy) = oe 





Theorem 5.1 The distance measures between (1), and Wy satisfy the following inequality 
(1) dy(Qx, Vy) <n 
(2) dny(Qx, Vy) <1 
(3) dg(Qx, Vy) < Vn 
(4) dng(Qx, Vy) <1 
Theorem 5.2 
The distance mappings dy,dny,dgz and dyf are defined from mN% —> Rt are metric 
Proof 
Let Qx = (w, X), Vy = (v,Y) and Aw = (A, W) be three mNS sets over Z, then 
(1) dy(Qx, Vy) > 0 
(2) Suppose dy (Qx, Vy) = 0 





mam lls o Tx(e;)(ze) —pic Ty(e;)(zx)| 
pat pt pt 


+|s;,0 Ix(e;)(ze) — pio Ty (ej) (2x) 
+|8;,° Fix(ej)(Zn) — pio Fy (ej) (2%)|)} = 0 


for allia = 1,2,---,m;7=1,2,---,qandk=1,2,--- ,n 


==> |8,° Tx(e;)(2n) — 81° Ty (e;)(2x)| 
+|8;° Ix(e;)(zn) — 81° Iy(e;)(2x)| 
+|s;0 Fx (e;)(zk) — 81° Fy(e;)(zk)| = 0 


for allz2 = 1,2,---,m;7=1,2,---,qandk=1,2,---,n 


<== |8:0 Tx(e;)(Zk) — 81° Ty (ej) (2x) | = 0 
+|8;0 Ix(e;)(ze) — 81° Ty(e;)(zx)| = 0 
+|s;0 Fx (e;)(%) — 1° Fy(ej)(zx)| = 0 


for allz2 = 1,2,---,m;7=1,2,---,qandk=1,2,---,n 
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=> §5, O Tx (€;) (Zk) = $30 Tyler en), 
8,° Ix(e;)(zR) = 81° Ly(e;) (ze), 
81° Fx (e;)(Zn) = 81° Fy(e;) (ze) 


for all; = 1,2,3+*, ms 7 =1,2,+-+,g and k=1,2;+3+,n 


<> Dy = Vy 
BaOu wy =a Oe) 
(4) For any three mNS sets Qx, Vy and Aw 
|si0 Tx (e;)(zk) — 81° Ty (ej) (ze) 
+|s;0 Ix(e;)(ze) — si0 Ty (e;)(ze)| 
+|85 0 F’x(ej)(ze) — 81° Fy (es) (ze) 


forall 4 = 1, 24s 9s 9 = 122,2-9.7¢ ald bh 1,2. tn 


= |s8,0 Tx(e;)(zk) — 81° Tw (ej) (Ze) + 81° Twlej) (Zn) — 81° Ty (e;)(2x)| 
+|8;,° Ix(e;)(Zk) — 81° Iw(e;)(ze) + 81° IwM(e;) (2) — 81° Ty (e;)(2x)| 
+|8;° Fix (e;)(Zk) — 81° Fw (e;)(2e) + 81° Pw (ej)(2n) — 81° Fy (e;)(2x)| 


for alla = 1,2,---,m;7=1,2,---,qandk=1,2,--- ,n 


<|si0 Tx(e;)(2e) — 81° Tw(e;)(2e)| + [81° Tw(ej)(2n) — 81° Ty (e;)(2x)| 
+|8;° Ix(e;)(Zn) — 81° Iw(e;)(2x)| + 181° Tw (es) (ze) — 81° Ty (ej) (Zx)| 
+|8;° Fx (e;)(Ze) — 81° Fw (e;)(2e)| + |8i° Fw(e;)(2n) — 1° Fy (e;)(2x)| 


for all2 = 1,2,---,m;7=1,2,---,qandk=1,2,--- ,n 


= {|si0 Tx (ej) (zk) — 81° Tw(ej)(ze)| + [810° Ix (es) (ze) — 81° Iw (ej) (Ze)| 

+|8;0 Fx (e;)(ze) — 810 Fw (es) (ze) |} + {181° Tw (ej) (Ze) — 81° Ty (es) (Ze)| 
+|8;° Iw(ej)(ze) — 81° Ty (ej) (ze)| + |8io Fw (ej) (ze) — 81° Fy (ej) (Ze) IF 

MST One. Gy SIO ingen keaL Daas 


Thus, 


dy(Qx, Vy) < dy(Qx, Aw) + da(Aw, Vy) 


5.2. Similarity Measure 


Definition 5.2 [16] The SM of Qx and Wy is defined as 
1 
S(O5.20)) = 5 
( = y) 14+ d(Qx, Vy) ( ) 


where d(Qx, Vy) is any of the above distance. 
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5.3. Similarity of two mN Soft Set 


Definition 5.3 {16] The two mN soft sets Qx and Wy are y similar if and only if 


S(Qx, Vy) Dae 1.€., 


Qy x! Vy © S(Qx, Vy) > 7,7 € (0,1) (6) 


Oy and Wy are significantly similar if S(Qx, Vy) > 0.5 
Theorem 5.3 
The SM of Qy and Wy over Z satisfies the following. 
(1) O<S(Qx, Wy) <1 
(2) S(Qx, Vy) = S(Wy, Ox) 
(3) S(Qx, Vy) =1e Ax = Vy 


6. Application of SM for mN Soft Set 


In this section, we utilize similarity measure for MNS set in two different real-life applications 


like as in medical diagnosis and decision-making for selection of a lecturer for university. 


6.1. Case Study I 





We use the notion of Similarity Measure to analyze whether the patient has dengue fever 


or not. An algorithm is given as follows 


6.1.1. Algorithm 


Step 1: Construct set of parameters F = {e1,€2,--- ,é,} as all symptoms of a disease. 
Step 2: Construct an mN soft set 2x of disease by a medical expert. 


Step 3: Construct an MN soft set Vy by the medical report of the patient. 





Step 4: Compute the distance between (2x and Wy by using the distance formula 


my qd nr 


du(Qx, By) = sag DMs Tx(e4) (zs) — 86.0 Ty(e;)(2m) 


(= $20 ¢=0 
+|s;° Ix(e;)(z%) — 81° Ty(e;)(2x)| 
+|8;° Fx (ej)(Zk) — 81° Fy(e;)(ze)|)5 





Step 5: Calculate similarity measure between (Qly and Wy using formula 


1 
62. | = ——— 


Step 6: Analyze the result using similarity. 
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6.1.2. Problem Formulation and Assumptions 





The proposed algorithm can be utilized in medical diagnosis problems, here we are giving one 
numerical example of solution for such medical diagnosis problem in the light of mathematics. 
This proposed algorithm can be applied for any medical disease diagnosis problems. We 
consider dengue fever disease as an medical diagnosis problem, wether a considered patient 
has dengue fever or not, since many of the symptoms of dengue fever are matched with other 
diseases such as malaria. For specification of disease we applied similarity measure on mNS 
structure to get insured and accurate results. ‘The m-polar structure gives us data of m medical 


experts evaluation for particular disease. 


6.1.3. Application of Algorithm 


Now we consider a universal set Z = {z1 = dengue fever, z2 = not dengue fever } 


We consider set of parameters EF = {e; = High Fever, eg = Bleeding, e3 = Severe Pain} as 





some of the symptoms of dengue fever disease, where these parameters can be described as, 
The patient may have ” High Fever” may also suffering from irritability and headache 

” Bleeding” from gums or under the skin or from nose 

” Severe Pain” in joints or in muscles 

Let X,Y C E. Then we construct an 3—NS set Q.x with the help of 3 medical expert (doctor) 


as follows: 


(0.69,0.52,0.61),(0.37,0.44,0.23),(0.46,0.37,0.29) | (0.54,0.63,0.55),(0.48,0.44,0.26),(0.63,0.47,0.59) 


(0.43,0.66,0.62),(0.48,0.45,0.53),(0.47,0.52,0.36) | (0.17,0.23,0.29),(0.37,0.41,0.47),(0.53,0.59,0.61) 


(0.34,0.47,0.27),(0.46,0.48,0.37),(0.75,0.58,0.69) | (0.58,0.53,0.55),(0.37,0.35,0.32),(0.65,0.63,0.59) 
Table 1: 3—NS set by 3 medical expert (doctor) 





Then we construct a 3—NS set Vy by a medical report of the patient as follows: 


(0.63,0.57,0.54),(0.47,0.46,0.32),(0.62,0.75,0.67) | (0.45,0.71,0.50),(0.50,0.43,0.26),(0.61,0.50,0.47) 


(0.47,0.59,0.69),(0.53,0.50,0.60),(0.43,0.58,0.32) | (0.15,0.25,0.25),(0.32,0.40,0.43),(0.53,0.60,0.60) 


(0.27,0.38,0.24) ,(0.58,0.37,0.47),(0.65,0.69,0.70) | (0.47,0.46,0.64) ,(0.44,0.40,0.30),(0.61,0.60,0.68) 
Table 2: 3—NS set by a medical report of a patient 








Computing distances between (2, and Wy and the results are 
dy (Qx, Vy) = 0.1381 
dny(Qx, Vy) = 0.0690 
dp(Qx, Vy) = 0.0195 
dne(Qx, Vy) = 0.0097 


Using Eculidean distance to calculate similarity measure of QQy and Vy and result is as follows 


S(Qx, Vy) = 0.98 > 0.5 
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Since S(Qx, Vy) is greater than 0.5, i.e. the similarity measure of two 3—NS sets is significantly 


similar, this implies a patient is suffering from dengue fever. 


6.2. Case Study II 





Here, we generate an example of selecting lecturer for university after seeing candidate’s 


interview reports. An algorithm is given as follows; 


6.2.1. Algorithm 


Step 1: Construct a set of attribute of selection purpose as FE’ = {e1, €2,--+ , eq} 

Step 2: Construct an MNS set (12x as the requirements of a firm concluded by decision-making 
team. 

Step 3: Construct t mNS sets wy by the help of evaluation of different alternatives given by 


decision-making team, where h = 1,2,--- ,t 





Step 4: Compute the distance between (2, and wy by using the distance formula 


1 


HOt = img Ms 8:0 Tx(e;)(2e) — 810 Ty(e;)(2x))? 


i=1 j=1 k=1 
+(8;0 Ix(e;)(zn) — 8:0 Ty(e;)(z))* 
+(si0 Fx(e;)(ze) — 81° Fy(e;)(zx))?)}? 





Step 5: Calculate the similarity measure between (2x and wy using formula 


1 


S(Qx, VY) = —_—_,- 
Ee) 1+d(Qx, ve) 


Step 6: Analyze the result using similarity that which alternative is more suitable to be select 


as a lecturer. 


6.2.2. Problem Formulation and Assumption 


A Similarity measure of mNS sets can help in decision-making problem of selection of best 
alternative corresponds to attribute of selection purpose. It can be applicable in problems of 


group decision making where a group of people gives their own evaluation to all alternatives 





corresponds to attribute and wants an alternative to be selected which fulfills or near to the 
evaluation that was given individually by them. We consider one example of such type of 
problems that is department of mathematics wants to hire a new lecturer for university. ‘The 
new lecturer must well aware of both Pure and Applied Mathematics. They made a decision- 
making team of three-person for the selection of a lecturer. All member of team first evaluate 
the requirements of a department for selecting the purpose of a new lecturer individually, then 
they took interviews and demo classes of four applicants who are willing to be a lecturer in 


that university and made reports of every applicant for decision-making process. 
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6.2.3. Application of Algorithm 


Consider a universal set Z = {z, = Pure Math, z2 = Applied Math} and set of attributes 
for the selection purpose as & = {e, = Teaching Techniques, e2 = Research Work, e3 = 
Expertise}. Let X = Y C E, then we construct a 3—NS set Qx as requirements of a depart- 


ment. 


(0.82,0.55,0.63),(0.55,0.46,0.28 


y] 


) 
(0.43,0.68,0.86),(0.47,0.67,0.56), 
) 


(0.73,0.48,0.53),(0.87,0.43,0.77),(0.76,0.53,0.62) | (0.64,0.48,0.59) ,(0.32,0.58,0.22) ,(0.94,0.64,0.62) 
Table 3: 3—NS set of requirement of a department 





Now we will construct four 3—NS sets Uy, Wes wy, and Uy. of different applicants A; Ag As 


and Ay, respectively with the help of reports made by decision-making team. 


(0.76,0.59,0.56),(0.47,0.52,0.33),(0.52,0.45,0.67) | (0.45,0.70,0.56), 
(0.47,0.59,0.89),(0.53,0.60,0.60),(0.46,0.58,0.30) | (0.70,0.59,0.76), 


(0.77,0.40,0.48),(0.83,0.37,0.74),(0.66,0.62,0.70) | (0.72,0.45,0.64), 
Table 6: 3—NS set a report of Applicant 3 


0.90,0.50,0.85),(0.61,0.42,0.47) 
0.70,0.50,0.68),(0.56,0.60,0.62) 


0.39,0.50,0.31),(0.85,0.60,0.68) 
As) 





(0.63,0.40,0.59),(0.69,0.44,0.30),(0.70,0.70,0.60) | (0.55,0.31,0.60), 


(0.49,0.28,0.34),(0.58,0.63,0.50),(0.60,0.69,0.79) | (0.47,0.65,0.80), 
Table 7: 3—NS set a report of Applicant 4 








The Euclidean distance between (2, and wy is calculated as 


dp(Qx, VL) = 0.3798 
dp(Qx, V2) = 0.3610 
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dz (Qx, V},) = 0.0076 
dp (Qx, VY) = 0.1087 


The Similarity Measure of Qy and we, is calculated as 

S(Qx, UL) =0.72 

S(Oe U7) =0:73 

S(Qx, US) = 0.99 

S(Qx, VY) = 0.90 
Since, similarity measure of S(Q.x, UV?) = 0.99 is greater than 0.5 and greater than all others, 
the two 3—NS sets are significantly similar, which shows applicant 3 (A3) is more suitable and 


he also fulfills requirements of the university. 


7. Conclusion 


The existing multi-polar information is not completely defined by using the existing meth- 
ods. now multi-polar neutrosophic models explain the things in a better way to solve the 
undetermined data having multi-polar information and having the vast applications in differ- 
ent fields. similarity measures based on distance play an important role to solve the problems 
that have indeterminacy. In this paper, we defined some basic operations and their properties 
on MN soft sets. Moreover, we have defined the distance-based similarity measure of multi- 
polar neutrosophic soft sets. We have used the concept of distance-based similarity measures 
in medical diagnosis and decision-making of the selection of lecturers for university with along 
algorithms. Moreover, we defined some basic operations and their properties on mN soft 
sets. In the future, Group MCDM problems can be solved using different methods of MCDM 
(TOPSIS, VIKOR, etc). 
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Abstract. In this article, some essential aspects of plithogenic hypersoft algebraic structures have been ana- 
lyzed. Here the notions of plithogenic hypersoft subgroups i.e. plithogenic fuzzy hypersoft subgroup, plithogenic 


intuitionistic fuzzy hypersoft subgroup, plithogenic neutrosophic hypersoft subgroup have been introduced and 





studied. For doing that we have redefined the notions of plithogenic crisp hypersoft set, plithogenic fuzzy hy- 
persoft set, plithogenic intuitionistic fuzzy hypersoft set, and plithogenic neutrosophic hypersoft set and also 
given their graphical illustrations. Furthermore, by introducing function in different plithogenic hypersoft en- 


vironments, some homomorphic properties of plithogenic hypersoft subgroups have been analyzed. 


Keywords: Hypersoft set; Plithogenic set; Plithogenic hypersoft set; Plithogenic hypersoft subgroup 


A LIST OF ABBREVIATIONS 

US signifies universal set. 

CS signifies crisp set. 

FS signifies fuzzy set. 

IFS signifies intuitionistic fuzzy set. 

NS signifies neutrosophic set. 

PS signifies plithogenic set. 

SS signifies soft set. 

HS signifies hypersoft set. 

CHS signifies crisp hypersoft set. 

FHS signifies fuzzy hypersoft set. 

IFHS signifies intuitionistic fuzzy hypersoft set. 
NHS signifies neutrosophic hypersoft set. 
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PHS signifies plithogenic hypersoft set. 

PCHS signifies plithogenic crisp hypersoft set. 

PFHS signifies plithogenic fuzzy hypersoft set. 

PIFHS signifies plithogenic intuitionistic fuzzy hypersoft set. 
PNHS signifies plithogenic neutrosophic hypersoft set. 

CG signifies crisp group. 

FSG signifies fuzzy subgroup. 

IFSG signifies intuitionistic fuzzy subgroup. 

NSG signifies neutrosophic subgroup. 





DAF signifies degree of appurtenance function. 





DCF signifies degree of contradiction function. 

PSG signifies plithogenic subgroup. 

PCHSG signifies plithogenic crsip hypersoft subgroup. 

PFHSG signifies plithogenic fuzzy hypersoft subgroup. 

PIFHSG signifies plithogenic intuitionistic fuzzy hypersoft subgroup. 
PNHSG signifies plithogenic neutrosophic hypersoft subgroup. 
DMP signifies decision making problem. 

p(U) signifies power set of U. 


1. Introduction 


FS theory was first initiated by Zadeh to handle uncertain real-life situations more 
precisely than CSs. Gradually, some other set theories like IFS [2], NS [3], Pythagorean 
FS [4], PS 5], etc., have emerged. ‘These sets are able to handle ambiguous situations more 





appropriately than FSs. NS theory was introduced by Smarandache which was generalizations 
of IFS and FS. He has also introduced neutrosophic probability, measure (6,7 , psychology [3], 
pre-calculus and calculus [9], etc. Presently, NS theory is vastly used in various pure as well 
as applied fields. For instance, in medical diagnosis [10}/11), shortest path problem [12}/20], 
DMP [21}{26}, transportation problem (27) 28}, forecasting [29], mobile edge computing [30], 
abstract algebra [31], pattern recognition problem [32], image segmentation [33], internet of 
things [34], etc. Another set theory of profound importance is PS theory which is extensively 
used in handling various uncertain situations. This set theory is more general than CS, FS, IFS, 
and NS theory. Gradually, plithogenic probability and statistics |35], plithogenic logic {35}, etc., 
have evolved which are generalizations of crisp probability, statistics, and logic. Smarandache 
has also introduced the notions of plithogenic number, plithogenic measure function, bipolar 
PS, tripolar PS, multipolar PS, complex PS, refined PS, etc. Presently, PS theory is extensively 


used in numerous research domains. 
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The notion of SS theory is another fundamental set theory. Presently, SS theory has 
become one of the most popular branches in mathematics for its huge areas of applications in 
various research fields. For instance, nowadays in DMP [37], abstract algebra [38}/40], etc., it 
is widely used. Again, there exist concepts like vague sets [41/42], rough set [43], hard set [44], 
etc., which are well known for their vast applications in various domains. Gradually, based on 
SS theory the notions of fuzzy SS [45}, intuitionistic SS [46], neutrosophic SS theory, etc., 
have been introduced by various researchers. In fuzzy abstract algebra, the notions of FSG [48], 
IFSG [49], NSG [31], etc., have been developed and studied by different mathematicians. SS 
theory has opened some new windows of opportunities for researchers working not only in 
applied fields but also in pure fields. As a result, the notions of soft FSG [39], soft IFSG (50), 
soft NSG |51]|, etc., were introduced. Later on, Smarandache has proposed the concept of 
HS theory which is a generalization of SS theory. Also, he has extended and introduced 
the concept of HS in the plithogenic environment and generalized that further. As a result, a 
new branch has emerged which can be a fruitful research field for its promising potentials. ‘The 
following ‘Table |1} contains some significant contributions in SS and PS theory by numerous 


researchers. 


TABLE 1. Significance and influences of PS & SS theory in various fields. 





Author & references Year Contributions in various fields 
Majhi et al. 2002 Applied SS theory in a DMP. 
Feng et al. 2010 Described an adjustable approach to fuzzy SS based 


DMP with some examples. 
aman 2011 Defined fuzzy soft aggregation operator which al- 
lows the construction of more efficient DMP. 
Broumi et al. 2014 Defined neutrosophic parameterized SS and neutro- 
sophic parameterized aggregation operator and ap- 
plied it in DMP. 


Broumi et al. 2014 Defined interval-valued neutrosophic parameterized 
SS a reduction method for it. 

Deli et al. 2014 Introduced neutrosophic soft multi-set theory and 
studied some of its properties. 

Deli & Naim 2015 Introduced intuitionistic fuzzy parameterized SS 
and studied some of its properties. 

Smarandache 60 2018 Introduced physical PS. 

Smarandache 2018 Studied aggregation plithogenic operators in physi- 
cal fields. 

continued ... 
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Author & references Year Contributions in various fields 

Gayen et al. 2019 Introduced the notions of plithogenic subgroups and 
studied some of their homomorphic properties. 

Abdel-Basset et al. 2019 Described a novel model for evaluation of hospital 
medical care systems based on PSs. 

Abdel-Basset et al. 2019 Described a novel plithogenic TOPSIS-CRITIC 
model for sustainable supply chain risk manage- 
ment. 

Abdel-Basset et. al. 2019 Proposed a hybrid plithogenic decision-making ap- 


proach with quality function deployment. 


This Chapter has been systematized as the following: In Section |2} literature reviews of 
FS, IFS, NS, FSG, IFSG, NSG, PS, PHS, etc., are mentioned. In Section [3] the concepts of 
PCHS, PFHS, PIFHS, and PNHS have been redefined in a different way and their graphical 
illustrations have been given. Also, the notions of PFHSG, PIFHSG, and PNHSG have been 


introduced and further the effects of homomorphism on those notions are studied. Finally, in 





Section [4| the conclusion is given mentioning some scopes of future researches. 


2. Literature Survey 


In this segment, some important notions like, FS, IFS, NS, FSG, IFSG, NSG, etc., have 
been discussed. We have also mentioned PS, 5S, HS and some aspects of PHS. ‘These notions 


will play vital roles in developing the concepts of PHSGs. 
Definition 2.1. Let U bea CS. A function o : U — [0,1] is called a FS. 


Definition 2.2. Let U be a CS. An IFS ¥ of U is written as y = {(m,t,(m), fy(m)) : 
m € U}, where t,(m) and f,(m) are two FSs of U, which are called the degree of membership 





and non-membership of any m € U. Here Vm € U, t,(m) and f,(m) satisfy the inequality 
0<ty(m)+ fy(m) <1. 


Definition 2.3. Let U bea CS. ANS 7 of U is denoted as 7 = {(m, ty(m), 7n(m), fn(m)) : 
m € U}, where t,(m),%,(m), fy(m) : U —])~0,1*[ are the corresponding degree of truth, 
indeterminacy, and falsity of any m € U. Here Vm € U t,(m), t,(m) and f,(m) satisfy the 
inequality ~0 < t,(m) +%n(m) + fr(m) < 37. 


2.1. Fuzzy, Intuitionistic fuzzy & Neutrosophic subgroup 


Definition 2.4. A FS of a CG U is called as a FSG iff Vm,u € U, the conditions 


mentioned below are satisfied: 


(i) a(mu) > min{a(m), a(u)} 
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(ii) a(m~) > a(m). 

Definition 2.5. An IFS y = {(m, ty(m), fy(m)) :m € U} of a CG U is called an IFSG 

iff Vm,u € U, 


(i) t,(mu-) > min{ty(m),ty(u)} 


(ii) fy(mumt) < maxf{ fy(m), fy(u)}. 
The set of all the IFSG of U will be denoted as IFSG(U). 


Definition 2.6. Let U be a CG and 0 be a NS of U. 0 is called a NSG of U iff the 


conditions mentioned below are satisfied: 
(i) d(mu) > min{d(m),d(u)}, ie. ts(mu) > min{ts(m), ts(u)}, ts(mu) > 


min{is(m), is(u)} and fs(mu) < max{fs(m), fs(u) f 
(ii) 6(m—") > d(m) ie. t3(m) > ts(u), is(m") > is(u) and fs(m—") < fs (x). 


Theorem 2.1. [66] Let g be a homomorphism of a CG U, into another CG U2. Then 
preimage of an IFSG y of Up i.e. g~'(y) is an IFSG of Uj. 


Theorem 2.2. [66] Let g be a surjective homomorphism of a CG U, to another CG U2. Then 
the image of an IFSG y of U, 7.e. g(y) is an IFSG of U2. 


Theorem 2.3. [31] The homomorphic image of any NSG is a NSG. 
Theorem 2.4. The homomorphic preimage of any NSG is a NSG. 


Some more references in the domains of FSG, IFSG, NSG, etc., which can be helpful to 
various other researchers are 71]. 





2.2. Plithogenic set €§ Plithogenic hypersoft set 


Definition 2.7. Let U bea US and P CU. A PS is denoted as P; = (P, ~, Vy, a, c), where 
w be an attribute, Vy is the respective range of attributes values, a: P x Vy — [0,1]° is the 
DAF and c: Vy x Vy > [0,1]’ is the corresponding DCF. Here s,t € {1, 2, 3}. 


In Definition [2.7| for s = 1 and t = 1 a will become a FDAF and c will become a FDCF. In 
general, we consider only FDAF and FDCF. Also, V(uj;, uj) € Vy x Vy, ¢ satisfies c(u;, ui) = 0 


anid Cte: th). Cig, Wi, | 


Definition 2.8. Let U be a US, Vy, be a set of attribute values. Then the ordered pair 
([,U) is called a SS over U, where [: V4 > p(U). 





Gayen et al., Introduction to Plithogenic Hypersoft Subgroup 


Neutrosophic Sets and Systems, Vol. 38, 2020 23 


Definition 2.9. Let U be a US. Let 11,72,...,7, be n attributes and corresponding 
attribute value sets are respectively D1, Do,...,D, (where Dj 1 D; = ¢, for i 4 7 and i,j € 
{1,2,...,n}). Let Vy = Dy x Dg x --- x Dyn. Then the ordered pair (I, Vy) is called a HS of 
U, where [: Vy > p(U). 


Definition 2.10. A US Ug is termed as a crisp US if Vu € Uc, u fully belongs to Ug 


i.e. membership of wu is 1. 


Definition 2.11. A US Uf is termed as a fuzzy US if Vu € Up, u partially belongs to 
Up i.e. membership of wu belonging to [0, 1]. 


Definition 2.12. A US U7Fr is termed as an intuitionistic fuzzy US if Vu € Uyr, u 
partially belongs to Uyr and also partially does not belong to Uypr i.e. membership of u 
belonging to [0,1] x [0, 1]. 


Definition 2.13. A US Uy is termed as an neutrosophic US if Vu € Uy, u has truth 
belongingness, indeterminacy belongingness, and falsity belongingness to Uy i.e. membership 


of wu belonging to [0,1] x [0,1] x [0,1]. 


Definition 2.14. A US Up over an attribute value set ~ is termed as a plithogenic US if 





Vu € Up, u belongs to Up with some degree on the basis of each attribute value. ‘This degree 


can be crisp, fuzzy, intuitionistic fuzzy, or neutrosophic. 


Definition 2.15. Let Uc be a crisp US and w = {r1,12,...,7n} be a set of n attributes 
with attribute value sets respectively as D ,, Do,...,Dn (where Di 1D; = ¢@ for 1 # 7 and 
i,j € {1,2,...,n}). Also, let Vy = Dy x Dz x --- x Dy, . Then (1, Vy), where T: Vy - p(Uc) 


is termed as a CHS over Uc. 


Definition 2.16. Let Up be a fuzzy US and wW = {71,12,...,7n} be a set of n attributes 
with attribute value sets respectively as D,, Do,...,Dn (where Di 1 D; = @ for 1 # j and 
i,j € {1,2,...,n}). Also, let V, = D1 x Do x---x Dy . Then ((, Vy), where [ : Vy > p(Ur) 
is called a FHS over Up. 


Definition 2.17. Let Uyr be an intuitionistic fuzzy US and w = {r1,1r2,...,7n} be a set 
of n attributes with attribute value sets respectively as D1, Do,...,Dn (where Di ND; = ¢ 
fori A j and i,j € {1,2,...,n}). Also, let V, = D) x Dy x +--+ x Dy, . Then (I, Vy), where 
[: Vy — p(UrF) is called an IFHS over U7p. 


Definition 2.18. Let Uy be a neutrosophic US and w = {r1,1r2,...,7n} be a set of n 
attributes with attribute value sets respectively as D1, Do,...,Dn (where Dj; D; = ¢ for 1 ¥ 3 
and i,j € {1,2,...,n}). Also, let Vy = D, x D2x---x D, . Then (1, Vy), where P : Vy — p(Un) 
is called a NHS over Uy. 
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Definition 2.19. Let Up be a plithogenic US and Ww = {r1,72,...,rn} be a set of n 
attributes with attribute value sets respectively as D1, Do,...,Dn (where Dj; D; = ¢ for 1 # J 
and i,j € {1,2,...,n}). Also, let V, = D, x D2x---x Dy, . Then ((, Vy), where TP : Vy > p(Up) 
is called a PHS over Up. 


Further, depending on someones preferences PHS can be categorized as PCHS, PFHS, 
PIFHS, and PNHS. In [52], Smarandache has wonderfully introduced and illustrated these 
categories with proper examples. 

In the next section, we have mentioned an equivalent statement of Definition and 
described its categories in a different way. Also, we have given some graphical representations of 
PCHS, PFHS, PIFHS, and PNHS. Again, we have introduced functions in the environments of 
PFHS, PIFHS, and PNHS. Furthermore, we have introduced the notions of PFHSG, PIFHSG, 
and PNHSG and studied their homomorphic characteristics. 


3. Proposed Notions 


As an equivalent statement to Definition |2.19| we can conclude that VM € range(I’) and 
Vi € {1,2,...,n$, da;: Mx D; > [0,1] (s = 1,2 or 3) such that V(m,d) € M x D;, a;(m, d) 
represent the DAFs of m to the set M on the basis of the attribute value d. Then the pair 
(I, Vy) is called a PHS. 

So, based on someones requirement one may choose s = 1,2 or 3 and further, depending on 
these choices PHS can be categorized as PFHS, PIFHS, and PNHS. Also, by defining DAF 
as a; : M x D; — {0,1}, the notion of PCHS can be introduced. The followings are those 





aforementioned notions: 

Let w = {r1,1r2,...,7n} be a set of n attributes and corresponding attribute value sets are 
respectively D,, Do,...,Dn (where Dj D; = ¢, for i # 7 and i,j € {1,2,...,n}). Let Vy = 
Dy, x Dz x +++ x Dy and (1, Vy) be a HS over U, where [: Vy > p(U). 


Definition 3.1. The pair ([', Vy) is called a PCHS if VM € range(I) and Vz € {1,2,...,n} 
dag, : M x D; > {0,1} such that V(m,d) € M x D;, acg,(m,d) = 1. 


A set of all the PCHSs over a set U will be denoted as PCHS(U). 


Example 3.2. Let a balloon seller has a set U = {by, bo,...,b29} of a total of 20 balloons 
some which are of different size, color, and cost. Also, let for the aforementioned attributes 
corresponding attribute value sets are D; = {small, medium, large}, D2 = {red, orange, blue} 
and D3 = {small, medium, large}. Let a person is willing to buy some balloons having the 
attributes as big, red and expensive. Lets assume (I, Vy) be a HS over U, where T : Vy — p(U) 
and Vy, = D, x Dz x D3. Also, let I'(big, red, expensive) = {bs, bio, b12}. 
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Then corresponding PCHS will be I'(big, red, expensive) = {b3(1, 1,1), b190(1, 1, 1), b12(1, 1, 1)}. 


Its graphical representation is shown in Figure 








Big Red Expeusive Attributes 


FIGURE 1. PCHS according to Example|3.2 


Definition 3.3. The pair (f,Vy) is called a PFHS if VM e€ range(I’) and Wi € 
{1,2,...,n}, dap, : M x D; > [0,1] such that V(m,d) € M x D;, ap.(m,d) € [0, 1]. 


A set of all the PFHSs over a set U will be denoted as PFHS(U). 


Example 3.4. In Example let corresponding PFHS is I(big, red, expensive) = 
{ b3 (0.75, 0.3, 0.8), b19(0.45, 0.57, 0.2), b12(0.15, 0.57,0.95)}. Its graphical representation is 
shown in Figure [2| 


a 
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Big Red Expensive Attributes 


FIGURE 2. PFHS according to Example 3.4 
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Definition 3.5. The pair (I',V,) is called a PIFHS if VM e€ range(I’) and Wi € 
{1,2,...,.n}, dap, : Mx D; > [0,1] x [0,1] such that V(m, d) € Mx D;,ap,(m,d) © [0, 1] x[0, 1]. 


A set of all the PIFHSs over a set U will be denoted as PIFHS(U). 


Example 3.6. In Example [3.2] let corresponding PIFHS is 


b3 (0.87, 0.52, 0.66), bo (0.6, 0.52, 0.2), by2(0.33, 0.2, 0.83) 





I(big, red, expensive) = 
b3(0.3, 0.4, 0.72), b19(0.5, 0.19, 0.98), by2(1, 0.72, 0.3) 


Its graphical representation is shown in Figure 


Attributes 





FIGURE 3. PIFHS according to Example 3.6 


Definition 3.7. The pair ([,Vy) is called a PNHS if VM € range(I’) and Wi € 
{1,2,...,n}, day, : M x D; — [0,1] x [0,1] x [0,1] such that V(m,d) € M x D;, an,(m,d) € 
10, 1] x [0,1] x [0, 1]. 


A set of all the PNHSs over a set U will be denoted as PNHS(U). 


Example 3.8. In Example [3.2] let corresponding PNHS is 


b3 (0.87, 1, 0.66), b19(0.61, 0.25, 0.2), by2(0.32, 0.7, 0.83) 





I'(big, red, expensive) = ¢ 63(0.15, 0.72, 0.47), b19(0.77, 0.4, 0.48), b12(0.37, 0.18, 0.2) 
b3(0.76, 0.17, 0.29), b19(0.5, 0.71, 0.98), b12(1, 0.35, 0.67) 


Its graphical representation is shown in Figure 
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FIGURE 4. PNHS according to Example [3.8 


3.1. Images & Preimages of PFHS, PIFHS & PNHS under a function 


Let U; and Uz be two CSs and Vi,7 € {1,2,...,n}, D; and P; are attribute value sets 
consisting of some attribute values. Again, let gj; : U, x D; — U2 x P; are some functions. 


Then the followings can be defined: 


Definition 3.9. Let ([1,V,;) € PFHS(U1) and (P2, Vj) € PFHS(U2), where Vj; = D, x D2 x 
--+ x Dy and Vj = Pi x Py x +++ x Pn. Also, let VM € range(T1), az, : M x D; — [0,1] are the 
corresponding FDAF’s. Again, let VN € range(I'2), br, : N x Pj — [0,1] are the corresponding 
FDAFs. Then the images of (11, V5) under the functions g;; : Uy x Dj + U2 x P; are PFHS 
over Uz and they are denoted as g;;(11, Vi): where the corresponding FDAF's are defined as: 
max ap,(m,d) if (m,d) € Gi; (MP) 


9ij (QF, )(N, p) = | 
0 otherwise 


The preimages of (T2, V5) under the functions g;; : Uj x Dj - U2 x P; are PFHSs over U1, which 
res V5) and the corresponding FDAFs are defined as Gi, (br, )(m, d) 


are denoted as 9:4 


bp, (gig(m, d)). 


Definition 3.10. Let ([1,V,;) © PIFHS(Ui) and ([2,Vj) © PIFHS(U2), where Vj = 
D, x Dy X--+ x Dn and Vj = Pi x Py x +++ x Py. Also, let VM € range(I1), arr, : 
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M x D; > [0,1] x [0,1] with azr,(m,d) = {((m, d),a rp, (IM d),a rp, (MM, d)):(m,d) € M x D;} 
are the corresponding IFDAFs. Again, let VN € eaaitas in > N x P; — [0,1] x [0,1] 
with brr(n,p) = {((%;P)» Or, (Ms P po. _(n ,p)) : (n,p) € N x P;} are the corresponding 
IFDAFs. Then the images of Tigv,) ‘aiies the functions gj; : U; x Dj; — U2 x P; are 
PIFHS over U2, which are denoted as gj;(11, V5) and the corresponding IFDAFs are defined 


as: gij(arF,)(,P) = (9ij (47 p, (MP), 9ij (G7 p, )(M,P)), Where 


max a _(m, d) if (m, d) € gj, ‘(n, p) 


T 
Gij (7p, )(M P) = 
i 0 otherwise 


and 


oF \(n,p) mina’ _(m, d) if (m, d) € 9; ‘(n, p) 
Gij(@7, (nN, Pp) = 


1 otherwise 

The preimages of (1, V5) under the functions gj; : Uj x D; — U2 x P; are PIFHSs over Uj, 

which are denoted as Gg (To, V5) and the corresponding IFDAFs are defined as 

gi;' (bre, )(m, d) = (953'(8%,, )(m,d), 955" (6%, )(m,d)), where "(0% )(m,d) = BF, (gi3(m,d)) 
—1(p,F =e EP 

and 943 (Or, )(m, d) —_ Ore, (913 (m, d)) 


Definition 3.11. Let ([1,Vj) € PNHS(U1) and (T'2, Vj) € PNHS(U2), where V,; = D1 x D2 x 
xX Dy and Vj = Py x Pyx++x Py. Also, let VM € range(T1), an, : Mx D; — [0,1] [0,1] x[0, 1] 
with ay,(m,d) = {((m,d), at an, (m,d), a’ an, (m,d),a*, (m,d)) : (m,d) € M x Dj} are the corre- 
sponding NDAFs. Again, let VN © range(I9), by, >: N x P; — [0,1] x [0,1] x [0,1] with 
bn,(n,p) = {((n,p), 6% (n,p),b) (n,p), 0% (n,p)) : (n,p) € N x P;} are the corresponding 
NDAFs. Then the ee of (Ty, V5) ads the functions gj; : Uj x D; + U2 x P; are PNHS 
over Uz, which are denoted as g;;((1, V5) and the corresponding NDAFs are defined as: 


9ij (an, )(2,P) = (gig (Gy, )(%, P), Gig (Ay, )(™, P), Gig (2, )(™,P)), Where 


max a‘ (mn, d) if (m, d) € g;, ‘(n, p) 


giz (a x, (np) = | : 
0 otherwise 


F max a’ (m, d) if(m, d) € gj; ‘(n, p) 
gij(a ay, )(n,p) = 
0 otherwise 


and 


mina,” (m, d) if (m,d) € gi; ‘(n, p) 


Gij\G (ay ) (n,p) = 
1 otherwise 
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The preimages of (['2,V.2) under the functions g;; : U; x D; - U2 x P; are PNHS over Uj, 
w J j 
which are denoted as Ge T2, V7) and the corresponding NDAFs are defined as 
a ~ 
giz (bw; )(m, d) = (gi5' (by )(m, 4), 955° (by, (mm, d), G57" (ON, )(™, d)), where 
gig’ (0x, )(m, d) = BR, (giglm, d)), Gi" (Oh, )(mm, d) = by, (gig(m, d)) and 
giz (by, )(m, d) = bn, (gig(m, d)). 


In the next segment, we have defined plithogenic hypersoft subgroups in fuzzy, intuitionistic 


fuzzy, and neutrosophic environments. We have also, analyzed their homomorphic properties. 


3.2. Plithogenic Hypersoft Subgroup 
3.2.1. Plithogenic Fuzzy Hypersoft Subgroup 


Definition 3.12. Let the pair (T', Vy) be a PFHS of a CG U, where Vy = D; x Dz x--- x Dp 
and Vi € {1,2,...,.n}, Dj; are CGs. Then (1, Vy) is called a PFHSG of U if and only if VM ¢€ 
range(I’), V(m , d), (m2,d’) € M x D; and Var, : M x D; = [0,1], the conditions mentioned 


below are satisfied: 


(i) ap,((m1, d) - (meg, d’)) > min{apr,(m, d),ap,(me,d’)} and 


(ii) aRr.(M1, d)~* 2 ap.(m, d). 
A set of all PFHSG of a CG U is denoted as PFHSG(U). 


Example 3.13. Let U = {e,m,u,mu} be the Kleins 4-group and w = {r1,r2} is a set of 
two attributes and corresponding attribute value sets are respectively, D; = {1,2,—1, —7} and 
D2 = {1, w,w*}, which are two cyclic groups. Let Vy = D; x D2 and ([, Vy) be a HS over U, 
where [ : Vy — p(U) such that the range of Tie. R(T) = {{e, m}, {e, u}, {e, mu}}. Let for 
M = {e,m}, ap, : M x D, — [0,1] is defined in Table [2] and ap, : M x Dz — [0,1] is defined 
in ‘Table [3] respectively. 


TABLE 2. Membership values of af, TABLE 3. Membership values of ap, 





Let for M = {e,u}, ap, : M x D, — [0,1] is defined in Table [4] and ap, : M x D2 > [0,1] is 
defined in ‘Table |5} respectively. 
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TABLE 4. Membership values of ap, TABLE 5. Membership values of ap, 


re [os|o2for|ox 


Let for M = {e,mu}, ap, : M x D; — [0,1] is defined in Table [6] and ap, : M x Dz — [0,1] is 
defined in ‘Table }7| respectively. 





TABLE 6. Membership values of ap, TABLE 7. Membership values of ap, 


ve [09/03/04 fox 





Here, for any M € range(T’) and Vi € {1,2}, ap, satisfy Definition Hence, (I, Vy) € 
PFHSG(U). 


Proposition 3.1. Let U be a CG and (1, Vy) € PFHSG(U), where Vy = Dy x Do x +++ x Dn 
and Wi € {1,2,...,n}, D; are CGs. Then for any M € range(T), Vim,d) € M x D; and 
Var,: Mx D; > [0,1], the followings are satisfied: 
(i) ap,(e,d2) > ap(m,d), where e and d are the neutral elements of U and Dj. 
(ii) az,(m,d)~* = ag,(m,d) 
Proof. (i) Let e and d', be the neutral elements of U and D;. Then V(m,d) € M x Dj, 
ap,(€,d.) = ap,((m,d) - (m,d)~*), 
> minfap,(m, d),ap,(m,d)~'} (by Definition [3.12} 
> min{ar,(m,d),ar,(m,d)} (by Definition |3.12) 
Z apr,(m, d) 
(ii) Let U be a group and (I, Vy) € PFHSG(U). Then by Definition |3.12| 
CF; (m, d)~* = OF; (m, d) (3.1) 


Again, 


ap,(m,d) = ap,((m,d)~+) 


> ap,(m,d)~ (3.2) 


Hence, from Equation [3.1] and Equation |3.2} apr.(m, d)~* =apr(m,d). 5 
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Proposition 3.2. Let the pair (1, Vy) be a PFHS of a CG U, where Vy = Dy x D2 x--- x Dp 
and Wi € {1,2,...,.n}, D; are CGs. Then (1, Vy) ts called a PFHSG of U if and only if VM € 
range(’), V(m, d), (m2, d’) € M x D; and Var, : M x D; > [0,1], ar,((m1, d) - (mo, d’)~*) > 


min{ ap, (m1, d), OF, (ma, d')}. 
Proof. Let U be a CG and (T, Vy) € PFHSG(U). Then by Definition and Proposition 3.1] 
ap,((m1,d) - (me, d')~') > min{ar, (mi, d),aR,(m2,d’)"} 
= min{ ap, (m1, d), QF, (ma, d’)\ 


Conversely, let az,((m1,d) - (mz,d’)~') > min{ap,(m1,d),az,(me2,d’')}. Also, let e and di, be 
the neutral elements of U and D;. Then, 


ap,(m,d)~* = ap,((e,d.) - (m,d)~*) 

> min{ap,(e,d.),an,(m, d)} 
= min{ar,((m, d) -(m,d)~"),an,(m, d)} 
> min{ar,(m, d), ap,(m, d),ap,(m, d)} 


ap,(m, d) (3.3) 


Now, 


ap,((m1,d) - (mo, d’)) = a,((m1,4) + ((mo,d’)~") +) 


> min{ar (m1, d),ar (ma, d’)~"} 


= min{ap,(m 1, d), ar,.(mo,d’)} (by Equation [3.3) (3.4) 


Hence, by Equation [3.3] and Equation |3.4| (T, Vy) € PFHSG(U). 5 


Proposition 3.3. Intersection of two PFHSGs 1s also a PFHSG. 
Theorem 3.4. The homomorphic image of a PFHSG is a PFHSG. 


Proof. Let U; and Uz be two CGs and Vi,j € {1,2,...,n}, D; and P; are attribute value sets 
consisting of some attribute values and let g;; : U; x D; — U2 x P; are homomorphisms. Also, 
let (Ti, Vj) € PFHSG(U;), where V5 = D, x Dp x---x Dy. Again, let VM € range(T)), 
ap: M x D; — |0,1] are the corresponding FDAFs. 

Assuming (11, p1), (m2, p2) € U2 x Pj, if gj; (m1, D1) = ¢and Gj; (M2, P2) = ¢, then gij(T1,V,) € 
PFHSG(U). 

Lets assume that (m1,d1),(me2,d2) € U1 x D; such that gij(mi,di1) = (m1,pi) and 
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gij (ma, dz) = (nz, p2). Then 


gij (ar, )(M1,p1) - (n2,p2) = max ar.(m, d) 
(n1,p1)-(n2,p2) ~~ =gij (m,d) 


> ap,(m1, di) - (ma, do)" 
> min{ap,(m1, d1), ar,(me, d2)} (as ((1,V;) = PFHSG(U;)) 


Zz min{ Max OF; (my, dy), max OF; (ma, dz) } 
(21,P1)=925 (m1,d1) (n2,p2)=gi; (me2,d2) 


a min{gi;(@F,)(M1, 21); 9ij (aR, )(M2, pa) } 


Hence, gig U1, Vi) € PFHSG(U2). 5 


Theorem 3.5. The homomorphic preimage of a PFHSG is a PFHSG. 


Proof. Let U; and Uz be two CGs and VWi,j € {1,2,...,n}, D; and P; are attribute value sets 
consisting of some attribute values and let g;; : Uj x D; — U2xP; are homomorphisms. Also, let 
(To, V5) € PFHSG(U32), V5 = P,xP)x:-xP,. Again, VN € range(T2), br, : Nx P; — [0,1] are 
the corresponding FDAFs. Lets assume (m1, d1), (m2, dz) € Uj x D;. As gi; is ahhomomorphism 
the followings can be concluded: 
gi; (br, )(m1, di) - (m2, de)" 

= br,(gij((rm1, di) - (m2, d2)~*)) 

= OF, (gi; (my, d) Jig (ma, dy)~*) (As Jig isa homomorphism) 

> min{bp, (gij(™m1, d1)), br; (gij (m2, de))} (As (T2, Vy) € PFHSG(U2)) 

> min{g;,"(br,)(m1, d1), 9; (br, (me, d2)} 


Then gj," (C2, Vj) € PFHSG(U}). g 


3.2.2. Plithogenic Intuitionistic Fuzzy Hypersoft Subgroup 


Definition 3.14. Let the pair (I, Vy) be a PIFHS of a CG U, where Vy = D, x Dz x-++ x Dp 
and Vi € {1,2,...,n}, D; are CGs. Then (I, Vy) is called a PIFHSG of U if and only if VM ¢€ 
range(T), — igi € M x D; and Vayr, : M x D; > [0,1] x [0,1] with azp.(m,d) = 
{((m,d),a Tp, (Ms d),a*" p, (mM, d)):(m,d) € M x D;}, the subsequent conditions are fulfilled: 


(i) c, cn d) - (im d')) > min{a;,, (m1, d), Op, (mz, d’)} 
Gi) a? (rmy,d)~! > al, (rm, 4) 
(iii) ay, ((m41, d) - ond ys max{a‘ (m1, d), a7, (mz, d’)} 
(iv) af), (mi,d)* <aF., (m1, d) 


v 


A set of all PIFHSG of a CG U is denoted as PIFHSG(U). 
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Example 3.15. Let U = $3 bea CGand wv = {r1,r2} is aset of two attributes and correspond- 
ing attribute value sets are respectively, D; = Ag and Dz = S2, which are respectively an alter- 
nating group of order 3 and a symmetric group of order 2. Let Vy = D1 x Do and (1, Vy) be a 
HS over U, where I: Vy — p(U) such that the range of Tie. R(T) = {{(1), (13) }, {(1), (23) Ff. 
Let for M = {(1),(13)}, arp, : M x D, — [0,1] x [0,1] is defined in Table and 
arp, : M x Dz > [0,1] x [0,1] is defined in Table [10}{11] respectively. 


TABLE 9. Non-membership 


TABLE 8. Membership values of arp, 


values of arr, 





TABLE 10. Membership val- TABLE 11. Non-membership 


ues of ayp, values of a7p, 


a foal 04 





ray [oa os 
rs) fo9 | 09 





Let for M = {(1), (23)} arp, : M x D, — [0,1] x [0,1] is defined in Table and arr, : 
M x Dz = [0,1] x [0,1] is defined in Table respectively. 


TABLE 12. Membership val- 


ues of arr, 


a) [os] 04 | 04 


TABLE 14. Membership val- 





ues of arp, 





TABLE 13. Non-membership 


values of arr, 





TABLE 15. Non-membership 


values of arr, 





Here, for any M € range(T) and Vi € {1,2}, arr, satisfy Definition Hence, (I, Vy) € 


PIFHSG(U). 
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Proposition 3.6. Let U be a CG and (1, Vy) € PIFHSG(U), where Vy = Dy x D2 x +--+ x Dn 
and Wi € {1,2,...,.n}, D; are CGs. Then for any M € — ) and V(m,d;) € M x D; and 
Varr,: M x D; — [0,1] x [0,1] with arp.(m,d) = {((m,d),a rp, (iM, d),a* Op, (m,d)) : (m,d) € 
M x D;}, the subsequent conditions are satisfied: 


aa. p, (Gs i ec ee d), where e and d’, are the neutral elements of U and Dj. 


(ii) af, (m,d)* = af, (m, d) 
(iii) a. (e, #) < a x d), where e and d’, are the neutral elements of U and Dj. 
(iv) a7, (m,d) "= az, (m,d) 


Proof. Here, (i) and (ii) can be easily proved using Proposition [3.1] 
(iii) Let e and d! be the neutral elements of U and D;. Then V(m,d) € M x D,, 





ae de) = a, ((m,d) - (m, d)~") 
< max{a® (m,d),a rn (M, d)~*} (by Definition [3.14) 
< max{a", (m, d),a” a,,,(m,d)} (by Definition |3.14) 
< a7, (m, d) 


(iv) Let U be a CG and (I’, Vy) € PFHSG(U). Then by Definition [3.14 


at, (m,d) * < af, (m,d) (3.5) 
Again, 
24,—1 
a;,,(m,d) = az, ((m,d)~™) 


< aj, (m,d)~ (3.6) 
Hence, by Equation |3.5|and Equation|3.6| ae p, (M, d)~' = a (m,d). g 


Proposition 3.7. Let the pair ((,V,) be a PIFHS of a CG U, where Vy = Dy x Dz X-+-+ xX Dp 
and Wi € {1,2,...,n}, Dj; are CGs. Then (0, Vy) is called a PIFHSG of U if and only if VM € 
range(I), pied (mo,d') € M x D; and Varp, : M x D; = [0,1] x [0,1] with arr.(m,d) = 
{((m,d),a re, (IM d), a, p, (M, d)):(m,d) € M x D;}, the subsequent conditions are fulfilled: 


(i) tine d) - (mg,d’)~*) > min{a?, (m1, 4), a7, (m2, d')} and 
(ii) a, ((m1 ,d) - ‘mo, d on *) < max{a" (m1, d), a7, (ma, d/)} 


Proof. Here, (i) can be proved using Proposition [3.2| 
(ii) Let U be a CG and (1, Vy) € PFHSG(U). Then by Definition and Proposition [3.6] 


at, ((m1,d) - (mo,d')") < max{at, (mi,d),aF,, (mo,d’)'} 


IF; 


< max{a’ (m1, d), Orn (m2, d')} 
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Conversely, let ap, ((1m1, 4) (mo, d’\*) < max{a7, (7m, 4), a7, (mz,d')}. Also, let e and d? 
be the neutral elements of U and D;. ‘Then 


at (m, d)~* — Orn ie, di) (m, d)~*) 


IF; 


IA 


max{a;,. (e, d’), Orn, (m, d)} 


IA 


max{a‘,, ((m,d) -(m,d)~*), a7, (m,d)} 


ee Oo 


< max{a;, (m,d), a7, (m,d), a7, (m,d)} 
= Orn (m, d) (3.7) 


Now, 


af, (mid) + (ma,d/)) = af, ((my,d) «((ma,a)*)") 


< max{a7, (m1, d), i (ma, dy} 


= max{a7, (m1, d), Orn (mz, d')} (by Equation [3.7) (3.8) 


Hence, by Equation [3.7] and Equation |3.8) ([, Vy) € PFHSG(U). g 


Proposition 3.8. Intersection of two PIFHSGs is also a PIFHSG. 
Theorem 3.9. The homomorphic image of a PIFHSG is a PIFHSG. 


Proof. Let U; and Uz be two CGs and Wi,j € {1,2,...,n}, D; and P; are attribute value sets 
consisting of some attribute values and let gj; : Uj x D; — U2 x P; are homomorphisms. 
Also, let (T1,Vj) € PIFHSG(U1), where Vi = Di x Dy x--- x Dy. Again, let VM ¢ 
range([’) and azp, : M x D; — [0,1] x [0,1] with azp,(m,d) = {((m,d), a‘, (m,d), a7, (m,d)) : 
(m,d) € M x D;} are the corresponding IFDAFs. Assuming (nj, 71), (a) E Us <P, i 
Gi; (M15 P1) = @ and Gj; (M2, D2) = ¢, then 9i3(T1, Vy) € PIFHSG(U2). Lets assume that 
d(m1, di), (m2, dz) € U; x D; such that g:;(m1, di) = (m1, p1) and gij(me, dz) = (n2, p2). Then 
by Theorem |3.4 


Gij (7p, )(M4, P1) -(n2,p2) > min{ gi; (a7, (M1, P1); 9ij (7p, )(M2, P2)}- 


Again, 


=i 
gig (@; (m1, P1) -(n2,p2) = min | an (m, d) 
' (n1,p1)-(n2,p2) =gij(m,d) —* 


a a (m1, dy) : (ma, dy)~* 
< max{a;,, (m1, d1), @;,, (m2, d2)} (as (T1, Vy) ¢ PIFHSG(U1)) 


< max{ min an (m1, d1), min a. (mg, do) } 
(n1,p1)=gij (™1,d1 ) . (n2,p2)=9i3 (m2,d2) ¢ 


< max{gij (a7, )(M1, Pi); gij(4;,, (M2, Pa) } (by Definition |3.10) 
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Hence, 9ij V1, Vj) € PIFHSG(U2). 5 


Theorem 3.10. The homomorphic preimage of a PIFHSG is a PIFHSG. 


Proof. Let U; and Uz be two CGs and Vi,7 € {1,2,...,n}, D; and P; are attribute value sets 
consisting of some attribute values and let g;; : Uy; x D; — U2 x P; are homomorphisms. Also, 
let (T, V5) € PIFHS(U2), where V5 =P, x P2x---x P,. Again, let VN € range(T2), brr, : 
N x P; — [0,1] x [0,1] with byr.(n,p) = {((7; 2): Orn (2, D): Or (1,0) & (ip) ee N Xt 
are the corresponding IFDAF's. Lets assume(m,d1),(™m2,d2) € U; x Dj. Since, gi; is a 


homomorphism, by Theorem |3.5 
953 (Orn, (ma, dy) - (mz, dz)~* > min{g;;"(b;, )(ma, dy), 953. (0; )(mea, dz)}. 
Again, 


953 (Or )(™1, 41) (mz, d2)* = es (gij (m1, di) - (™m2, do) *)) 


—b on (m1, d1) ° Gi (ma, dz)~*) (As Jig is a homomorphism) 


F 
IP; 
< max {by (gij(™m1, d1)), oe (gij (m2, de)) } 

(As ((2, Vj) € PIFHSG(U2)) 
max{gj;' (0; ) (my, dy), 933 (Orn, )(ma, dz) } 


Hence, gj; (T2, V3) € PIFHSG(U;). 9 


3.2.3. Plithogenic Neutrosophic Hypersoft Subgroup 


Definition 3.16. content.Let the pair (I’, Vy) be a PNHS of a CG U, where Vy, = D, x D2 x 
--- x D, and Vi € {1,2,...,n}, D; are CGs. Then (I, Vy) is called a PNHSG of U if and only 
if VM € range(T), V(m1,d), (me2,d') € M x D; and Vay, : M x D; > [0,1] x [0,1] x [0,1], 
with ay,(m,d) = {((m, d), an, (m, d), a (m, d), ay, (m,d)) : (m,d) € M x D;}, the subsequent 


conditions are fulfilled: 


(i) af, ((m1,d) (m2, d’)") > min{af (mi, d), af, (ma, d’)} 


N; oN 
(ii) a® (rm,d)-1 > a? (rm, d) 
(iti) a4, ((mi,d) - (mg, d’)~!) > min{al, (m1, 4), a2, (mz, d’)} 
(iv) a, (m1, d)~* 2 a, (m1, d) 
(v) ax, ((ma, d) - (ma, d'\~") — max{ay, (m1, d), ay, (m2, d’)} 
(vi) af (mi,d) ~~ < aX (mi, d) 


A set of all PNHSG of a CG U is denoted as PNHSG(U). 
Gayen et al., Introduction to Plithogenic Hypersoft Subgroup 





Neutrosophic Sets and Systems, Vol. 38, 2020 22¢ 


Example 3.17. Let Dg = {e,m,u,mu,um, mum} be a dihedral group of order 6 and wy = 


{r1,7r2} is a set of two attributes and corresponding attribute value sets are respectively, D; 


{1,w,w*} and Dy = As, which are respectively a cyclic group of order 3 and an alternating 
group of order 3. Let Vy = D; x Dz and (I, Vy) be a HS over U, where [ : Vy — p(U) such 
that the range of T i.e. R(T) = {{e, mu, um}, {e, mum} }. 

Let for M = {e,mu}, an, : M x D, — [0,1] x [0,1] x [0,1] is defined in Table [16}{18] and 
any : M x D2 > [0,1] x [0,1] x [0, 1] is defined in Table [19}21] respectively. 


TABLE 17. Indeterminacy val- 


TABLE 16. ‘Truth values of ay, 


: 


ues of ay, 





TABLE 18. Falsity values of ay, TABLE 19. ‘Truth values of ay, 


TABLE 20. Indeterminacy val- 





ues of an, 


Pe fos| os | 05 
fm fos] 05 | 05 
fim [os] om | 05 


Let for M = {e, mum}, ayn, : M x D, = [0,1] x [0,1] x [0,1] is defined in Table and 
an, : M x Dz > [0,1] x [0,1] x [0,1] is defined in Table respectively. 





TABLE 23. Indeterminacy val- 
TABLE 22. ‘Truth values of ay, P 
ues of ayn, 
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TABLE 24. Falsity values of ay, TABLE 25. ‘Truth values of ay, 


a, [oof fo 





TABLE 26. Indeterminacy val- 
TABLE 27. Falsity values of ay, 


ues of an, 





Here, for any M € range(T) and Vi € {1,2}, ay, satisfy Definition Hence, ([, Vy) € 
PNHSG(U). 


Proposition 3.11. Let the pair (1, Vy) be a PNHS of a CG U, where Vy = Dy x D2 x--+ x Dp 
and Wi € {1,2,...,n}, Dj; are CGs. Then (1,Vy) ts called a PNHSG of U if and only if 
VM € range(T), V(my, d), ms) € M x D; and Vay, : M x D; > [0,1] x [0,1] x [0,1], with 
ay,(m,d) = {((m, d), at an. (m,d), a ny, (IM, d),a x, (M, d)):(m,d) € Mx D;}. Then the subsequent 


conditions are satisfied: 


(i) a’ (e,d) > aN, (m,d), where e is the neutral element of U. 


Ni 
(il) Ga, d)~' = an, (m,d) 
(iii) al. (e, d) >a‘ (m, d), where e is the neutral element of U 
(iv) af (m,d)~! = ah, (md) 
(v) aF (6, \< aN, (m,d), where e is the neutral element of U. 
(vi) a (m,d)~! =a (md) 


Proof. ‘This can be proved using Proposition [3.1] and Proposition n 


Proposition 3.12. Let the pair ((,V,) be a PNHS of a CG U, where Vy = Di x Dz X--- x Dn 
and Wi € {1,2,...,.n}, Dj are CG's. Then (T,Vy) is called a PNHSG of U if and only if 
VM € range(T), V(my, d), ers € M x D; and Van, : M x D; > [0,1] x [0,1] x [0,1], with 
an,(m,d) = {((m,d), at an, (m,d), a nu, d),a x, (M, d)):(m,d) € Mx D;}. Then the subsequent 
conditions are fulfilled: 
(i) af ((m1,d) - (mo, d')~*) > minfak (mi, d), ax (me, d’)} 
(ii) af, ((m1, d) - (ma, d’)~") > min{al, (mi, d), ah, (me, d')} 
(iii) af ((m1,d) - (ma, d’)*) < max{af (m1, d),a% (mo, d')} 
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Proof. 'This can be proved using Proposition [3.2] and Proposition Z 


Proposition 3.13. Intersection of two PNHSGs 1s also a PNHSG. 
Theorem 3.14. The homomorphic wmage of a PNHSG is a PNHSG. 


Proof. Let U; and Uz be two CGs and Vi,j € {1,2,...,n}, D; and P; are attribute value sets 
consisting of some attribute values and let g;; : U; x D; — U2 x P; are homomorphisms. Also, 
let (Ty, V5) € PNHSG(U}), where V5 = D, x Dp x---x Dy. Again, let VM € range(T1), an, : 
M x D; > [0,1] x [0,1] x [0,1] with ay,(m,d) = {((m, d), ay, (m,d), ay, (m,d), ay, (m,d)) : 
(m,d) € M x D;} are the corresponding NDAFs. 

Assuming (71,1), (m2, p2) € Uz x Pj, if Gj; (1,1) = and Gj; (M2; P2) = ¢then gi;(T1,Vj) € 
NHSG(U2). Lets assume that 4(m1, d1), (m2, da) € U1 x Dj such that gj;(m1, d1) = (m1, pi) and 
gij (Me, do) = (ne, p2). Then by Theorem [3.4] and Theorem [3.9} we can prove the followings: 


)(m2, po) f, 
i 


gij (Gy, (1, P1) - (M2,p2)* > min{gij(ay, )(r1, P1), gis (ay, )(M2,P2)}, 


gij (Ay, )(M1, P1) (ng, pz) > min{gi;(a")(m1, p1), gij (a 


T T 
Nj; Nj; 
I i. 

Nj; N; 
and 


gij (4, (4, P1) (n2,p2) < max{gij(ay, )(™1,P1), 9ij (ay, )(M2, P2) }. 
Hence, gij (V1, Vj) € PNHSG(U2). 4 


Theorem 3.15. The homomorphic preimage of a PNHSG is a PNHSG. 


Proof. Let U; and Uz be two CGs and Vi,j € {1,2,...,n}D; and P; are attribute value sets 
consisting of some attribute values and let g;; : U; x D; — U2 x P; are homomorphisms. Also, 
let (To, V5) € PNHSG(U2), where V5 = P, x Py x---x Py. Again, let VN € range(I‘2),bn, : 
N x P; — [0,1] x [0,1] x [0,1] with by, (n, p) = {((n, p), ae (n, Dp), by. (n, Dp), by. (n,p)): (n,p) € 
N x P;} are the corresponding IFDAF'’s. Lets assume (m1, di), (m2, d2) € U1 x Dj. Since gi; 
is a homomorphism by Theorem [3.5] and Theorem |3.10] the followings can be proved: 

gig (By, (ma, dy) « (m2,d2)~* > min{g;; (by, )(ma, di), 97 (By. )(mea, dy) }, 

ij (by. )(ma, dy) « (m2,d2)~* > min{g;;(b,, )(ma, di), 97 (by, )(mea, dy) }, 
and 


giz (by, )(™ma, dy) -(mz,d2)* < max{gi;' (by )(™ma, dy), 9," (by, )(mg, dz) }. 


é] 


Hence, gj; (U2, Viz) € PNHSG(U}). 5 





Gayen et al., Introduction to Plithogenic Hypersoft Subgroup 


Neutrosophic Sets and Systems, Vol. 33, 2020 230 


4. Conclusions 


Hypersoft set theory is more general than soft set theory and it has a huge area of applica- 
tions. That is why we have adopted and implemented it in plithogenic environment so that we 
can introduce various algebraic structures. Because of this, the notions of plithogenic hyper- 
soft subgroups have become general than fuzzy, intuitionistic fuzzy, neutrosophic subgroups, 
and plithogenic subgroups. Again, we have introduced functions in different plithogenic hy- 
persoft environments. Hence, homomorphism can be introduced and its effects on these newly 
defined plithogenic hypersoft subgroups can be studied. In the future, to extend this study 
one may introduce general 'T-norm and T-conorm and further generalize plithogenic hypersoft 
subgroups. Also, one may extend these notions by introducing different normal versions of 


plithogenic hypersoft subgroups and by studying the effects of homomorphism on them. 
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Abstract. In this paper, firstly, novel approaches of score function and accuracy function are introduced to achieve 


more practical and convincing comparison results of two neutrosophic cubic values. Furthermore, the neutrosophic cubic 





Hamacher weighted averaging operator and the neutrosophic cubic Hamacher weighted geometric operator are developed 
to aggregate neutrosophic cubic values. Some desirable properties of these operators such as idempotency, monotonicity 
and boundedness are discussed. ‘Io deal with the multi-criteria decision making problems in which attribute values 
take the form of the neutrosophic cubic elements, the decision making algorithms based on some Hamacher aggregation 
operators, which are extensions of the algebraic aggregation operators and Einstein aggregation operators, are constructed. 


Finally, the illustrative examples and comparisons are given to verify the proposed algorithms and to demonstrate their 





practicality and effectiveness. 


Keywords: Neutrosophic set; Neutrosophic cubic set; Score function; Accuracy function; Hamacher operations; Decision 


making 


1. Introduction 


In real life, there are many problems with inconsistent, indeterminate and incomplete information 
which cannot be described by crisp numbers. Under these circumstances, Zadeh [34] proposed the 
fuzzy set, which is an effective method to deal with such problems. ‘To express uncertainty, Sam- 
buc [26] extended the fuzzy set and initiated the interval valued fuzzy theory. In [33], the researchers 
discussed the multipolar types of fuzzy sets. In 2012, Jun combined the idea of fuzzy sets and interval 


valued fuzzy sets to form cubic sets. Some researchers used the cubic sets in different directions to have 





more applications [23,24]. In some situations, hesitancy may exist when ones determine the member- 
ship degree of an object. Torra [29] improved the hesitant fuzzy set to depict this hesitant information. 


Moreover, Smarandache [27| introduced the neutrosophic set to reflect the truth, indeterminate and 
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false information simultaneously. In addition, Wang et al. pointed out that the neutrosophic set is dif- 
ficult to truly apply to practical problems in real world scenarios. To overcome this flaw, they proposed 
single valued neutrosophic sets [32]. In addition, they put forward that in many real life problems, the 
degrees of truth, indeterminacy and falsity of a certain statement may be adaptly preferred by interval 
forms, instead of real numbers [31]. Moreover, many papers were published on the neutrosophic set’s 
case studies |1,2,19, 20,30], their some extensions [3-5, 12,16], and combining with other theories, like 
graph theory [11,18], soft set theory [8,15,28], rough set theory [6]. 


By combining the single valued neutrosophic set and interval neutrosophic set, Jun et al. [14], and Ali 





et al. [7] introduced the notion of neutrosophic cubic set. These sets enable us to choose both interval 
values and single values for the membership, indeterminacy and non-membership. ‘This characteristic 
of neutrosophic cubic sets enables us to deal with ambiguous and uncertain data more efficiently. In 
addition, the application of sundry extensions of neutrosophic cubic sets studied by researchers in a 
variety of fields, like decision-making, supplier selection and similarity measure [9, 21, 22, 35]. 

The aggregation operators are an indispensable part of decision making in neutrosophic cubic envi- 
ronments. In 2019, Khan et al. [17] developed the neutrosophic cubic Einstein weighted geometric 
operator, and also defined the score and accuracy functions to reveal the superiority among the neu- 
trosophic cubic numbers. It is known that Einstein t-norm and Einstein t-conorm are special forms 
of Hamacher t-norm and Hamacher ¢-conorm respectively, that is, Hamacher t-norm and Hamacher 
t-conorm are the more general version. ‘his paper aims to introduce the neutrosophic cubic Hamacher 
weighted averaging operator and neutrosophic cubic Hamacher weighted geometric operator, which 
generalize the aggregation operators proposed by Khan et al. [17]. Furthermore, it proposes new score 
function and accuracy function, which provide more efficient outputs than Khan et al.’s functions. 
By using these emerging operators and functions, the phenomenal algorithms are elaborated to solve 
multi-criteria decision making problems. The contributions of this study can be summarized as fol- 
lows. The models are proposed to compare neutrosophic cubic numbers, and the operators which are 
more efficient than some existing netrosophic cubic aggregation operators are developed. In addition 
to these, it is instilled that these concepts can be used to handle the problems with neutrosophic cubic 
information. 

This paper is arranged as follows. Section 2 presents some fundamental concepts of fuzzy set, neu- 
trosophic set, interval neutrosophic set, cubic set and neutrosophic cubic set. Section 3 presents com- 
parison strategy of two neutrosophic cubic elements. Section 4 is devoted to improve the Hamacher 
operations of neutrosophic cubic elements. Section 5 introduces neutrosophic cubic Hamacher weighted 
aggregation operators and their basic properties. Section 6 is devoted to proposing the neutrosophic 
cubic decision making algorithms with possible applications and analyzing the ranking order with 


different reducing factors. Section 7 is the conclusion and the future scope of research. 
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2. Preliminaries 


In this part, we briefly remind the definitions of fuzzy set, neutrosophic set, interval neutrosophic set, 


cubic set, neutrosophic cubic set and neutrosophic cubic element. 


Definition 2.1. ( [34]) Let O be a universal set. Then, a fuzzy set (FS) WV in O is defined by 
UW = {uy(o)/o:0€ O} 


where jp : O — |0,1] is said to be the membership function and py(o) denotes the degrees of 





membership of o € O to the set W. 


Definition 2.2. ( [26]) Let O be a universal set and D{0, 1] be the set of all closed subintervals of the 
interval [0,1]. Then, an interval-valued fuzzy set (IFS) W in O is characterized by 


VU = {pg (o)/o:0€ O} 
where jig, = Pe, ji : O — D0, 1] is said to be the membership function, and jiz (o) and ji< (0) (where 


iz (0) = ix (0)) denote the lower degree and upper degree of membership of o € © to the set W, 








respectively. 


Definition 2.3. ( [27]) Let O be a universal set. Then, a nuetrosophic set (NS) Y in O is described 


in the following form 


YT = {(ur, er, nr)/o: 0 € OF} 


where py, ly, 77 : O ]0~,17| are said to be the functions of membership, indeterminacy and non- 








membership, respectively. Also, wy(o), y(o) and 7ny(o) denote the degrees of membership, indetermi- 


nacy and non-membership of o € © to the set YT respectively. 


Definition 2.4. ( [32]) Let O be a universal set. Then, a single nuetrosophic set [ in O is described 


in the following form 


YT = {(ur, er, 9r)/0:0€ OF 


where piy,/y,ny : O — [0,1] are called the functions of membership, indeterminacy and non- 








membership, respectively. Also, uy(o), ex(o) and ny(o) denote the degrees of membership, inde- 


terminacy and non-membership of o € © to the set YT respectively. 
Remark. ‘Throughout the paper, Y means the single valued neutrosophic set. 


Definition 2.5. ( [31]) Let O be a universal set and D[0,1] be the set of all closed subintervals of the 
interval [0,1]. Then, an interval neutrosophic set (INS) Y in O is characterized by 


T = {(ig, Uy, ig)/o 1 0 € O} 


where pe, le, y : O — DI0,1) are termed to be the functions of membership, indeterminacy and 


~ 


non-membership, respectively. Also, jiz(0), fiz (0) denote the lower and upper degrees of membership, 


iR(0), v0) denote the lower and upper degrees of indeterminacy and nz(0), 7s (0) denote the lower 











and upper degrees of non-membership, respectively. 
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Definition 2.6. ( [13]) Let O be a universal set. Then, a cubic set (CS) A in O is a structure in the 


following form 
A = {(U(0), U(0))/o:0€ O} 


where W is an IFS in O and W is an FS in O 


Definition 2.7. ( [7,14]) Let O be a universal set. Then, a neutrosophic cubic set (NCS) A in O is a 


structure in the following form 
A={(T(0), Y(o))/o:0€ O} 
where Y is an INS in © and Y is an NS in O 


Simply, the structure of neutrosophic cubic set can be considered as follows 


T = {((jig(0),7%(0), ttp(0)), (wr (0),¢x(0),n4(0)))/o: 0 € O} 
Furthermore, ((f% (0), ¢y(0), 7% (0)), (ur(e), “x (0), Nr (0))), which is an element in A, is called a neutr- 


sophic cubic element (NCE). For simplicity, an NCE is denoted by up, = (fg, tk, Mes ks bes Nk) 


Example 2.8. Suppose that O = {0}, 02, 03,04} be a universal set. Then, 

(i): a fuzzy set VW in O can be exemplified as follows. 

W = {0.3/01, 0.7/02, 1/03, 0.1/0.4}. 
(ii): an interval-valued fuzzy set U in O can be illustrated as follows. 
W = {(0.3, 0.4] /01, (0.4, 0.7] /02, [0, 1] /o3, (0.1, 0.1]/o.} 
(iii): As a sample of a neutrosophic set Y in O, the following set can be given. 
Y = {(0.3, 0.7, 0.2) /o1, (0.1, 0.1, 0.1) /o2, (1, 0.7, 0.3) /03, (0, 0, 0.9) /o4} 
(iv): an interval neutrosophic set T in O can be shown in the following form. 


«= _ J ({0-2,0.6], [0.4, 0.4], (0.1, 0.8}) /o1, ([0.5, 1], [0.3, 0.4], [0.6, 0.7]) /o2, 
| (0, 0), (0.1, 0.8], (0.2, 0.4]) /o3, ({0.1, 0.4], (0.3, 0.5], [0.2, 0.2]) /o4 | 


(v): a cubic set A in O is can be exemplified as follows. 
A = {({0.2, 0.6], 0.5) /o1, (0.1, 0.5], 0.2) /o2, (0.5, 0.7], 1)/o3, ([0-1, 1], 0.4) /oa}. 


(vi): a neutrosophic cubic set A in O is an object having the following form 


(({0.1, 0.4], [(0.1, 0.4], [0.3, 0.6]), (0.5, 0.3, 0.8)) /o1, 
hea (([0.8, 0.9], [0.1, 0.7], [(0.2, 0.7]), (0.6, 1, 0.7)) /o2, 

(([0.3, 1], [0, 0.5], [(0.4, 0.6]), (0, 0.3, 0.7)) /os, 

(([0.4, 0.9], [(0.2, 0.2], [0.6, 0.8]), (0.1, 0.1, 0.1)) /o4 
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3. Score and Accuracy Functions of Neutrosophic Cubic Element 


We can develop the score and accuracy functions to compare two NCEs. For comparison of two NCEs, 
firstly, we use the score functions, sometimes the score values of two NCEs can be equal although 
they have different components of membership, indeterminacy and non-membership functions. In such 


cases, it is aimed to achieve a ranking priority between the NCEs using the accuracy function. 


Definition 3.1. Let vg = (fin, tk, ks Mk; Lk; Mk) be an NCE, where fiz, = [fiz, fiz], t% = [7,72] and 
Tm = [n,n]. Then, the score function fcr is defined by 


— 5(6 + (ff Tifle ee +02) — (i +e) + (3+ be — Qe — ne) (1) 
SCr ~—_ 8 ‘ 


Proposition 3.2. The score function of any NCE lies between 0 to 1, 1.e., fser(Ug) € [0,1] for any ug. 


Proof. Consider vg = (fk; lk; Nk Mks Lk; Ne). By using the definitions of INS and NS, we have all jie 
ie ee ie pe Lk, ley TWh © 10, 1]. 


Then, it is easily seen that 


O< fx <1, O< py <1 SOS e+ hy < 2, (2) 
0 al, OCs iS aa a 0 0, (3) 

and 
O<% <1, O<% <1 S OSI +H < 25-2 < iy — Te <0. (4) 


By adding Eqs. (2), (3) and (4), we obtain 


—6 < (jig + fig) — 2 +0) — (ie + TR) S 2 
1 i e oe 
> 05 5 (6+ (ik + tik) — 2 + te) — (Me + Te) S 4 (5) 


In addition, we obtain 
Os fem lk, =25—2iy 0, Hla, 0S =o =p = 26. = Hp 1 
>0< 34 pp — 2p — Np, <4. (6) 
By adding Eqs. (5) and (6) and then dividing by 8, we have 


jz : <1, (7) 


This result completes the proof. 7 
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Definition 3.3. Let vg = (fin, tk; ks Mk; bk» Mk) be an NCE, where fiz, = [fiz, fiz], t% = [eZ, 72] and 
Te = (ny, ]. Then, the accuracy function facr is defined by 
2 (ig + ite +t + ie + Tig + Te) + oe + oe + 
Faer = I (8) 
Proposition 3.4. The accuracy function of any NCE lies between 0 to 1, t.e., facr(vg) € [0,1] for any 


Uk. 


Proof. Consider vg = (fk; lk; Nk; Uks Les Ne). Since ise Tie ne ne Me My Uk, bk; Te € [0,1] from the 
definitions of INS and NS, it is obvious that 
| eee 


OS Sik +i +R + TR +i +A) + Me + te +e S 6. (9) 
Dividing by 6, we have 
1(~L . cU poh Uo a 
9 < 2K tHe +e + te + Tie’ + ik) +e tte te (10) 


6 
Thus, the proof is complete. 5 


The following definition is proposed to compare two NCEs, thereby ensuring the order priority between 
the NCEs. 


Definition 3.5. Let v, and vg be two NCEs. The comparison method for any two NCEs v1 and v2 
is defined as follows: 
(1) If fser(v1) < fser(v1) then vz ~ v2 
(2): fog Ui) > fee (01) then op = > 
(3) fser(V1) = fser(Vi) then 
e when facr(v1) < facr(v1), Vi < V2 
> facr(v1), Vi > V2 


OL = Fae (Ui)s U1 = V2 


U1 
U1 


e when facr(v1 


) 
e when foeer(v1) 
Example 3.6. We consider any two NCEs as v, = ((0.4, 0.6], [0.3, 0.4], [0.4, 0.5], 0.8,0.6,0.5) and 
ve = ({0.5,0.7], (0.2, 0.5], {0.5, 0.6], 0.5,0.6,0.2). Then, it is obtain feer(v1) = fecr(v2) = 0.5968. 


If we compare this two NCEs by using the accuracy functions, then we have v; > v2 since 


faer(V1) = 0.5333 > 0.4666 = fier (v2). 


4. Hamacher Operations of Neutrosophic Cubic Elements 


The concepts of t-norm and t-conorm, which are useful notions in fuzzy set theory and neutrosophic set 
theory, are proposed by Roychowdhury and Wang [25]. In 1978, Hamacher [10] defined Hamacher sum 
(py) and Hamacher product (®,,), which are samples of t-conorm and t-norm, respectively. Hamacher 
t-norm and Hamacher t-conorm are given as follows. 


For all G,b € [0, 1], 
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g *  @+b—ab—(1—£)ab 

6h b Ee 
Ph (= yah 

@@nb= 7 


where € > 0. 

Especially, if it is taken € = 1, then Hamacher t-norm and Hamacher t-conorm will reduce to the form 
4O,b=4+b6- 4b, 

b 


&> 


a @y b= 
which represent algebraic t-norm and ¢-conorm, respectively. 


If it is taken € = 2, then Hamacher t-norm and Hamacher ¢t-conorm will conclude to the form 
~ a, f — a+b 
@ On 0 = sap 
A“ Pie ab 
4 @no = 1+(1—4) (1-6) 
which are called Einstein t-norm and Einstein t-conorm, respectively. 





By using the Hamacher t-norm and Hamacher ¢-conorm, we can create the Hamacher sum and 


Hamacher product of two NCEs. 


Definition 4.1. Let vy = (41,1, M1, M1, 41,1) and v2 = (p12, l2, 72, [2, 42,2) be two CNEs and € > 0, 
then the operational rules based on the Hamacher t-norm and Hamacher t-conorm are established as 
follows: 

(a): 


pa ig — Hi ia — CL 8 Hey +a Pay Ha C1 Sy Hp) 


1—(1—€) ih ih 1-(1-€) 00 
TLTL qty 
= +(1—€) (ty tty -ty77)? E+(1-€) (0 +05 -77 7) 4 
V1 Op V2 = er ae vey)’ €+(1-€)( tu 2y 1 2) (11) 
TOG HE Oa | 
Lape ly teg—litg—(1—€)eiv2 = Mi t+ne—mine—(—§)nine 
E+(1—€)(witpe—pipe2)? 1—(1—€)ere2 1—(1—€) ni n2 
(b): 
i bly i ie 


ee indy ied ea wt 2) 
y) 


= 1—(1—€)tPty 1—(1—€)¢7 7Y 
V1 @h V2 pat taf aba 9a af a +a — al ay — ea a (12) 
1—(1-€) A HY j 1—(1-€) 90 HY 
w1+pe2— p41 fe —(1—€) w1 poo L4b2 m2 
1—(1—€) wi pa > E+(1—€) (tr +e2—e1t2)? €+(1—-€) (m1 +2—-m 72) 
(c): 
(1+(€-1)fi7)?9-(1—piy)2 (1+(€-1)fy )4¢-(1—pY7 2 
(FG - Dae (e-)d—p7 2” (16-1) te 1) ee 
= ee CO 
qv, = eee ee) eae ae uae (14 (6-1) A—ey tt (E-1) Gy)? | (13) 
Sai? E(ny )4 
(I4(E-D (ay ))¢+E-D iy)?’ (1+(€-1) (1-7 ))¢+(€-1) (my Ja? J? 
Eu (1+ (€—1)e1)¢—G—11)? (1+ (€—1)m)?-—C—m)4 


CFE pa HED ole Data eet (et) 
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where g > 0. 
(d): 

é (uy)? E (fy )4 |, 

ei ma ag Se eal ne ane i — BY a+ (e— 1)(uy a? }? 

Cos Sa it) =the) Gerla Oh ee Ce OL 
aid (1+(€-1)ey 2 Ge nN —t7 )e? a(E—1yey 9 (e— Na mek (14) 
! EE Lym i eee ee np)" Ee= “av )¢— Chama - | 

(TE =1) 5 ya+(E— Il g)e? (Ea lay Prat ieod) ls my )¢}? 

(EEG =Dp1) 2 =p)? gut Ent 

(ne = Dia) b= ap eS nae Lee? (IE 1) (lm) 

where g > 0. 


Example 4.2. Assume that two NCEs are v, = (0.4, 1], [0.7, 0.8], [0,0.2],0.5,0,0.7) and vy = 
({0.2, 0.4], [0.5, 0.6], [0.5, 0.6], 0.1, 1,0.4) and g = 2. Then, for € = 3 
v1 Bp v2 = ({0.8095, 1], [0.2692, 0.4137], [0, 0.0731], 0.0263, 1, 0.8846), 
U1 @p ve = ((0.0408, 0.4], (0.9117, 0.9591], [0.5, 0.7419], 0.5909, 0, 0.2058), 
qv = ([0.4074, 0.7272], (0.1666, 0.2727], (0.1666, 0.2727], 0.0038, 1, 0.7272), 
— ([0.1237, 1], [0.9545, 0.9824], [0, 0.4074], 0.8333, 0, 0.4152). 


Proposition 4.3. Let v, and v2 be two NCEs and q,q' > 0. 
(1): vr Op ve = ve Op VU. 
(2): V1 @p Ve = V2 @p V1. 
(3): q(v1 Bp v2) = qui Br qua. 
(4): qui Gn g’'ui) = (q+ qu. 
(5): (v1 @q v2)" =U Ou, 
(6): vf @pvi = =uitt ; 


Proof. They are easily seen from the formulas in Definition 4.1, hence omitted. 5 


5. Neutrosophic Cubic Hamacher Weighted Aggregation Operators 


In this section, we will introduce the neutrodophic cubic Hamacher weighted averaging operator and 





neutrosophic cubic Hamacher weighted geometric operator. 


Definition 5.1. Let vz (k = 1,2,...,r) be a collection of the CNEs. Then, neutrosophic cubic 
Hamacher weighted averaging (NCHWA) operator is defined as the mapping NCHWA, :N” > N 
such that 


NCHW Ag(U1, V2, .--,Ur) = D (wer) (15) 
eal 


where N is the set of all NCEs and w = (a, @,...,@,)’ is weight vector of (v1, va, ...,v,) such that 


wr € [0,1] and >) aw, = 1. 
k= 1 
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Theorem 5.2. The aggregation value of NCEs by using the NCHWA operator is still an NCE, and 


even 
r 
NCHW A, (U1, V2, «-.; Ur) = QD, (wxvn) = 
k=1 
I] (1+(€-1) #2) 7k — T] Qk)? I] (+(€-1)9¥ 7k — T] pl )ee 
k=1 k=1 k=1 k=1 


I] (14(€-1) aE) 7k 4(E-1) TT GQ—mE)Pe TT tee) 7k +(€-1) TT Gad) ee I” 
k=1 zs k=1 k=1 “ k=1 
ei |e] Gere € [I Go) e 
IT (1+(€-4) (1th) PH (E-1) TT EY? TT A +(€-1)(1-7))  +(€-1) TL GY) 
k=1 a me oe r ae (16) 
€ [I (WL) 7k € [] (qU 7k 
Tr kot rT 9 rT k=l r |, 
IT (2+(€-1)(1—aE)) > +(€-1) TL @EYP*” TL 4 (€-)G-a¥))?e +(€-1) TLL) 
k=1 is k=1 a is k=1 d. 
é TI (un) ?* [hi41)eq) eT Gg) TT (14(€—-1)m4)*— TT me)? 
k=1 k=1 k=1 k=1 k=1 


I] (+(€-1)—,)) Pe +(E-1) T] Gea)? TE 4(E-1)eg) 7*#+(E-1) T] len) TL 4 (€-1) ng) P#+(E-1) T] 4) 7 
k=1 k=1 k=1 k=1 k=1 k=1 


Proof. 'This can be proved by mathematical induction. 


When r = 1, for the left side of Eq. (16), NCHWA,(v1) = w1v1 = v, and for the right side of Eq. 
(16) we have 


Cue 6 eee Cet a 1+(€-Dpy —GA—-2y) 
ea eae ee mee 
es ee ee 
eae EDC ED 
te | 
LA G=Ddan7 Gala 1d) ea 


ee 5!) es 1+(€—1)11-(1—11) 1+(€-1)m —(—m1) 
Pele) ii) 6D? Pe) ae Ga) ee ae La) 


Suppose that Eq. (16) holds for r = ft, i.e., we have 


CD - 


NCHW Ag (v1, v2, «.., Ve) = (@kUE) = 
k=1 
I] (-+(€-1) 2)" — TT (1k) I (+(€-1) a2) 7 — T] a) 
: k=1 k=1 ; k=1 k=1 


TI +(-1)8f) 7*-+(€-1) TI a-7f)* TI G+(€-1)af )*+(€=1) Taz )*r | 
€ T] (ah) € T] GY)? 
[=f ______., = ____,__ ; 
IT (1+(€-1)(1-Z#)) @* +(€-1) TE GE)™® TT (16-1) (0-@¥)) @ +(€-1) TT GY) 
k=1 ; k=1 k=1 ‘ k=1 
€ T] (wh)? € TT (qv) 
t at t 9 t a t | 9 
IT (44(€-1)(1—-FE)) > 4(E-1) TT EY? OTT 4 (E-1) FY) 4(E-1) TT HB) 
k=1 k=1 k=1 k=1 


€ TT (un)? TT (14(€—-1)en)* — TT (1—ee) 74 TT (14(€-1) ne) * — T] Q—ne) 2 
k=1 k=1 k=1 k=1 k=1 


ll @4@2 Gee) ED) Tl GO) TT +E“) FE=D 11 Gee Tl GEE Sine ke—1) [1 Ga 
k=1 k=1 k=1 k=1 k=1 k=1 
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When r=t+1, 
NCHW Ag (v1, V2, ---) Ver) = NCHWAQ (v1, V2, ..., Ve) On (e41VE41) = 








TT @+(@-ak)**— Tae)" Th a+ ig y™*— TT (1A) | 
TL + -1)mg)*+(€-1) TE aE) TT + (€-1)ak ee +€=1) TT Be) 
€ T] (ak)? € TT Gv)? 
_————— 
IT (Q4(€-1)(1-2#)) =e 4(€-1) TT G@EY™* TT A +(€-1)(0-2¥))@ +(E-1) TT] GY) 
k=1 f k=1 k=1 : k=1 
E é I GE) é TI ae) | 
Tr a+@- 1)(1—WE)) Pk +(E-1) TL GE) aa (14 (€—-1) (1-H) > + (€-1) TI GE) 
é TT (ue)? TT G+(€-1)ex)# = I A=ex)* TT @+(-1)ne)* = TT ne) 
TT (146-1) (1—pe)) *@+(E-1) TE (ue) TY (14 (€—2)en)™*4+(€—1) T] ee) TE (14 (€—1) ne) +(€—1) TT (le) > 
k=1 k=1 k=1 k=1 k=1 k=1 
14+(€—1) fis, -(1—fi4 1) 14+(€—1) 763, —(1—fig 1) 
THE Die HEV) Heya)? Pea GO ree) ’ 
tr ee 1 
Or THES 1)= be te Digs? IH(e= 1) tag) He= 1)iy a |) 
ne. 1 saan |, 
Peal) le Le(e= Ll Dg) eH nial? 


E bet Ltée = Dia ted) Le = Le Se) 
Leo eS I Le 2 eae) ie)? Le 1 ae) aa) 


t+1 t+1 t+1 t+1 
JL G+E-1ig)7*— Il G— i) ?* Oe ie UEC 
ot eer S74 |, 
I (1+ (€-D aig)? +(€-1) I (pk )=e TL G+ aky6-H(@-2) TT ay) 
t+1 
é Tl @E)™* € Il (ye)? 
k=1 k=1 
ini t+1 > t4+1 t+1 |, 
Le) eG) TL ee. Oe DG) Mee) TG) re 
k=1 k=1 k=1 k=1 
t+1 t+1 
- é Il Cig) é Il Gig )* | 
"ae Sa ) 
I (1+(€-1) (1-H) 7* +(E-1) I Gan A, (14+(€-1)(1—Hf )) 7k +(€-1) il (ay)? 
+1 t+1 
é Tl Gx) TL (+(€-1)ex)* — TT (1-0)? TL (+(€-1)ne)* — T] (1-14) 
k=1 k=1 k=1 k=1 k=1 


t+1 t+1 ? t+1 t+1 ? t4+1 t+1 ? 
I (2G =) pe) PR ACEH L) TI Ge) Ta een) eat) een) TE eel) 9 eee 1) TI ig) 
k=1 k=1 k=1 k=1 k=1 k=1 


So, Eq. (16) holds for r =¢+ 1. Thus, the proof is complete. 5 


Definition 5.3. Let vz (k = 1,2,...,r) be a collection of the CNEs. Then, neutrosophic cubic 


Hamacher weighted geometric (NCHWG,) operator is defined as the mapping NCHWG, : N’ > N 
such that 





NCHWGa U15 U25 «00, Ur) = oa 17 
; * 


where WN is the set of all NCEs and w = (a1, w,..., 


wr € [0,1] and >) aw, = 1. 
k=1 


cr)’ is weight vector of (vj, Ve, ...,U;) such that 
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Theorem 5.4. The aggregation value of NCEs by using the NCHWG operator is still an NCE, and 
even 


NCHWG (01, V2, -) Ur) = &), un" = 
sem 


€ TI (ak) é 1 (av) 
IT (14+(€-1)(1—-f#E)) Pe +(E-1) TL EY TT 46-1) )) 7k +(€-1) TT] (aR) 
k=1 . 3 k=1 ce r ae 
I] (1+(-1)iy) Te — T] (1-ty) 7a IT (1+ (€-1)iy )7* — T] tf)? 
k=1 k=1 k=1 k=1 


I] (Q4+(€-1)eh)@e+(€-1) [] (1-zh) 7k TT At (e-1)0Y) Pe +(€-) TT a 
k=1 k=1 k=1 k=1 


Tr 


r r r r 18 
I] (+(€-1)ag)7*-— I] A-ag)7 I] (4+(€-1)ag )7* — T] ag) oo 
k=1 k=1 k=1 k=1 

I] (4+(€-1)972)7e4+(€-1) [] (-72)7e TT (14+(€-1)97¥) 7k 4+(€-1) T] 1-70) 7k 

k=1 k=1 k=1 k=1 


TI (1+(€-1)#n)7*— TT —He) 7 é TI (en) 7% é€ TL (mn) 7* 
k=1 k=1 k=1 k=1 

[I] O+6=)pp re) 1 Caeg)* TI O46) tg) ee - 1) TT ae) TL Oe =D a) eel): Eon)? 
k=1 k=1 k=1 k=1 k=1 k=1 


Proof. It can be demonstrated similar to the proof of Theorem 5.2. 5 


Theorem 5.5. (Idempotency) 


Let vz (k = 1,2,...,r) be a collection of the NCEs. If vu, =v for all k = 1, 2,...,r then 
(1): NCHWA, (v1, v2,...;Up) = v. 
(2): NCHWG, (v1, V2, ..-, Ur) = Vv. 


Proof. Let’s prove (2), the other can be proved similar to this. Assume vz = v for all k = 1, 2, 


og Ts 
By Theorem 5.4, we obtain that 
Tr Tr 
= OF coy ara 
NCHWGoQ(v1, V2, ---5 Ur) = &), vr = &),¥ a 
k=1 k=] 
é T] (at) é T] (i) 
i a Tr 9 Tr <= r 9 
[Gre G2") )$ete-D Tite) That DO —2")) Vee) Ge 
k=1 Fe , k=1 sees m k=1 
leah?) = Tas) ee I GHG =1)) = 7) Gar) 
k=1 k=1 = = k=1 k=1 = [ 
Ptteeale yy reel) i) Garr Tie te) eee ate 
k=1 u ey k=1 m Pha = 4). 
[Ga 1p") a= age I] (4+(€-l)g )7* — T] 1-7")? 
k=1 k=1 k=1 k=1 


[I] (Q+(€-1)H2) 7% +(€-1) T] HE) ee TY (1+ (6-1) 974) 7* +(€-1) TY] el 
k=1 k=1 k=1 k=1 


Tl (+(€-1)u)* — [] —p)?* € T] ()?s € TI (n)?* 
k=1 k=1 k=1 k=1 


[] (14(€-1)u)2* +(€-1) [] -w)*) TT A4(€-1) (1-2)? +(E-1) Te) *) TT A4+(€-1) =n) 2* +(€-1) TT (0) 
k=1 k=1 k=1 k=1 k=1 k=1 


Theorem 5.6. (Monotonicity) 


Let vp and vy, (k =1,2,...,r) be two collections of the NCEs. If up, < v, for all k = 1,2,...,r then 
(1): NCHWA, (v1, v2,.--,Ur) < NCHWAg(v}, U9, ---5 Up) 


r e 


(2): NCHWG(v1, v2,...,Ur) < NCHWG (vj, U5, ---,U,) 


r e 
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Proof. (1) If up < vj, then we have 


eae # a OS 
~T, EF 
My SMe, BPE SM kr 
PS, SU, 

Oe sage 
~T, ag © 
Ge 2 ns ee 

ii is <7 

Mk — Mey tk > 'es Wk >= Me ) (k=1,2....,r) 


With these assumptions, we find that 


TT (14+(€-1)RE)* — T] 7k)? TL Ce i)nl e= 11 Hae 
| k=1 k=1 k=1 k=1 | 
Ge =De, Pee) Tl le) Oe) eee) Tp 
k=1 " k=1 k=1 e k=1 
€ T] () 7 € J] (ty) 
Tr aS Tr 9 r sleet a | 
Lisa Gao) Prey are eee Dae ee eat) ee 
k=1 " k=1 k=1 , k=1 
€ 1] ig )7* € I] (ig )7* 
- k=1 - - k=1 | 
Pee ea D7) Pe eal) TGs Th Oe aD da) eee 1) Gr 
k=1 . k=1 oa s k=1 7 : 
ET] (un) 7* TT Gee =e) =] ee [Gt SD) P= I aa) 
k=1 k=1 k=1 k=1 k=1 
Piece) clap ret) Tere Tea Dee) meee ae ee Deere nn) eke 1) baie) 
k=1 k=1 k=1 k=1 k=1 k=1 
TT (1+(€-1)a"K)?* — TL nig) TH +(€-Da'y )7*— Tay) 
k=1 k=1 k=1 1 


i ee 
I G+(€-Da' hr et(€-1) T] Qa 2)ee TT 4(€-Da' ee +(€-1) TT saath 
k=1 k=1 k=1 k=1 


eT] hye € TL eye. 
[-———__#5 i, 1], 
Tl Q+(€-)—-07¢,)) 7 +(€-1) TL Pe TT 04 (€-1) 1-0", )) PR 4(E-1) TT (eg)? 
= k=1 ss = k=1 k=1 - k=1 
~ € TL (ni)? € TI (n/n)? 
[ 2. =], 
TI] (+(€-1) (1-7, )) Pk +H(E-1) TT (ng)? TT A 4+(€-1) (1-0, )) P&# +(€-1) TT ("gn )?* 
k=1 : k=1 as . k=1 ss - 
€ T] (u,)7* LLOe@=)) 7" = TL I] Q+(€-1)ni,)7* — T] =n.) 7" 
k=1 k=1 k=1 k=1 k=1 
TT Q+(€-1) 1.) Pe +(€-1) TT (oe) TT + (€-1)e,) Pe +(E-1) TT ee TY 0 (€-1)n',) @*@ +(€-1) T] 1-0.) 72 
k=1 k=1 k=1 k=1 k=1 k=1 
r r 
Then D (wevr) < D (wer): so NCHWA,(v1, V2, ---) Ur) < NCHWAg(U}, U5, ---5 Up): 
k=1 k=1 


(2) It is shown similar to the proof of (1) by using Eq. (18). 5 


Theorem 5.7. (Boundedness Property) 
Let vy (k = 1,2,...,r) be a collection of the NCEs. Then 
(Lt tin = NCA W Ag Uist ea0,) S Une 
(2)? Orig SIN CHW G (Ui Vay eye) Uniae 
where 
lmin{ pig}, minting ¥], 
[max{ty}, max{cy }], 


[max{iE}, max{ny }], 
Maxt{ UES, Mint lz}, MIN{NE Ff (ho ati) 


Umin = 
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and 

[max {iE}, max{ pie }], 
lmin{ty }, mintir | : 
lmin{ng}, min{i7g }], 


Mint LE}, Max{ Ly}, Max{ nz } (KE 12 acer) 


Umax = 
Proof. They can be proved using similar techniques, therefore omitted. 5 


6. The approaches to multiple-criteria decision making under neutrosophic cubic envi- 


ronment 


Let o; (@ = 1,2,...,p) be a fixed of alternatives, e, (kK = 1,2,...,r) be a criterion and ow, 

(k = 1,2,...,r) be the weight of criterion eg (k = 1,2,...,r) respectively such that wz, € [0,1] 
r . 

and )) wy = 1. Let vj; denotes the neutrosophic cubic element (NCE) of the alternative o; with 


k=1 
respect to criterion ep. 


Algorithm 1. 


Step 1. Obtain the aggregation value v’ of neutrosophic cubic elements v‘,v,...,v by using of 


neutrosophic cubic Hamacher weighted averaging (NCHWA) operator or neutrosophic cubic 





Hamacher weighted geometric (NCHWG) operator, i.e., respectively 


r 


NCHW As @25..31,0)) = D (wri) a ne 2 


k=1 

or : 

NCHWG,(v',v3,..., v4) = &), (i) a aol Pe) eer 2 
k=1 


Step 2. Compute the value of score function fe-(v?) Vi = 1,2,...,p. If fser(v?!) = feer(v??) for any 
p1,p2 © {1,2,...,p}, then compute the values of accuracy function fger(v?!) and fser (UP?) to 
compare these alternatives. 


Step 3. Find the optimal alternative according to the values obtained in Step 2. 


Example 6.1. In order to illustrate the proposed algorithm, the problem for logistic center location 
selection is described here. Assume that a new modern logistic center is required in a town. There are 
three locations 0;, 02 and o3. A committee of decision makers has been formed to choice the optimal 
location on the basis of three parameters (namely, cost (e,), distance to customers (e2), distance to 
suppliers (e3), environmental impact (e4), quality of service (e5), transportation (eg)) with respect to 
the evaluation of decision committee. As a result of the evaluation, the decision committee gives Table 


1 with the neutrosophic cubic values. 
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TABLE 1. ‘The collective evaluation values of location with respect to criteria. 


E/O 
(0.3, 0.7], [0.2, 1] (0.7, 0.8], [0.3, 0.3] (0.2, 0.3], [0.1, 0.5] 
= ae 192) For 03055 beer pa05) 
(0.5, 0.5], [0, 0.5] (0.7, 0.9], [0.3, 0.3] (0, 0.4], [0.1, 0.4] 
Cove vere te Pert ' reeeee | 
(0.2, 0.6], [0.5, 0.7] (0.4, 0.5] (0.2, 0.6], [0.4, 0.4] 
o be eeaeae Poe ee (2.0 een 
(0.1, 0.2], [0.3, 0.6] ], {0.4, 0.6], (0.3, 0.3], {0.1, 0.6] 
= hm 0.4] es Prec . ee | 
(0.4, 0.7], [0.4, 0.5] (0.4, 1], [0.3, 0.8] (0.5, 0.5], {0.2, 0.7] 
= te, aes Pen ee (805 persian 
(0.1, 0.3], [0.4, 0.7], (0.5, 0.7], {0.4, 0.5], (0.3, 0.6], [0.2, 0.8] 
- Cerone Peron s ‘ae 0.1, 0.4, a) 


Also, the decision committee determines the weight of criteria as w = (0.1, 0.2, 0.1, 0.3, 0.2,0.1)*. 
We are ready to apply the proposed approach to solve this problem based on the neutrosophic cubic 
information. 
Step 1. By applying NCHWA operator with q = 4, we get the following aggregation values. 
= (|0.2666, 0.4733], [0, 0.6218], [0, 0.2913], 0.4846, 0.2941, 1), 
= (|0.5834, 1], |0.3476, 0.5184], |0, 0.4131], 0.4879, 0.4944, 0.4756), 
= (|0.2541, 0.4233], [0.1438, 0.5658], |0, 0.7997], 0.3837, 0.1721, 0.4583). 
Step 2. Using Eq. (1) given in Definition 3.1, the value of score function are obtained as f¢,-(v!) = 
0.5623, fser(v*) = 0.5928 and fecr(v?) = 0.6013. 
Step 3. Then, we obtain the ranking order of three locations as 03 > 0g > 0,;. Therefore, we suggest 


03 as the optimal choice and so a new logistic center location. 
Table 2 presents the ranking order of alternatives for some values of €. 


TABLE 2. The ranking order according to NCHWA operator with some values of €. 


S Joao”) Tes) feo") ranking order 
€=0 0.5584 0.5898 0.5947 63 05.0} 
aol 0.5593 0.5927 0.5987 SOO) 
f=2 0.5605 0.5929 0.5999 03 + 09 > 01 
f=4 0.5623 0.5928 0.6013 03 > 09 > 01 
=] 0.5657 0.5925 0.6033 03 SOx = 0) 
€ = 100 0.5763 0.5922 0.6088 03 + 03 > 01 


Figure 1 gives a graphical representation of score values for some values of €. 
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0,62 


FI 


0,6083 


0,6 
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0,59 | 
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Score Values 


0,5763 = f..-(u*) 
—t fcr (U") 


0,57 


0.56 . 
05534 0,5593 

0.55 

054 

ea < - 10 100 


Figure 1. Graphical representation of score values for some values of €. 


Algorithm 1 is efficient for decision making problems that include the evaluations of a single decision 
maker, but it cannot be used for decision systems with multiple experts. Now, we create a decision 
making model based on the neutrosophic cubic Hamacher weighted aggregation operators to deal with 
multi-criteria group decision making which includes the evaluations of two or more decision makers 


(experts). 


Let o; (@ = 1,2,...,p) be a fixed of alternatives, e, (kK = 1,2,...,r) be a criterion and ow, 
(k = 1,2,...,r) be the weight of criterion eg (k = 1,2,...,r) respectively such that wm, € [0,1] 
rT 


and >) a, =1. Also, let D; (j = 1,2,...,v) be a fixed of decision makers and Q; (7 = 1,2,...,u) be 
k=! 


the weight of decision maker D; (7 = 1,2,...,u) respectively such that Q; € [0,1] and 5) Q; = 1. Let 
j=l 


pled ) denotes the neutrosophic cubic element (NCE) of the alternative o; with respect to criterion ex 


for the decision maker Dj. 
Algorithm 2. 


Step 1. Obtain the aggregation value uv“) of neutrosophic cubic elements yd ) yi ) hats ye ) for each 


decision maker D; by using the neutrosophic cubic Hamacher weighted averaging (NCHWA) 
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operator or neutrosophic cubic Hamacher weighted geometric (NCHWG) operator. 


For instance, for a decision making problem with two decision makers (7 = 1,2), obtain 
r 


NCHWA, (vs, use), ie yd) = D(z ul ») Vi=1,2,...,D, 


k=1 

NCHWA,(v\”, yee), = ye?) = BD (arv'* ?)) Vt 3 ep 
k=1 

or ; 

NCHWG, (v0, yer), oe ud) = &), on") Wi oan 
ae 

NCHWG,(v\™, ys), me ugi?)) = &), (on?) Siar el (Dao) 
k=1 


Step 2. Compute the value of score function feer(u“)) V i = 1,2,...,p and j = 1,2,...,v for each 
aggregation value v4), 


Step 3. Calculate the standardized score values for each decision maker by using the following formula: 


Fece(v 3)) 
eae Oo 19)))? + + (feer(v' 2.)))2 To + (fer (vl PJ) )2 


Step 4. Calculate the decision value of each alternative by using the following formula: 
ee 
g=h 


If the decision values of any two alternatives are equal then in Step 3, the standardized accuracy 


G(i, 7) = 02; 





values of these two alternatives are calculated (that is, fac, substituted for f,-; in the formula 


S(i, J). 


Step 5. Find the optimal alternative according to the decision values obtained in Step 4. 


Example 6.2. (adapted from |[17]) Mobile companies play a major role in Pakistans stock market. The 
performance of these companies affects capital market resources and have become a common concern 
of creditors, shareholders, government authorities and other stakeholders. In this example, an investor 
company wants to invest the capital tax in listed companies. They acquire two types of decision makers 
(experts): Attorney and market maker.The attorney is acquired to look at the legal matters and the 
market maker is encouraged to provide his/her expertise in the capital market issues. The data are 
collected on the basis of stock market analysis and growth in different areas. Let the listed mobile 
companies be (01) Zong, (02) Jazz, (03) Telenor and (04) Ufone, which have higher ratios of earnings 
than the others available in the market, from the three alternatives of (e,) stock market trends, (e2) 
policy directions and (e3) the annual performance. The two decision makers (D; j = 1,2) evaluated 
the mobile companies (0;, 7 = 1,2,3,4) with respect to the corresponding attributes (e,, k = 1, 2,3), 
and proposed their assessments consisting of neutrosophic cubic values in Table 3 and Table 4. 

Assume that the weight of attributes is @ = (0.35, 0.30,0.35)’, and the weight of decision makers is 
Q = (0.9,0.1)*. Let’s provide a solution for this decision making problem using the NCHWG operator 


on the attributes. 
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TABLE 3. The neutrosophic cubic values of attorney’s assessment. 


E/O O1 02 03 O4 
(0.2, 0.6], (0.4, 0.6], (0.3, 0.5], [0.6, 0.9], (0.6, 0.9], [0.2, 0.7], (0.4, 0.8), [0.5, 0.9], 
i. awa avisad eee be amaaacad a edeaaae 
(0.1, 0.4], (0.5, 0.8], (0.5, 0.9], (0.1, 0.3], (0.2, 0.6], [0.3, 0.7], (0.2, 0.7], [0.4, 0.9], 
e Reps eae Gerepee Raprieenem 


( (0.4, 0.6], 0.2, 0.7], ( (0.2, 0.7], (0.1, 0.6], ( (0.5, 0.9], [0.7, 0.9], ( (0.3, 0.5], [0.5, 0.9], 

C 

: (0.5, 0.9], 0.4, 0.5, 0.3 (0.4, 0.7], 0.5, 0.4, 0.7 (0.1, 0.5], 0.5, 0.6, 0.4 (0.3, 0.7], 0.3, 0.3, 0.8 
TABLE 4. The neutrosophic cubic values of market maker’s assessment. 

E/O O1 02 03 O4 


( (0.3, 0.6], [0.2, 0.6], ( (0.2, 0.5], [0.6, 0.9], ( (0.5, 0.9], [0.2, 0.6], ( (0.3, 0.5], (0.3, 0.9], 
e€ 
: (0.2, 0.6], 0.8, 0.7, 0.2 (0.3, 0.7], 0.4, 0.8, 0.7 (0.3, 0.8], 0.7, 0.7, 0.8 (0.2, 0.5], 0.6, 0.5, 0.4 


( (0.3, 0.8], [0.4, 0.8], ) ( (0.4, 0.9], [0.1, 0.4], ( (0.2, 0.5], (0.2, 0.7], ( (0.4, 0.7], (0.2, 0.8}, 
(0.3, 0.8], 0.6, 0.7, 0.4 (0.5, 0.8], 0.6, 0.5, 0.7 (0.5, 0.8], 0.6, 0.7, 0.2 (0.3, 0.7], 0.6, 0.7, 0.7 


( (0.2, 0.7], (0.2, 0.6], ( (0.4, 0.9], (0.1, 0.4], ( (0.3, 0.5], (0.3, 0.9], ( (0.2, 0.6], (0.5, 0.9], ) 
(0.3, 0.8], 0.5, 0.3, 0.5 (0.5, 0.8], 0.6, 0.5, 0.7 (0.2, 0.5], 0.6, 0.5, 0.4 (0.2, 0.8], 0.4, 0.4, 0.8 


€2 


Steps 1-3. By using NCHWG operator with g = 100, the aggregation values, the score values and the 


standardized score values of alternatives are obtained as in Table 5. 


TABLE 5. ‘The aggregation values, score values and standardized score values. 


i oe faor(voD) S(i,7) 
ae (0.2163,0.5402], [0.3849,0.7015], 
we 0.4787 0.4558 
(0.4696,0.8416], 0.5685, 0.5276, 0.3558 
a (0.3137,0.7198], [0.2205,0.6595], 
ee 0.5113 0.4869 
= (0.3636,0.7015], 0.5306, 0.4365, 0.6713 
: 25 (0.4314,0.8382], [0.3926,0.7892], 
ae 0.4736 0.4509 
(0.2397,0.7661], 0.4996, 0.5654, 0.4998 
re (0.2984,0.6761], [0.4696,0.9], 
Ua 0.4223 0.4021 
(0.3562,0.738], 0.4568, 0.5156, 0.6179 
ei (0.2671,0.5957], [0.3535,0.8279], 
oS 0.4877 0.0515 
(0.3146,0.6665], 0.5778, 0.4689, 0.498 
64 (0.3209,0.8035], [0.2205,0.6247], 
a 0.4642 0.0491 
_ (0.4266,0.7681], 0.5305, 0.6179, 0.7 
y — 
oe (0.3288,0.6799], [0.232,0.7624], 
ae 0.4856 0.0513 
(0.3146,0.7113], 0.6365, 0.634, 0.4799 
a (0.2882,0.5975], [0.3297,0.8758], 
Cee 0.452 0.0478 
(0.2272,0.677], 0.5305, 0.5276, 0.6439 
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Step 4-5. Consequently, we obtain the decision values of alternatives as D(1) = 0.2536, (2) = 0.268, 
(3) = 0.2511, D(4) = 0.2249. Then, the ranking order of alternatives is 02 > 01; > 03 > 04, and so 


the optimal choice is 09. 


In ‘Table 6, we discuss the ranking order of alternatives for some values of €. ‘Thus, we exhibit that the 


standardized score values and decision values show slight changes synchronous to the range of €. 


TABLE 6. The ranking order according to NCHWG operator with some values of €. 


E G(i, 1) G(i, 2) D (2) ranking order 
a 0.4636 0.0541 0.2588 
£=01 t= 0.4727 0.0456 0.2591 02 > O1 > 03 > 04 
i 0.4313 0.0514 0.2413 
1= 0.4306 0.0484 0.2395 
a 0.4606 0.0532 0.2569 
a C= 0.4766 0.0463 0.2614 02 > O1 > 03 > 04 
1=3 0.4402 0.0516 0.2459 
t=4 0.4205 0.0484 0.2344 
a 0.4593 0.0525 0.2599 
f=9 _— 0.4789 0.0477 0.2633 02 > O1 > 03 > 04 
t= 0.4435 0.0514 O24 (4. 
a 0.4158 0.0481 0.2319 
a 0.4581 0.0522 0.2551 
2 1= 0.4813 0.0482 0.2674 02 > O1 > 03 > 04 
t= 0.4463 0.0514 0.2488 
= 0.4113 0.048 0.2296 
a 0.4569 0.0518 0.2543 
= 10 1= 0.484 0.0486 0.2663 02 > O01 > 03 > 04 
1= 0.4487 0.0513 0.25 
i 0.4067 0.0479 O2273 
a 0.4558 0.0515 0.2536 
= 100 t= 0.4869 0.0491 0.268 02 > O1 > 03 > 04 
C= 0.4509 0.0513 0.2511 
l= 0.4021 0.0478 0.2249 


In Figure 2, a figuration of the decision values of alternatives for some values of € is presented. ‘Thus, 


the effect of the range of € on the selection priority is illustrated. 
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0,1 i 2 4 10 100 
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Figure 2. Graphical representation of decision values for some values of €. 


Discussion and Comparison: If Q = (0.4,0.6)* in Example 6.2, then this example is the same as the 
problem in “Application” (see: Section 6 on page 21) of [17]. For Q = (0.4,0.6)*, using NCHWG 
operator with g = 100, we rank the alternatives as 0; > 02 > 03 > oy. But it is proposed as 
a priority order of alternatives in [17] that 03 > 02 > 0, > o4. We think the reason for this or- 
der is the concepts of score function and accuracy function given in Definitions 18 and 19 of [17], 
and these functions should be improved. Let us demonstrate that the score and accuracy functions 
in Definitions 18 and 19 of [17| give erroneous outputs for some neutrosophic cubic elements. Let 
vy = ((0.5, 0.7], [0.2, 0.5], [0.5, 0.6], 0.5,0.8,0.2) and ve = ([0.4, 0.6], [0.3, 0.4], [0.4, 0.5], 0.8,0.6,0.5) be 
two NCEs. It is evident that v,; and v2 do not have identical values, i.e., vy #4 Ve. By Definition 
18 in [17], the score values of vj and v2 are S(v,) = 0.5 — 0.5+ 0.7 — 0.6 + 0.5 — 0.2 = 0.4 and 
S(vg) = 0.4-0.4+ 0.6 — 0.54 0.8 — 0.5 = 0.4, respectively. By Definition 19 in [17], the accuracy 
values of vy and v2 are H(vi) = $(0.54+0.24+ 0.54 0.7+0.5+0.6 + 0.5 + 0.84 0.2) = 0.5 and 
H (v2) = $(0.4 + 0.3 + 0.4 + 0.6 + 0.4 + 0.5 + 0.8 + 0.6 + 0.5) = 0.5, respectively. By the comparison 
method in Definition 20 of [17], vy = v2, which is against our intuition. By using the score function 
in Definition 3.1, we obtain fse-(v1) = 0.5468 and fser(U1) = 0.5968, so vy ~ v2. Also if the score 
function in Definition 3.1 is used for NCGW in Eq. (4) of [17]: 
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(0.2375,0.6195], 
(0.2885,0.7916], 
(0.3567,0.8146], 
0.6315, 0.5757, 0.2851 
(0.4426,0.7657], 
(0.2165,0.5915], 
[0.5382,0.7804], 
oie 0.4827, 0.5729, 0.5282 415) 
(0.3500,0.6616], 
(0.3335,0.8142], 
(0.3131,0.7498], 
0.5791, 0.6133, 0.4439 
(0.3327,0.6774], 
(0.3630,0.7787], 
[0.2888,0.7396], 
0.4906, 0.5359, 0.5692 


then it is calculated as fser(v1) = 0.4947, fser(v2) = 0.4931, fser(v3) = 0.4669 and feer(v4) = 0.4589. 
By these score values, we say that the ranking order of alternatives is 0; > 02 > 03 > o4. This result 
coincides with the output of Algorithm 2. Thereby, the efficiency of score function, accuracy function 


and decision making algorithms presented in this study are displayed. 


7. Conclusions 


In this study, we described a comparison strategy for two neutrosophic cubic elements. Some new ag- 
eregation operators for the neutrosophic cubic sets based on Hamacher t-norm and Hamacher t-conorm, 
which are a generalization of the operators based on algebraic t-norm and ¢-conorm or Einstein t-norm 
and Einstein t-conorm, were proposed and their basic properties were investigated. ‘They were applied 
to solve the MCDM problems in which attribute values take the form of neutrosophic cubic elements. 
In addition, compared with the existing algorithm based on Einstein geometric aggregations under 
the neutrosophic cubic environment, the proposed algorithms can give the satisfactory sorting value of 
each alternative. 

In further research, it is necessary and meaningful to give the applications of these aggregation oper- 
ators to the other domains such as medical diagnosis, pattern recognition and selection of renewable 


energy. 


Funding: ‘This research received no external funding. 


Conflicts of Interest: The author declares no conflict of interest. 





Huseyin Kamaci, Neutrosophic Cubic Hamacher Aggregation Operators and Their Applications in Decision Making 


Neutrosophic Sets and Systems, Vol. 33, 2020 254 


References 


1. 


10. 


11. 


A. 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


Abdel-Basset, M.; Ali, M.; Atef A. Uncertainty assessments of linear time-cost tradeoffs using neutrosophic set. 
Computers and Industrial Engineering, (2020), 141, 106286. 

Abdel-Basset, M.; Ali, M.; Atef A. Resource levelling problem in construction projects under neutrosophic environ- 
ment. The Journal of Supercomputing, (2020) 76, pp. 964988. 

Abdel-Basset, M.; Mohamed, M.; Elhoseny, M., Son, L.H.; Chiclana, F.; Zaied, A.E.N.H. Cosine similarity measures 
of bipolar neutrosophic set for diagnosis of bipolar disorder diseases. Artificial Intelligence in Medicine, (2019) 101, 
101735. 


. Abdel-Basset, M.; Mohammed, R. A novel plithogenic TOPSIS-CRITIC model for sustainable supply chain risk 


management. Journal of Cleaner Production, (2020), 247, 119586. 

Abdel-Basset, M.; Mohammed, R.; Zaied, A.E.N.H.; Gamal, A.; Smarandache, F. Solving the supply chain problem 
using the best-worst method based on a novel Plithogenic model. Optimization Theory Based on Neutrosophic and 
Plithogenic Sets. Academic Press, 2020; pp. 1-19. 

Akram, M.; Ishfaq, N.; Sayed S.; Smarandache F’. Decision-making approach based on neutrosophic rough information. 
Algorithms, (2018), 11(5), 59. 

Ali, M.; Deli, I.; Smarandache, F. The theory of neutrosophic cubic sets and their applications in pattern recognition. 
Journal of Intelligent and Fuzzy Systems, (2016), 30, pp. 1957-1963. 

Arulpandy, P.; Pricilla, M.T. Some similarity and entropy measurements of bipolar neutrosophic soft sets. Neutro- 
sophic Sets and Systems, (2019), 25, pp. 174-194. 

Gulistan, M.; Mohammad, M.; Karaaslan, F.; Kadry, $.; Khan, $., Wahab, H.A. Neutrosophic cubic Heronian mean 
operators with applications in multiple attribute group decision-making using cosine similarity functions. International 
Journal of Distributed Sensor Networks, (2019), 15(9), 155014771987761 

Hamacher, H. Uber logische verknunpfungenn unssharfer Aussagen undderen Zegunhorige Bewertungs funktione. In 
Press in Cybernatics and Systems Research, ‘Trappl, K. R., Ed.; Hemisphere: Washington, DC, USA, 1978; Volume 
3, pp. 276-288. 

Hussain, §8.8.; Hussain, R.J.; Smarandache, F. Domination number in neutrosophic soft graphs. Neutrosophic Sets 
and Systems, (2019), 28, pp. 228-244. 

Jana, C.; Pal, M.; Karaaslan, F.; Wang, J.-q. Trapezoidal neutrosophic aggregation operators and its application in 
multiple attribute decision-making process. Scientia Iranica E, (2018), in press, doi:10.24200/sci.2018.51136.2024 
Jun, Y.B.; Kim, C.S.; Yang, K.O. Cubic sets. Annals of Fuzzy Mathematics and Informatics, (2012), 1(3), pp. 83-98. 
Jun, Y.B.; Smarandache, F.; Kim, C.S. Neutrosophic cubic sets. New Mathematics and Natural Computation, (2015), 
13, pp. 41-54. 

Kamal, N.L.A.M.; Abdullah, L.; Abdullah, I.; Alkhazaleh, $.; Karaaslan, F. Multi-valued interval neutrosophic soft 
set: Formulation and Theory. Neutrosophic Sets and Systems, (2019), 30, pp. 149-170. 

Karaaslan, F. Gaussian single-valued neutrosophic numbers and its application in multi-attribute decision making. 
Neutrosophic Sets and Systems, (2018), 22, pp. 101-117. 

Khan, M.; Gulistan, M.; Yaqoob, N.; Khan, M.; Smarandache, F. Neutrosophic cubic Einstein geometric 
aggregation operators with application to multi-criteria decision making method. Symmetry, (2019), 11, 247. 
doi:10.3390/sym11020247 

Naz, S.; Akram, M.; Smarandache F. Certain notions of energy in single-valued neutrosophic graphs. Axioms, (2018), 
7(3), 50. 

Peng, X.; Smarandache F. New multiparametric similarity measure for neutrosophic set with big data industry 
evaluation. Artificial Intelligence Review, (2019), in press, https://doi.org/10.1007/s10462-019-09756-x 

Peng, X.; Smarandache F. Novel neutrosophic Dombi Bonferroni mean operators with mobile cloud computing 
industry evaluation. Expert Sytems, (2019), 36:e12411. https://doi.org/10.1111/exsy.12411 








Htiseyin Kamaci, Neutrosophic Cubic Hamacher Aggregation Operators and Their Applications in Decision Making 


Neutrosophic Sets and Systems, Vol. 33, 2020 259 


21. Pramanik, 8.; Dalapati, S.; Alam, S.; Roy, T.K. NC-VIKOR based MAGDM strategy under neutrosophic cubic set 
environment. Neutrosophic Sets and Systems, (2018), 19, pp. 95-108. 

22. Pramanik, $.; Dalapati, S.; Alam, $.; Roy, T.K.; Smarandache, F.; Neutrosophic cubic MCGDM method based on 
similarity measure. Neutrosophic Sets and Systems, (2017), 16, pp. 44-56. 

23. Riaz, M.; Hashmi, M.R. MAGDM for agribusiness in the environment of various cubic m-polar fuzzy averaging 
aggregation operators. Journal of Intelligent and Fuzzy Systems, (2019), 37(3), pp. 3671-3691. 

24. Riaz, M.; Tehrim, $.T. Cubic bipolar fuzzy ordered weighted geometric aggregation operators and their application 
using internal and external cubic bipolar fuzzy data. Computational and Applied Mathematics, (2019), 38(2), pp. 
1-25. doi.org/10.1007 /s40314-019-0843-3 

25. Roychowdhury, $.; Wang, B.H. On generalized Hamacher families of triangular operators. International Journal of 
Approximate Reasoning, (1998), 19, pp. 419-439. 

26. Sambuc, R. Fonctions ®-floues. Application a laide au diagnostic en pathologie thyroidienne. Ph. D. Thesis, Univ. 
Marseille, France, 1975. 

27. Smarandache, F. Neutrosophy: neutrosophic probability, set, and logic: analytic synthesis & synthetic analysis. 
Rehoboth: American Research Press, USA, 1998. 

28. Sinha, K.; Majumdar, P. An approach to similarity measure between neutrosophic soft sets. Neutrosophic Sets and 
Systems, (2019), 30, pp. 182-190. 

29. Torra, V. Hesitant fuzzy sets. International Journal of Intelligent Systems, (2010), 25(6), pp. 529-539. 

30. Ulucay, V.; Kilic, A.; Yildiz, L: Sahin, M. An outranking approach for MCDM-problems with neutrosophic multi-sets. 
Neutrosophic Sets and Systems, (2019), 30, pp. 213-224. 

31. Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman R. Interval neutrosophic sets and logic: Theory and Appli- 
cations in Computing. Hexis: Phoenox, AZ, USA, 2005. 





32. Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman, R. Single valued neutrosophic set. Multispace and Multi- 
structure, (2010), 4, pp. 410-413. 

33. Waseem, N.; Akram, M.; Alcantud, J.C.R. Multi-attribute decision-making based on m-polar fuzzy Hamacher aggre- 
gation operators, (2019), 11(12), pp. 1498. doi.org/10.3390/sym11121498 

34. Zadeh, L.A. Fuzzy sets, Information and Control, (1965), 8(3), pp. 338-353. 

35. Zhan, J.; Khan, M.; Gulistan, M.; Ali, A. Applications of neutrosophic cubic sets in multi-criteria decision making. 


International Journal for Uncertainty Quantification, (2017), 7(5), pp. 377-394. 


Received: Nov 20, 2019. / Accepted: Apr 30, 2020 





Htiseyin Kamaci, Neutrosophic Cubic Hamacher Aggregation Operators and Their Applications in Decision Making 


NSS 
ee ak Neutrosophic Sets and Systems, Vol. 33, 2020 


T T, University of New Mexico 





Plithogenic Soft Set 


Shawkat Alkhazaleh 
Department of Mathematics, Faculty of Science and Information Technology, Jadara University, Irbid, Jordan 


shmk79@gmail.com 


Abstract. In 1995, Smarandache initiated the theory of neutrosophic set as new mathematical tool for handling 
problems involving imprecise, indeterminacy, and inconsistent data. Molodtsov initiated the theory of soft 
set as a new mathematical tool for dealing with uncertainties, which traditional mathematical tools cannot 
handle. He has showed several applications of this theory for solving many practical problems in economics, 
engineering, social science, medical science, etc. In 2017 Smarandache initiated the theory of Plithogenic Set 
and their properties. He also generalized the soft set to the hypersoft set by transforming the function F' into 


a multi-attribute function and introduced the hybrids of Crisp, Fuzzy, Intuitionistic Fuzzy, Neutrosophic, and 





Plithogenic Hypersoft Set. In this research, for the first time we define the concept of Plithogenic soft set, 


and give it some generalizations and study some of its operations. Furthermore, We give examples for these 





concepts and operations. Finally, the similarities between two Plithogenic soft sets are also given. 


Keywords: Soft set; Neutrosophic set; Neutrosophic soft set; Plithogenic set; Plithogenic soft set. 


1. Introduction 


In our life not everything non vague or certain where many things around us are surrounded 
by uncertainty and vagueness , Zadeh [13] was successfully fulfilled the need to represent un- 
certain data by introducing the concept of fuzzy sets. Also Atanassov [4] extend Zadehs notion 
of fuzzy set to Intuitionistic fuzzy sets which proved to be a better model of uncertainty. The 
words neutrosophy and neutrosophic were introduced for the first time by Smarandache [9,10] 
as a more general platform, which extends the concepts of the fuzzy set and intuitionistic fuzzy 
set. In 1999 Molodtsov [8] proposed a parameterised family of sets named ”soft set”, to deal 
with uncertainty in a parametric manner. Smarandache defined a concept of plithogenic set, 
where a plithogenic set P is a set whose elements are characterized by one or more attributes, 
and each attribute may have many values. Each attribute’s value v has a corresponding degree 
of appurtenance d(x,v) of the element x, to the set P, with respect to some given criteria. 


In order to obtain better accuracy for the plithogenic aggregation operators, a contradiction 
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(dissimilarity) degree is defined between each attribute value and the dominant (most impor- 
tant) attribute value. However, there are cases when such dominant attribute value may not 


be taking into consideration or may not exist [therefore it is considered zero by default], or 





there may be many dominant attribute values. In such cases, either the contradiction degree 
function is suppressed, or another relationship function between attribute values should be 


established. The plithogenic aggregation operators (intersection, union, complement, inclu- 





sion and equality) are based on contradiction degrees between attributes values and the first 
two are linear combinations of the fuzzy operators t-norm and t-conorm. Plithogenic set is a 
generalization of the crisp set, fuzzy set, intuitionistic fuzzy set, and neutrosophic set, since 
these four types of sets are characterized by a single attribute value (appurtenance): which 
has one value (membership )for the crisp set and fuzzy set, two values (membership, and non- 
membership)for intuitionistic fuzzy set, or three values(membership, non-membership, and 
indeterminacy) for neutrosophic set. A plithogenic set, in general, may have elements charac- 
terized by attributes with four or more attributes. In 2019 Abdel-Basset et al. [1] suggested an 
approach constructed on the connotation of plithogenic theory technique to come up with a 
methodical procedure to assess the infirmary serving under a framework of plithogenic theory. 
In this research, they gave some definitions of the plithogenic environment, which is more gen- 
eral and comprehensive than fuzzy, intuitionistic fuzzy and neutrosophic ones. Abdel-Basset 
et al. [3] proposed method to increase the accuracy of the evaluation. This method is a combi- 


nation of quality function deployment with plithogenic aggregation operations. They applied 





the aggregation operation to aggregate the decision makers opinions of requirements that are 
needed to evaluate the supply chain sustainability and the evaluation metrics based on the 
requirements. Also they applied the aggregation operation to aggregate the evaluation of in- 
formation gathering difficulty. In 2020 Abdel-Basset and Rehab [2] proposed a methodology 
as a combination of plithogenic multi-criteria decision-making approach based on the ‘Tech- 
nique in Order of Preference by Similarity to Ideal Solution and Criteria Importance Through 


Inter-criteria Correlation methods to estimation of sustainable supply chain risk management. 


2. Preliminary 





In this section, we recall some definitions and properties required in this paper. 
Definition 2.1. [9,10] A neutrosophic set A on the universe of discourse X is defined as 
A={< a TAs) dae): hala) See Xt 


where T; I; F.: X —]~0;17[ and ~0 < Ta(x) + I4(x) + Fa(x) < 37. 
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Remark 2.2. In a more general way, the summation can be less than 1 (for incomplete 
neutrosophic information), equal to 1 (for complete neutrosophic information), or greater 


than 1 (for paraconsistent /conflicting neutrosophic information). 


Molodtsov defined soft set in the following way. Let U be a universe and FE be a set of 


parameters. Let P(U) denote the power set of U and AC E. 


Definition 2.3. [8] A pair (FA) is called a soft set over U, where F' is a mapping 
F:A>P(U). 


In other words, a soft set over U is a parameterized family of subsets of the universe U. For 


e € A, F'(e€) may be considered as the set of c-approximate elements of the soft set (Ff, A). 


Definition 2.4. [6] Let P(U) denotes the set of all fuzzy sets of U. Let A; C E .A 
pair(F;, A;)is called a fuzzy soft set over U , where F; is a mapping given by F; : A; —> P(U) 


Definition 2.5. [7] Let U be an initial universal set and let E’ be set of parameters. Let P(U) 
denotes the set of all intuitionistic fuzzy sets of U. A pair (F,A) is called an intuitionistic 
fuzzy soft set over U if F is a mapping given by F': A —> P(U). We write an Intuitionistic 
fuzzy soft set shortly as IF soft set 


Definition 2.6. [5] Let U be an initial universe set and E be a set of parameters. Consider 


Ac E. Let P(U) denotes the set of all neutrosophic sets of U. The collection (FA) is termed 





to be the neutrosophic soft set over U, where F is a mapping given by F': A > P(U). 


3. Formal Definition of Single (Uni-Dimensional) Attribute Plithogenic Set 


In this section we recall the definition of plithogenic set given by Smarandache [11,12] and 
some definitions related to this concept as follows: 


Let U be a universe of discourse, and P a non-empty set of elements, P C U. 


3.1. Attribute Value Spectrum 


Definition 3.1. Let 2 be a non-empty set of uni-dimensional attributes 2 = {a1,a2,...,Qm}, 
m > 1; and a; € 2 be a given attribute whose spectrum of all possible values (or states) is the 
non-empty set S, where S can be a finite discrete set, S = {81, 52,..., 5;},1 <1 < , or infinitely 
countable set S = {81, 52,..., S00}, or infinitely uncountable (continuum) set S =Ja, bl,a < b, 
where |...| is any open, semi-open, or closed interval from the set of real numbers or from other 
general set. 
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3.2. Attribute Value Range 


Definition 3.2. Let V be a non-empty subset of S, where V is the range of all attribute’s 





values needed by the experts for their application. Each element x € P is characterized by all 


attribute’s values in V = {v1,v9,...,Un}, for n > 1. 


3.3. Dominant Attribute Value 


Definition 3.3. Into the attributes value set V, in general, there is a dominant attribute 
value, which is determined by the experts upon their application. Dominant attribute value 


is defined as the most important attribute value that the experts are interested in. 


Remark 3.4. There are cases when such dominant attribute value may not be taking into 
consideration or not exist, or there may be many dominant (important) attribute values - 


when different approach should be employed. 


3.4. Attribute Value Truth-Value Degree Function 


Definition 3.5. The attribute value truth-value degree function is: VP € U,d: U x V — 
(([0,1]*), so d(P,v) is a subset of [0,1]*, where o([0,1]*) is the power set of the [0,1|* such 
that 





z = F (for fuzzy degree of truth-value), 


z = IF (for intuitionistic fuzzy degree of truth-value), or 





z = N (for neutrosophic degree de truth-value). 


3.5. Attribute Value Contradiction Degree Function 


Definition 3.6. ‘The attribute value contradiction degree function between any two attribute 
values v,; and v2, denoted by c(v1, v2) is a function define by c: V x V —> [0,1] such that the 


cardinal |V| > 1 and satisfying the following axioms: 





(1) c(v1,v1) = 0, the contradiction degree between the same attribute values is zero; 


(2) c(v1, v2) = c(v2, v1), commutativity. 


3.6. plithogenic set 


Definition 3.7. Let U be a universe of discourse, and P a non-empty set of elements, P C U. 
a is a (multi-dimensional in general) attribute, V is the range of the attributes values, d is the 


degree of appurtenance of each element xs attribute value to the set P with respect to some 





given criteria (x € P),and c stands for the degree of contradiction between attribute values. 
Then (P, a, V,d,c) is called a plithogenic set. 
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Remark 3.8. (1) d may stand for dr , dyr or dy, when dealing with fuzzy degree of 
appurtenance, intuitionistic fuzzy degree of appurtenance, or neutrosophic degree of 
appurtenance respectively of an element x to the plithogenic set P; 

(2) c may stand for cr , crr or cy, when dealing with fuzzy degree of contradiction, 
intuitionistic fuzzy degree of contradiction, or neutrosophic degree of contradiction 
between attribute values respectively; 

(3) The functions d(.,.) and c(.,.) are defined in accordance with the applications the 
experts need to solve; 

(4) One uses the notation: «(d(x,V)), where d(z,v) = {d(x,v)Vu € V}, Va © P; 


The plithogenic set is an extension of all: crisp set, fuzzy set, intuitionistic fuzzy set, and 
neutrosophic set. In this Paper we will study the plithogenic set as an extension of fuzzy set, 
intuitionistic fuzzy set, and neutrosophic set. 

In Single-Valued Fuzzy Set (SVFS), the attribute is a = ”appurtenance”; the set of 
attribute values 


V = {T}, whose cardinal |V| = 1; the dominant attribute value = T; the attribute value 





appurtenance degree function: d: P x V —> [0,1], d(a,T) € [0, 1] 

and the attribute value contradiction degree function: 

c:VxV —> [0,1], c(7,T) =0, 

In Single- Valued intuitionistic fuzzy set (SVIFS), the attribute is a = ” appurtenance” ; 
the set of attribute values V = {T, F'}, whose cardinal |V| = 2; 





the dominant attribute value = 7’; the attribute value appurtenance degree function: 
d:PxV —+ [0,1], d(z,T) € [0,1], d(w, F) € [0,1] with 0 < d(z,T) + d(z, F) < 1; and 

the attribute value contradiction degree function: c: V x V —> |0,1], c(7,T) = c(F, F) = 0, 
Cl.) 1, 

In Single-Valued Neutrosophic Set (SVNS), the attribute is a = ”appurtenance”; the 
set of attribute values 


V ={T7,1,F }, whose cardinal |V| = 3; the dominant attribute value = T; the attribute value 





appurtenance degree function: 

d:PxV —+ (0,1), d(z,T) € [0,1], d(x, 1) € [0,1], d(x, F) € (0, 1], 
with 0 < d(z,T)+ d(a,I)+d(a, F) < 3; 

and the attribute value contradiction degree function: 
e:VxV— (0,1), 

Cl) = Ch 1) = e0.b i) 0, 

Cd 1. 

lf) = cP, 1) = 0.5. 
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4. Plithogenic Intersection 


In this section we recall the definition of plithogenic intersection over three cases: fuzzy, 
intuitionistic fuzzy and neutrosophic set which are defined for the first time by Smarandache 


in 2017 and 2018 [11, 12]. 


4.1. Plhithogenic Fuzzy Intersection 








Definition 4.1. Let U = {uj,u,...,un}. A = {ath ai ats f and B = 


U4 U2 U 


D(ti1)? V(ug)? "7? Din) 


be any two plithogenic fuzzy sets over U. Then the plithogenic fuzzy 


intersection between A and B define as follows: 


ANpp B= (aay ema rratay J MEH LZ 


Where Ap and Vp represent fuzzy t-norm and fuzzy t-conorm (s-norm) respectively and cy 





represent the degrees of contradictions. 


4.2. Plithogenic Intuitionistic Fuzzy Intersection 
Definition 4.2. Let U = {uy, ua,...,Un}. Suppose 


A= | pore pectin eet , and 


B= 


CG va) ns) eG) a a) 


be any two plithogenic intuitionistic fuzzy sets over U. ‘Then the plithogenic intuitionistic 


fuzzy intersection between A and B is defined as follows: 


A Mp B= { Gajgtay a HOF ENV Ia f VES LZ oT 


Where Ap and Vp represent fuzzy t-norm and fuzzy t-conorm (s-norm) respectively and c, 





represent the degrees of contradictions. 


4.3. Plithogenic Neutrosophic Intersection 


Definition 4.3. Let U = {u1,ua,...,Un}. Suppose 


U2 U 


A= (ACen CUNT CANE (UT (U2), 1 (U2),We(u2))? °°"? (ur (tin) fir (tn) fa Cin) \ and 
B= 


U1 U2 Un 
(yr (u1).vr(u1),vR(ur))? (vr (u2)vr(u2),vR(u2))? °°? (Ur (un),v7 (Un) ,UF (un) 
be any two plithogenic neutrosophic set over U. ‘Then the plithogenic neutrosophic intersection 


between A and B is defined as follows: 


A Ap B = {ta aR PO AFT FO SORTASE fH 


Vi = 1,2,...,n, where \p and Vr represent fuzzy t-norm and fuzzy t-conorm (s-norm) respec- 





tively and c, represent the degrees of contradictions. 
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5). Plithogenic Union 


In this section we recall the definition of plithogenic union over three cases: fuzzy, intuition- 
istic fuzzy and neutrosophic set which are defined for the first time by Smarandache in 2017 


and 2018 [11,12]. 


D.1. Plithogenic Fuzzy Union 


Definition 5.1. Let U, A and B as defined in 4.1. Then the plithogenic fuzzy union between 
A and B is defined as follows: 


AVrp B= AGI Hh 


(T= en (uC )V vai) (eo) ale AFUE (tH) } 


Where Af and Vr represent fuzzy t-norm and fuzzy t-conorm (s-norm) respectively and c, 





represent the degrees of contradictions. 


9.2. Plithogenic Intuitionistic Fuzzy Union 


Definition 5.2. Let U, A and B as defined in 4.2. Then the plithogenic intuitionistic fuzzy 


union between A and B is defined as follows: 


AVip B= | aaa EOE EER | MEHL 


Where Ap and Vp represent fuzzy t-norm and fuzzy t-conorm (s-norm) respectively and cy, 





represent the degrees of contradictions. 


5.3. Plithogenic Neutrosophic Union 


Definition 5.3. Let U, A and B as defined in 4.3. Then the plithogenic neutrosophic inter- 


section between A and B is defined as follows: 


ONG pee ERE TS 


Vi = 1,2,...,n, where \p and Vr represent fuzzy t-norm and fuzzy t-conorm (s-norm) respec- 





tively and c, represent the degrees of contradictions. 


5.4. Hypersoft set 


Definition 5.4. [11] Let U be a universe of discourse, g(U) the power set of U. Let 
a1,02,°°* ,@4,, for n > 1, be n distinct attributes, whose corresponding attribute values are 
respectively the sets Aj, Ao,-::,An, with A;N A; = S, for 7 #72, and 7,7 € {1,2,--- ,n.}. 
Then the pair 

(FA, x Ag x +--+ X An) 
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where: 


F: Ay x Ag X-++ X An —> @(U) 


is called a Hypersoft Set over U. 


6. Plithogenic Soft Set 





In this section we define the concept of plithogenic soft set(In General) as a generalization 
of soft set. We also, define its basic operations namely, union and intersection and study their 


properties. 


Definition 6.1. Let U be a universe of discourse, (U)* the z—power set of U such that 
z =C (Power set of U), 
z = F (The set of all fuzzy set of U), 
z= IF (The set of all intuitionistic fuzzy set of U), or 
z = N (The set of all neutrosophic set of U). Let a,,a2,--- ,a@n, for n > 1, be n distinct 
attributes, whose corresponding attribute values are respectively the sets V1, Vo,--- ,Vn, with 
Vi1.V =o, for 7 4. and. 4,9 .€ 41,254} Suppose: Vy {Vay Ving. «Ving ond: let 
Y=V, x Vox---x Vy. Let D = (D1, Do,--- Dy) the dominant attribute element of A; Vi and 
c(Di, viz) ,4 € {1,2,---n},7 © {1,2,---m,;} the attribute value contradiction degree function 
such that ¢ : V; x Vi; —> [0,1], Then the pair (F'%, YT), where: 

F2:T — [0,1], x U)? 
is called a Plithogenic Soft Set (P-SS In short) over U. 


To illustrate the above definition we give the following examples for all cases: crisp, fuzzy, 


intuitionistic and neutrosophic: 


6.1. Phithogenic Crisp Soft Set 


Example 6.2. Let U = {c1,c2,¢3,c4}. Here U represents the set of cars. Let a, = speed, a2 = 
color, a3 = model, a4 = manufacturingyear. Suppose their attributes values respectively: 
Speed = A, = {slow, fast, veryfast}, 

Color = Ag = {white, yellow, red, black}, 

Model = A3 = {model,, model2z, models, model, }, 

manufacturing year = Ay = {2015 and befor, 2016, 2017, 2018, 2019}. 


Where the dominant attribute’s value D = (slow, red, models, 2019). Let H C YT such that 
AH = {e, = (slow, white, model,, 2015 and befor) , €2 = (slow, yellow, models, 2017) , 

«3 = (fast, red, model4, 2018)}. Define a function FZ : H —> [0,1], x (U)© as follows: 
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c1,(0,0.4,1,1) c4,(0,0.4,1,1) 
Fp (e1) = ‘ G14) ay ( Gta) D) \ 


c2,(0,0.5,0,1) 
FS (e) = ae : 


c3,(0.5,0,1,1) 
KG (€3) = ‘ = Gs) v) \ 
Then we can find the plithogenic crisp soft set (P-CSS) (F ll ) as consisting of the following 


collection of approximations: 


€1,(0,0.4,1,1) c4,(0,0.4,1,1) €2,(0,0.5,0,1) c3,(0.5,0,1,1) 
(FS, H) =a (a, 1 Cir) v) i111) p) \) ) («. { (iit, p) \) ) (« 1 (1,1,1,1) p) \) \ 


6.2. Plithogenic Fuzzy Soft Set 


Example 6.3. Consider Example 6.2 and suppose that the 


pe J (e1,(0,0.4,1,1) 5) (c2,(0,0.4,1,1)5) (¢3,(0,0.4,1,1)5)  (c4,(0,0.4,1,1) p) 
pei) = (0.6,0.7,1,1) ’ (0.7,0.3,0,0) ’ (0.1,0.3,0,0) ’  (0.7,0.6,1,1) 


aa _ J (€1,(0,0-5,0,1) 5) (¢2,(0,0.5,0,1) 5) (¢3,(0,0.5,0,1),) (¢4,(0,0.5,0,1) 5) 
p \e2) = (0.6,0.2,0,0) ° (0.5,0.7,1,1) ° (0.1,0.1,0,0) ° (0.7,0.4,0,0) 


pF _ J (1,(0-5,0,1,1) 5) (¢2,(0.5,0,1,1) 5) (c¢3,(0-5,0,1,1)5) (¢4,(0.5,0,1,1) 5) 
p (63) = (0.1,0.2,0,0) ° (0.1,0.3,0,0) ° (0.8,0.7,1,1) ’ (0.1,0.1,0,0) 


Then we can find the plithogenic fuzzy soft set (P-FSS) (F awe ) as consisting of the following 


collection of approximations: 


ee Hag d OE So a a) eae) 
a 1 (0.6,0.7,1,1) ’ (0.7,0.3,0,0) ’ (0.1,03,0,0) ’ (0.7,06,1,1) | 


_ {(1:0,0.5,0, Ip) (cz; (0,0.5,0,1)p) (€3,(0,0.5,0, 1p) (ca, (0, 0.5,0, 1)p) 
| (0.6,0.2,0,0) ”° (0.5,0.7,1,1) ° (0.1,0.1,0,0) ° (0.7,0.4,0,0) 


_, £41:(05,0,1,1)p) (€2,(0.5,0,1, Dp) (cs, (0.5,0,1,)p) (ca; (0.5, 0, 1,1) p) 
°? | (0.1,0.2,0,0) ’ (0.1,0.3,0,0) ’ (0.8,0.7,1,1) ’ (0.1,0.1,0,0) 


6.3. Plithogenic Intuitionistic Fuzzy Soft Set 


Example 6.4. Consider Example 6.2 and suppose that the 


plF _ (c1,(0,0.4,1,1) 5) (c2,(0,0.4,1,1) p) (c3,(0,0.4,1,1) p) (ca,(0,0.4,1,1) p) 
p (€1) = ((0.6,0.2),(0.7,0.1),(1,0),(1,0)) ’ ((0.7,0.1),(0.3,0.5),(0,1),(0,1))’ ((0.1,0.8),(0.3,0.5),(0,1),(0,1))? ((0.7,0.2),(0.6,0.3),(1,0),(1,0)) (’ 
plF _ (c1,(0,0.5,0,1) p) (c2,(0,0.5,0,1) p ) (c3,(0,0.5,0,1) p) (ca,(0,0.5,0,1) p) 
p (€2) = ((0.6,0.3),(0.2,0.6),(0,1),(0,1)) ’ ((0.5,0.4),(0.7,0.2),(1,0),(1,0)) ? ((0.1,0.7),(0.1,0.8),(0,1),(0,1))? ((0.7,0.2),(0.4,0.4),(0,1),(0,1)) (’ 


plP _ (c1,(0.5,0,1,1) p) (c2,(0.5,0,1,1) p) (c3,(0.5,0,1,1) p) (ca,(0.5,0,1,1) p) 
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Then we can find the plithogenic intuitionistic fuzzy soft set (P-IFSS) (F'5",H) as consisting 


of the following collection of approximations: 


(FhF i) = { (< { (c1, (0,0.4,1,1)p) (co, (0, 0.4, 1,1) 5) (cz, (0, 0.4, 1,1) 5) (ca, (0, 0.4, 1,1) 5) \) 
ee 7 » ((0:6,.0.2)(0.720-1) -(1,0)5.(150)) (0027, 0.1);,(0:3, 0:5), (0,1) 50021 ))* ( (0.15 °0,8)-3(0.3:0:5)5(0;.1).(0;.))- ((027.-0:2),.(0.6;.0:3) oC, 0) 15.0) 








( { (c1, (0, 0.5, 0,1) 5) (c2, (0, 0.5, 0, 1) 5) (c3, (0, 0.5, 0, 1) 5) (ca, (0, 0.5, 0, 1) 5) \) 
“2> } (0.6, 0.3) , (0.2, 0.6) , (0,1), (0, 1))’ ((0.5, 0.4) , (0.7, 0.2) , (1,0), (1,0))’ ((0.1,0.7), (0.1, 0.8), (0,1), (0,1))’ ((0.7, 0.2), (0.4,0.4), (0,1), (0,1) f J’ 





( { (c1, (0.5, 0, 1,1) 5) (co, (0.5, 0, 1,1) 5) (c3, (0.5, 0, 1,1) 5) (ca, (0.5, 0, 1,1) 5) 1) 
“3 1 ((0.1,0.7) , (0.2, 0.7), (0,1), (0,1))’ (0.1, 0.8), (0.3, 0.5) , (0, 1), (0, 1))’ ((0.8, 0.1), (0.7, 0.2), (1,0), (1,0))’ ((0.1, 0.8), (0.1,0.7), (0,1), 0, b) 


6.4. Plithogenic Neutrosophic Soft Set 


Example 6.5. Consider Example 6.2 and U = {c1, c2,c3}, suppose that the 


pN = (c1,(0,0.4,1,1) 5) (c2,(0,0.4,1,1) 5) (c3,(0,0.4,1,1) 5) 
P (a1) = ((0.6,0.3,0.1),(0.7,0.2,0.1),(1,0,0),(1,0,0)) ’ ((0.7,0.1,0.2),(0.3,0.5,0.2),(0,0,1),(0,0,1)) ’ ((0.1,0.1,0.8),(0.3,0.6,0.1),(0,0,1),(0,0,1)) (? 


PN - (c1,(0,0.5,0,1) 5) (c2,(0,0.5,0,1) 5) (c3,(0,0.5,0,1) 5 ) 
bo ((0.6,0.3,0.1),(0.2,0.6,0.2),(0,0,1),(0,0,1)) ’ ((0.5,0.2,0.3),(0.7,0.2,0.1),(1,0,0),(1,0,0))° ((0.1,0.2,0.7),(0.1,0.1,0.8),(0,0,1),(0,0,1)) (” 


PN _ (c1,(0.5,0,1,1)p ) (c2,(0.5,0,1,1) p ) (c3,(0.5,0,1,1) 5 ) 
p (3) = ((0.1,0.2,0.7),(0.2,0.1,0.7),(0,0,1),(0,0,1))’ ((0.1,0.1,0.8) ,(0.3,0.2,0.5),(0,0,1),(0,0,1)) ’ ((0.8,0.1,0.1),(0.7,0.1,0.2),(1,0,0),(1,0,0)) (” 


Then we can find the plithogenic neutrosophic soft set (P-NSS) (F ces ) as consisting of the 


following collection of approximations: 


(FN H)=4( { (ci, (0, 0.4, 1, 1) 5) (ca, (0, 0.4, 1, 1) p) (c3, (0, 0.4, 1, 1) p) \) 
P>S)~)\&) (0.6,0.3, 0.1), (0.7, 0.2, 0.1), (1,0, 0), (4,0,0))’ ((0.7, 0.1, 0.2), (0.3, 0.5, 0.2), (0,0, 1), (0,0, 1)’ ((0.1,0.1, 0.8) , (0.3, 0.6, 0.1) , (0,0, 1), (0,0, 1) f )’ 








( { (cz, (0, 0.5, 0,1) p) (co, (0, 0.5, 0,1) p) (c3, (0, 0.5, 0,1) p) \) 
*” '! ((0.6, 0.3, 0.1) , (0.2, 0.6, 0.2) , (0,0, 1) , (0,0, 1))’ ((0.5, 0.2, 0.3) , (0.7, 0.2, 0.1) , (1,0, 0) , (1,0, 0))’ ((0.1, 0.2, 0.7), (0.1, 0.1, 0.8) , (0,0, 1), (0,0,1)) f )’ 





(« { (c1, (0.5, 0, 1,1) p) (co, (0.5, 0, 1,1)p) (c3, (0.5, 0,1, 1)p) \)) 
°* ((0.1, 0.2, 0.7) , (0.2, 0.1, 0.7) , (0,0, 1) , (0,0, 1))’ ((0.1, 0.1, 0.8) , (0.3, 0.2, 0.5) , (0,0, 1), (0,0, 1))’ ((0.8, 0.1, 0.1) , (0.7, 0.1, 0.2) , (1,0, 0), (1, 0, 0)) 


7. Union and Intersection 


In this section, we introduce the definitions of union and intersection of plithogenic soft sets, 





derive their properties, and give some examples. 


Definition 7.1. The union of two plithogenic soft sets (F'%, A) and (G%, B) over U, denoted 
by 
(F'3, A) \V> (G4, B), is the plithogenic soft set (H%,2) where Q = AUB, and Ve €Q, 
( F3(e), ifeecA-B 
Hp (2) = } Gee), ifecB—A 
(ope) VeGple)s tecAan. 2 
where V% is a z-plithogenic union. 


z 


Definition 7.2. The intersection of two plithogenic soft sets (f%,A) and (G%, B) over U, 
denoted by 
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(F'3, A) \> (G4, B), is the plithogenic soft set (H%,2) where Q = AUB, and Ve €Q, 
( F(e), ifeeA-B 


Hp (2) = | Gb (e). ifeecB—A 
(Ppl) ApGple), LecAn b 


where A% is a z-plithogenic intersection. 


7.1. Plhithogenic Fuzzy Soft Union 


Example 7.3. Consider Example 6.2 Let 


A= fa = (slow, white, model, 2015 and befor) , az = (slow, yellow, models, 2017) , 
a3 = (fast, red, model4, 2018) hand 
B= {bi = (slow, white, model, 2015 and befor) , bg = (slow, yellow, models, 2017) , 


= (fast, red, model, 2018) , b4 = (slow, red, model,, 2019) 


Suppose LFS: A) and (Gi, A) are two plithogenic fuzzy soft sets over U such that 
(nF )={ ,(0,0.4,1,1) 5) (c2,(0,0.4,1,1),5) (cs, (0,0.4, 1,1) 5) (ca, (0, uy 
ee (0.6,0.7,1,1) ° (0.7,0.3,0,0) ° (0.1,0.3,0,0) ’ (0.7,0.6,1,1) 
,(0,0.5,0,1) 5) (c2, (0,0.5,0,1)5) (c3,(0,0.5,0,1)5) (ca, (0, 0.5, 0, Dp) ) 
(0.6,0.2,0,0) ° (0.5,0.7,1,1) ’ (0.1,0.1,0,0) ’°  (0.7,0.4,0,0) 
,(0.5,0,1,1)p5) (2, (0.5,0,1,1),5) (es, (0.5,0,1,1)5) (ea, (0.5, 0, (ca, (0.5,0,1, 1) p) \)\ 
) ) ) ) 


p) (es, (0,0.4,1,1)5) (ea, (0, (ca, (0,0.4,1,1)p) \) 
(0.5,0.6,1,1) ’ (0.8,04,0,0) ° (0.2,0.2,0,0) ’ (0.7,0.5,1,1) 
p) (es, (0,0.5,0,1),5) (ca, (0, 0.5, 0, (ca, (0, 0.5, 0,1) p) \) 
'~(0.3,0.2,0,0) ’ (0.8,0.5,0,0) 

) ) 

3 a 


ty, 


(0.1,0.2,0,0) ’ (0.1,0.3,0,0) ° (0.8,0.7,1,1) ° (0.1,0.1,0,0) — 


py, { (et (0:0:5,0,1)p) (c2,(0,0.5,0,1 
e) (05.0.910,0). Or oraal 
, (0.5, 0, Lbs) (co, (0.5, 0,1, 1 p) (cg, (0.5, 0,1, 1 p) (c4, (0.5, 0,1, 1 (C4, (V.9,0, 1, 1) p) 
(0.5,0.6,0,0) ° (0.8,0.3,0,0) ° (0.2,0.7,1,1) ’ (0.6,0.3,0,0 
(0 a i050, Leh) (co, (0,0, 1, 1) p) (ca; 050, Ll) (ca, (0,0, 1,1) p) \) \. 
| O00) O1080.0) O60) 1011-0) 


(on {Sagara 
(on SaeaRE Oe 
Gascon 
B) = | (1, {AOS Do) (0,0.4,1,1)p) (€2,(0,0.4,1,1 
(Masako De 
Sirocco 


Ca a ee _ ee _ 


By using basic fuzzy union (maximum) and basic fuzzy intersection (minimum) we have: 
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(FE, A) Vp (G5, B) = (HE, K) where 
,(0,0.4,1,1)p) (ce, (0,0.4,1,1)p) (cs, (0, 0.4, 1, 1)p) eer) ) 
(0.6,0.66,1,1) ’ (0.8,0.36,0,0) ” (0.2,0.26,0,0) ’ (0.7,0.56, 1,1) 
,(0,0.5,0,1)p) (ce, (0,0.5,0,1) 5) (cs, (0, 0.5, 0, 1) p) or 
(0.6,0.25,0,0) ’ (0.7,0.7,1,1) ’ (0.3,0.15,0,0) ° (0.8,0.45,0,0) J/’ 


(in Gena 
Serccccanos 

,(0.5,0, 1, 1 co, (0.5,0,1,1 c3, (0.5, 0,1, 1 c4, (0.6,0, 1,1 
ae, po) (ca, ( jes po) (ca; ( oN 


(Hp, K pe Kis 


ko, 


(0.3,0.6,0,0) ’ (0.45,0.3,0,0) ’ (0.5,0.7,1,1) ° (0.35,0.3,0,0) 


011g), (n(O0 1.1), (0.0.1.9) (er (00.109) 1) 1 


k 
- (02 ,0.3,1,0) ’ (0.1,0.3,0,0) ’ (0.8,0.7,1,1) ’ (0.1,0.1,1,0) 


(c1,(0,0.4,1,1) p) FF (c1,(0,0.4,1,1) p) 
~ (0.6.0.7.1.1) ‘*P 


To describe the result in Example above let’s compute (0.6,0.7,1,1) ~(0.5,0.6,1,1) 


as 
follows: 

(1-0) *max(0.6, 0.5)+0«min(0.6, 0.5) = 0.6, (1—0.4)*max(0.7, 0.6)+0.4*min(0.7, 0.6) = 0.66, 
(1 —1) * maxz(1,1) +1* min(1,1) =1 and (1 — 1) * maz(1,1) +1%* min(1,1) =1 


7.2. Plithogenic Fuzzy Soft Intersection 


Example 7.4. Consider Example 7.3 By using basic fuzzy union (maximum) and basic fuzzy 
intersection i we have: (FS, A) he (Gx, B) = (Hz, K) where 
UE (c1, (0,0.4,1, py) (c2,(0,0.4,1,1)p) (cs, (0,0.4,1, py) (ca, (0,0.4, 1, 1) p) 
oe 0. ~ (0.5,0.64,1,1) ’ (0.7,0.34,0,0) ’ (0.1,0.18,0,0) ’ (0.7,0.52, 1,1) 
(c1, (0,0.5,0, py) (c2,(0,0.5,0,1) 5) (cs, (0,0-5,0, py) (ca, (0,0.5, 0, 1) p) 
(0. ~ (0.5,0.25,0,0) ’ (0.5,0.7,1,1) ’ (0.1,0.15,0,0) ’ (0.7,0.45,0,0) 
) 


ee 


Le p) (e3, (0.5,0,1,1)p5) (ca, (0.5,0,1,1)p) 
o a 0.2. 0 —(0.3,0.2,0,0) (0.45, 0.3.0, 0) 


~~ (0.5,0.7,1,1) ’ (0.35,0.1,0,0) 


O.O11p) (em GO11p) en (O04 Dp) (eu (0.0.429)}) } 


k 
* | (0.2,0.3,1,0) ’ (0.1,0.3,0,0) ’ (0.8,0.7,1,1) ’ (0.1,0.1,1,0) 


{of 
a 
(af 
| 


(c1,(0,0.4,1,1) p) (c1,(0,0.4,1,1) p) 


To describe the result in Example above let’s compute (0.6,0.7,1.1) a (0.5,0.6,1,1) 


as 
follows: 
(1—0)*min(0.6, 0.5) +0*max(0.6,0.5) = 0.5, (1—0.4)*min(0.7, 0.6)+0.4*max(0.7, 0.6) = 0.64, 


(1 —1) * min(1,1) +1 * maz(1,1) = 1 and (1 — 1) * min(1,1) +1 * maz(1,1) =1 


7.3. Plithogenic Intuitionistic Fuzzy Soft Union 


Example 7.5. Consider Example 7.3. Suppose aa , A) and (Gp , A) are two plithogenic 
intuitionistic fuzzy soft sets over U such that 


plF A) — (c1,(0,0.4,1,1) p (c2,(0,0.4,1,1) p) (cg,(0,0.4,1,1) p (ca,(0,0.4,1,1) p ) 
( ns ) = @15 ) 7(0.6,0.3),(0.7,0.3),(1,0),(1,0))? ((0.7,0.2),(0.3,0.5),(0,1),(0,1))? ((0.1,0.8),(0.3,0.5),(0,1),(0,1)) ’ ((0.7,0.2),(0.6,0.2),(1,0),(1,0)) ’ 





(c1,(0,0.5,0,1) p ) (c2,(0,0.5,0,1) p ) (cz,(0,0.5,0,1) p ) (ca,(0,0.5,0,1) p ) 
425 1 ((0.6,0.3),(0.2,0.7),(0,1),(0,1))’ ((0.5,0.4),(0.7,0.3),(1,0),(1,0))? ((0-1,0.8),(0.1,0.9),(0,1),(0,1)) ’ ((0.7,0.3),(0.4,0.5),(0,1),(0,1)) 


(c1,(0.5,0,1,1) 5) c2,(0.5,0,1,1) p) c3,(0.5,0,1,1) p) e4,(0.5,0,1,1) 5) 
@35 ) ((0.1,0.8),(0.2,0.8),(0,1),(0,1))? ((0.1,0.9),(0.3,0.7),(0,1),(0,1))? ((0.8,0.1),(0.7,0-2),(1,0),(1,0)) ’ ((0.1,0.8),(0.1,0-9),(0,1),(0,1)) ; 
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(GIF, B) = {(» (c1,(0,0.4,1,1) p) (c2,(0,0.4,1,1) p) (c3,(0,0.4,1,1) p) (ca,(0, Leer 
P>? 1) ) (0.5,0.4),(0.6,0.3),(1,0),(1,0)) ? ((0.8,0.2),(0.4,0.6),(0,1),(0,1))? ((0.2,0.7),(0.2,0.8),(0,1),(0,1))? ((0.7,0.2),(0.5,0.4), 0)) 


((0.5,0.5),(0.3,0.7),(0,1),(0,1))’ ((0.7,0.2),(0.7,0-2),(1,0),(1,0)) ’ ((0.3,0.6),(0.2,0.8),(0,1),(0,1))’ ((0.8,0.1),(0.5,0.5),(0,1),(0,1)) 





(0. { (c1,(0,0.5,0,1) p) (c2,(0,0.5,0,1) p) (c3,(0,0.5,0,1) p) —_(€4,(0,0.5,0,)p) von) 


h (c1,(0.5,0,1,1) p) (c2,(0.5,0,1,1) p) (c3,(0.5,0,1,1) 5) (ca,(0.5,0,1,1) 5) 
3> ) ((0.5,0.4),(0.6,0.4),(0,1),(0,1))? ((0.8,0.1),(0.3,0.7),(0,1),(0,1))’ ((0.2,0.7),(0.7,0.2),(1,0),(1,0)) > ((0.6,0.3),(0.3,0.7),(0,1),(0,1)) 





(c1,(0,0,1,1) p) (c2,(0,0,1,1) p) €35(0:0;11) 5) (ca,(0,0,1,1) p) 
ba, ((0.2,0.8), “ 3,0.6),(0,1),(0,1))? ((0.1,0.9),(0.3,0.7),(0,1),(0,1)) ° ((0.8,0.2),(0.7,0.3),(1,0),(1,0))° ((0.1,0.9),(0.1,0.8),(0,1),(0,1)) : 


By using basic fuzzy union (maximum) and basic fuzzy intersection (minimum) we have: 


(FP, A) Vp (GH, B) = (HE, K) where 





HLF kK) = k (c1,(0,0.4,1,1) p ) c2,(0,0.4,1,1) p) (c3,(0,0.4,1,1) p ) (ca,(0,0.4,1,1) p) 
( P > ) = 15 ) ((0.6,0.3),(0.66,0.3),(1,0),(1,0))? ((0.8,0.2),(0.4,0.54),(0,1),(0,1))’ ((0.2,0.7),(0.26,0.63),(0,1),(0,1))? ((0.7,0.2),(0.56,0.26),(1,0),(1,0)) 





(c1,(0,0.5,0,1) p) (c2,(0,0.5,0,1) p ) (c3,(0,0.5,0,1) p ) (ca,(0,0.5,0,1) p) 
ke, ((0.6,0.3),(0.25,0.7),(0,1),(0,1))? ((0.7,0.2),(0.7,0.25),(1,0),(1,0))? ((0.3,0.6),(0.15,0.85),(0,1),(0,1))’ ((0.8,0.1),(0.45,0.5),(0,1),(0,1)) 
(is, 


is ‘ —_(c1,0,0,1,1)p) (c2,(0,0,1,1) p) (c3,(0,0,1,1) p) —_ (c4,(0,.0,1)p) \) p 


((0.2,0.8),(0.3,0.6),(0,1),(0,1))? ((0.1,0.9),(0.3,0.7),(0,1),(0,1))? ((0.8,0.2),(0.7,0.3),(1,0),(1,0))’ ee ee 





(c1,(0.5,0,1,1) p) (c2,(0.5,0,1,1) p) (c3,(0.5,0,1,1) p) (ca,(0.5,0,1,1) p) ) 
((0.3,0.6),(0.6,0.4),(0,1),(0,1))’ ((0.45,0.5),(0.3,0.7),(0,1),(0,1)) ’ ((0.5,0.4),(0.7,0.2),(1,0),(1,0)) ? ((0.35,0.55),(0.3,0.7),(0,1),(0,1)) 


7.4. Plhithogenic Intuitionistic Fuzzy Soft Intersection 


Example 7.6. Consider Example 7.5 By using basic fuzzy union (maximum) and basic fuzzy 


intersection (minimum) we have: 


(FLP, A) Ap (GHB) = (HE, K) where 





HIF kK) = k (c1,(0,0.4,1,1) p ) (c2,(0,0.4,1,1) p ) (€3,(0,0.4,1,1) p) (ca,(0,0.4,1,1) p) 
( ome ) = 1) ) ((0.6,0.4),(0.64,0.3),(1,0),(1,0))° ((0.7,0.2),(0.34,0.56),(0,1),(0,1)) ? ((0.1,0.8),(0.24,0.68),(0,1),(0,1))° ((0.7,0.2),(0.54,0.32),(1,0),(1,0)) 








1,(0,0.5,0,1) 7p) (c2,(0,0.5,0,1) p ) (c3,(0,0.5,0,1) p) (ca,(0,0.5,0,1) p) 
ko, (( na (035.075, (0,1),(0,1))? ((0.5,0.4),(0.7,0.25),(1,0),(1,0))? ((0.1,0.8),(0.15,0.85),(0,1),(0,1))’ ((0.7,0.3),(0.45,0.5),(0,1),(0,1)) 
k (c1,(0.5,0,1 2. AOS OD). (c2,(0.5,0,1,1) p) (c3,(0.5,0,1,1) p) (4,050.1) p) (0.5,0,1,1) p) 
3> ) ((0.3,0.6),(0.2,0.8),(0,1),(0,1))? ((0.45,0.5),(0.3,0.7),(0,1),(0,1))? ((0.5,0.4),(0.7,0.2),(1,0),(1,0)) ? ((0.35,0.55),(0.1,0.8),(0,1),(0,1)) 
k (c1,(0,0,1,1) 5) (c2,(0,0,1,1) p) (c3,(0,0,1,1) p) (ca,(0,0,1,1) 5) 
45 ) ((0.2,0.8),(0.3,0.6),(0,1),(0,1))’ ((0.1,0.9),(0.3,0.7),(0,1),(0,1))’ ((0.8,0.2),(0.7,0.3),(1,0),(1,0))? ((0.1,0.9),(0.1,0.8),(0,1),(0,1)) 


7.5. Plithogenic Neutrosophic Soft Union 


Example 7.7. Consider Example 6.5. Let 


A= fa = (slow, white, model, 2015 and befor) , az = (slow, yellow, models, 2017) , 
a3 = (fast, red, model4, 2018) band 
B= {bi = (slow, white, model, 2015 and befor) , bz = (slow, yellow, models, 2017) , 


bs = (fast, red, model4, 2018) 
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Suppose (F'’, A) and (G4, B) are two plithogenic neutrosophic soft sets over U such that 
P P 


(FY, A) = See 200010 1, CLL) COE) ) 
P» ((0.6,0.3,0.1),(0.7,0.2,0.1),(1,0,0),(1,0,0)) ’ ((0.7,0.1,0.2),(0.3,0.5,0.2),(0,0,1),(0,0,1))? ((0.1,0.1,0.8),(0.3,0.6,0.1),(0,0,1),(0,0,1)) 





(c1,(0,0.5,0,1) p ) (c2,(0,0.5,0,1) p ) (c3,(0,0.5,0,1) p ) 
425) ((0.6,0.3,0.1),(0.2,0-6,0.2),(0,0,1),(0,0,1))’ ((0.5,0.2,0.3),(0.7,0.2,0.1),(1,0,0),(1,0,0)) ’ ((0.1,0.2,0.7),(0.1,0.1,0.8),(0,0,1),(0,0,1)) 


(0.5,0,1,1) c2,(0.5,0,1,1) c3,(0.5,0,1,1) 5 
@3> ) ((0.1,0.2,0.7),(0.2,0.1,0.7),(0,0,1),(0,0,1))? ((0.1,0.1,0.8),(0.3,0.2,0.5),(0,0,1),(0,0,1))’ ((0.8,0.1,0-1),(0.7,0.1,0.2), p) 0,0),(1,0,0)) 


((0.5,0.2,0.3),(0-6,0.3,0.1),(1,0,0),(1,0,0))? ((0.8,0.1,0.1),(0.2,0.3,0.5),(0,0,1),(0,0,1)) ’ ((0.3,0.1,0.6),(0.3,0.4,0.3),(0,0,1),(0,0,1)) 


(c1,(0,0.5,0,1) p ) (c2,(0,0.5,0,1) p ) (c3,(0,0.5,0,1) p ) 
2> | ((0.5,0.3,0.2),(0.4,0.4,0.2),(0,0,1),(0,0,1)) * ((0.4,0.3,0.3),(0.8,0.1,0.1),(1,0,0),(1,0,0)) ° ((0.1,0.1,0.8),(0.2,0.2,0.6),(0,0,1),(0,0,1)) 


1) 
1) 
Ni 
cp.) ={ (mf (61(004,11)p) (c2(0041.1)p) (6s(004.1.1)p) \) 
1) 
Ni 


; (0.5,0,1,1) (0.5,0,1,1) c3,(0.5,0,1,1) p 
3> ) ((0.3,0.2,0.5),(0.3,0.2,0.5),(0,0,1),(0,0,1))? ((0.1,0.1,0.8),(0.5,0.1,0.4),(0,0,1),(0,0,1))? ((0.6,0.2,0.2), cr 6,0.2,0.2), p) 0,0),(1,0,0)) 


By using basic fuzzy union (maximum) and basic fuzzy intersection (minimum) we have: 


(FX, A) Vp (GX, B) = (HX, K) where 


HN ke) = k c1,(0,0.4,1,1) p c2,(0,0.4,1,1) p c3,(0,0.4,1,1) p 
( P) )= 1+ ) ((0.6,0.25,0.1),(0.66,0.25,0.1),(1,0,0),(1,0,0)) ’ ((0.8,0.1,0.1),(0.26,0.4,0.32),(0,0,1),(0,0,1)) ’ ((0.3,0-1,0.6),(0.3,0.5,0.18),(0,0,1),(0,0,1)) 





k c1,(0,0.5,0,1) c2,(0,0.5,0;1) 5 c3,(0,0.5,0;1) 5 
2> ) ((0.6,0.3,0.1),(0.3,0.5,0.2),(0,0,1),(0,0,1)) ? ((0.5,0.25,0.3),(0.75,0.15,0.1),(1,0,0),(1,0,0)) ? ((0.1,0.15,0.7),(0.15,0.15,0.7),(0,0,1),(0,0,1)) 


(0.5,0,1,1) c2,(0.5,0,1,1) c3,(0.5,0,1,1) p 
ks, ((0.2,0.2,0.6),(0.3,0.15,0.5),(0,0,1),(0,0,1))? ((0.1,0.1,0.8),(0.5,0.15,0.4),(0,0,1),(0,0,1))’ ((0.7,0.15,0.15),(0.7,0.15,0.2),(1,0,0),(1,0,0)) 
7.6. Plithogenic Neutrosophic Soft Intersection 


Example 7.8. Consider Example 7.7 By using basic fuzzy union (maximum) and basic fuzzy 


intersection (minimum) we have: 


(FR, A) Ap (GX, B) = (HX, K) where 


HN ke) = k c1,(0,0.4,1,1) p c2,(0,0.4,1,1) c3,(0,0.4,1,1) p 
( P) )= 1+ ) ((0.5,0.25,0.3),(0.64,0.25,0.1),(1,0,0),(1,0,0)) ’ ((0.7,0.1,0.2),(0.24,0.4,0.38),(0,0,1),(0,0,1)) ’ ((0-1,0-1,0.8),(0.3,0.5,0.22),(0,0,1),(0,0,1)) 


@ ee ee (c2,(0,0.5,0,1) p) (c3,(0,0.5,0,1) p) \) 


((0.5,0.3,0.2),(0.3,0.5,0.2),(0,0,1),(0,0,1))? ((0.4,0.25,0.3),(0.75,0.15,0.1),(1,0,0),(1,0,0)) ? ((0.1,0.15,0.8),(0.15,0.15,0.7),(0,0,1),(0,0,1)) 
k (0.5,0,1,1) c2,(0.5,0,1,1) p c3,(0.5,0,1,1) p 
3> 1 ((0.2,0.2,0.6),(0.2,0.15,0.7),(0,0,1),(0,0,1)) ’ ((0.1,0.1,0.8),(0.3,0.15,0.5),(0,0,1),(0,0,1))? ((0.7,0-15,0.15),(0.6,0.15,0.2),(1,0,0),(1,0,0)) : 


Proposition 7.9. Let F5, Gp and Hp be any three PSSs over U. Then the following results 
hold: 


(1) Fp Vp Gp = Gp Vp Fp 

(2) Fe Np Gp = Gp Ap Fp 

(3) Fp Vp G Vp Hp) = Fi Vp Gp) Vp 

(4) Fp \p (Gp Ap Hp) = (FB Ap Gp) Ap Ap - 


























proof From union and intersection definitions and the fact that fuzzy set, intuitionistic 


fuzzy and neutrosophic set are commutative and associative, we can get the proof. 


Proposition 7.10. Let (F'3,E), (Go, E) and (Hj, E) be any three PSSs over U. Then the 
following results hold: 
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(1) Fie Vp (Gp Ap Hp) = (Fe Vip Gp) Ap (Fe Vp Ap), 
(2) Fe \p (Gp Vp Hp) = (Fp Ap Gp) Ve (Fp Ap Hp). 




















proof. Let z= Fuzzy, Vx € E, and without loss of generality suppose c = 0 
(1) 
dep (a) VE(GE(a) AE AEG) (®) = 8 {Are @ (@) AGE) AE HEL) 
= 5 {pr () (0) t Acze) (@) Anew (2))} 
=t{s (Are (x) (©) s AGE (a) (c)) od (rg (a) (7) AnE(e) (x))} 
= LA(REC) VEGE()) (7) ACRE e) VE HEC) )j 


= A(FE(a) VE GE(e)) AE(FE (0) VE HE(2)) () 


For z=J/F and z= WN use the same method. 


(2) We can use the same method in (a). 


8. Plithogenic Soft Similarity 


In this section we introduce a measure of similarity between two P-FSSs (z = F’) and we 





leave the other similarity when (z = IF’ and N) for future research. The set theoretic approach 


has been taken in this regard because it is popular and very easy for calculation. 


Definition 8.1. Let (F,E) and (Gs, E) be two P-FSSs over (U, Z) as in Definition 6.1. 
Similarity between - E) and (Gh, E), denoted by S$ (Fe, GS), is defined as follows: 


1 
S(fEsGs) = iz) & > My where 
|U| lel 
: NEG pein) = G';(eix)| 
Nip ee 
: U| lel 
2 dy Pi (ein) + G5 (ein) 
g=la= 
Where ec € E. 


Definition 8.2. Let (F5,£) , (Gp, E) and (Hj, E) be two P-FSSs over (U, E). We say that 


(FS, E) and (G5, E) are significantly similar if S Gay Gh) Se 5. 


Proposition 8.3. Let (FS, E) and (Gi, E) be any two P-FSSs over (U, E) such that Fp or 
Gs a non-zero P-FSS. Then the following holds: 

() 8 (FF.GF) = 8 (CE. FE) 

(2) 0< S (Fp, Gp) < 

Ol =G, ean x =i, 

(4) Fp ©Gp C Hp = S (Fp, Hp) < 5 (Gp, Ap), 
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(oy dp (FEA) (Cs,.B). 0 SS 5.45) =0. 


proof. Proofs (a)-(d) follows from Definition 8.1, We will give the proof of (e). 
For the left hand side we have (Fs, A) ne (Gi, B) = (), then 
t (F's (€ik), Gp (eix)) — 0, Vi; k. Now, 


by using Definition 8.1 we have 


IU Ie 
d > Fein) = Gj (ea) | 
Nine a 

: UT le 
2 dy Ee) te Gea, 

j=li= 


Since t (FS (ein); G5 (eix)) = 0, then F;(e,) — Gj (ein) = Fj(eix) + Gj(ex) and this gives 


|U| |e 
Dd, 24 Fy (ein) — Gy (ein) 
isialiae: = 1. Then 
|U| |e 
IE (ein) — G5; (eix)| 
(esl 
i ee ee 


Example 8.4. Let U = {c1,¢2,c3,c4} and a, = speed, ag = color, a3 = model, a4 = manu- 


facturing year. Suppose their attributes values respectively: 


Speed = A, = {slow, fast, veryfast}, 
Color = Ao = {white, yellow, red, black}, 
Model = A3 = {model,, model2z, models, model, }, 


manufacturing year = Ay = {2015 and befor, 2016, 2017, 2018, 2019}. Suppose 


i= fe = (slow, white, model,, 2015 and befor) , e2 = (slow, yellow, models, 2017) , 


e3 = (fast, red, model, 2018) \ 


Suppose (F ri ; E) and (Gi, E) are two plithogenic fuzzy soft sets over U such that 
(FE, B) = (c4,:(0;0.4.1,1 3) (eo, (0, 0451, 1)) (ex, (004, 1,1)55) Cen, (010:4, 1.1) 5.) 
Pe 1 (0.6,0.7,1,1) ’ (0.7,0.3,0,0) ° (0.1,0.3,0,0) ’ (0.7,0.6,1,1) 

4, £ {c1:(0,0.5,0,1)p) (cz, (0,0.5,0,1)p) (¢3,(0,0.5,0,1)p) (ca, (0, 0.5,0, 1) p) 
* | (0.6,0.2,0,0) ’ (0.5,0.7,1,1) ° (0.1,01,0,0) ’ (0.7,0.4,0,0) 
og £ (11 (0-5,0,1, Dp) (c2;(0.5,0,1, )p) (€3,(0.5,0,1,1)p) (ca, (0.5,0, 1, 1p) 
°? | (0.1,0.2,0,0) ’ (0.1,0.3,0,0) ’ (0.8,0.7,1,1) ’ (0.1,0.1,0,0) 
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(GE, B) _ (a. (c1, (0, 0.4, 1, Yp) (co, (0, 0.4, 1, Dp) (c3, (0, 0.4, 1, Yp) (ca, (0, 0.4, 1,1) ),) \) | 
(0.5, 0.6, 1, 1) (0.8, 0.4, 0,0) (0.2, 0.2, 0,0) (0.7, 0.5, 1,1) 
(c1,(0,0.5,0,1)p5) (ca, (0,0.5,0,1) 5) (€3,(0,0.5,0,1)5) (ca, (0, 0.5, 0, 1) ,) 
(<>.{ (0.5,0.3,0,0) ° (0.7,0.7,1,1) °’ (0.3,0.2,0,0) ’ (0.8,0.5,0,0) i) | 
(0 (S (0.5,0,1,1),) (c2,(0.5,0,1,1)p) (cs, (0.5,0,1,1),) (c4, (0.5, 0, 1,1)p) \) 
‘1 (0.5,0.6,0,0) ° (0.8,0.3,0,0) ° (0.2,0.7,1,1) ’ (0.6,0.3,0,0) 


Then we can find the similarity between F's and G% as follows: 


4 A 
24 dy Fi (ea1) — G5(ea)| 
=14= 
M,=1- a 
2 d, |Fi(ei) + Gy(ea)) 
7=la= 


Now, for 7 = 1 we have 

4 

>» |Filea) — Giles) | = (0.6 — 0.5)| + |(0.7 — 0.6)| + | — 1)| + | — 1)| = 0.2 
I 


and 
3 Fy (ej1) + Gi(ei1)| = |(0.6 + 0.5)| + |(0.7 + 0.6)| + (1 + 1)] + ](1 + 1)| = 6.4. 
For j = 2 we have 

3 |Fo(ei1) — Go(ei1)| = |(0.7 — 0.8)| + |(0.3 — 0.4)| + |(0 — 0)| + |(0 — 0)| = 0.2 
and 

. |F2(ei1) + Go(eir)| = |(0.7 + 0.8)| + |(0.3 + 0.4)| + |(0 + 0)| + |(0 + 0)| = 2.2. 
For j = 3 we have 

3 |F3(e:1) — G3(ei1)| = |(0.1 — 0.2)| + |(0.3 — 0.2)| + |(0 — 0)| + |(0 — 0)| = 0.2 
and 

y |F3(e;1) + G3(ei1)| = |(0.1 + 0.2)| + |(0.38 + 0.2)| + |(0 + 0)| + |(0 + 0)| = 0.8. 


For 7 = 4 we have 
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2 | Fy (e411) = Ga4(e;1)| = |(0.7 = 0.7)| + (0.6 — 0.5)| + \(1 = 1 + \(1 = 1)| = O.1 
and 


» |Fy(eg1) + Ga(es)| = |(0.7 + 0.7)| + |(0.6 + 0.5)| + [1+ 1))/+/44 1)| =6.5. 


I Jes 
Ma 


_— 

>». 
| 
_— 


Fs (e:1) — Gj(ea)| 

oy 2 Ll 
Then Mj = 1 — S454 ___ 1 - FOS EE _ 095 
Fj (ei) + G;(ei)| | | | | 


S&S 


Ma 
Me 


S 
| 
4 
Ss 
| 
4 


Similarly we get Mz = 0.92 and M3 = 0.78. Then the similarity between the two P-FSSs Fp 


and Ge is given by 


S(Pe.Fp = 


3 

0.96 + 0.92 + 0.78 
So My = 2940924 0.78 oo gg 
k=1 


3 


| 


9. Conclusions and future research 


In this paper we have defined the concept of Plithogenic soft set, and gave some gener- 
alizations of this concept. We also gave examples for these concepts. We studied the basic 
properties of these operations. An important result of such a paper is that new questions can 
be used as an idea for further research, as such a research always unearths further questions. 
The work presented in this paper poses interesting new questions to researchers and provides 


the theoretical framework for further study on plithogenic soft sets. Based on the previous 





results we may suggest problems in relation to our research that we anticipate to venture 





elsewhere in the cases of operations in plithogenic soft sets, similarity in plithogenic soft sets 
and applications on plithogenic soft sets. We can investigate the following topics for further 


works: 


(1) To define and study the ”AND” and ”OR” operations of plithogenic soft set. 

(2) To define and study the application of similarity measure of plithogenic soft set on DM 
and MD. 

(3) To define and study the application of plithogenic soft set operations on DM and MD. 

(4) To generalized plithogenic soft sets to plithogenic soft multisets, expert set, possibility 


set and etc. 
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Abstract. Smarandache implemented the idea of neutrosophic set theory as a method for dealing undetermined 
data. Neutrosophic set theory is commonly used in various algebric structures, such as groups, rings and 
BCK/BCI-algebras. At present, there exist no results on doubt neutrosophic ideals of BC K/BCTI-algebras 


using t-conorm and t-norm. First, the notions of (.S,7)- normed doubt neutrosophic subalgebras and ideals of 





BC K/BCI-algebras are introduced and the characteristic properties are described. Then, images and preimages 
of (S,7’)- normed doubt neutrosophic ideals under homomorphism are considered. Moreover, the direct product 
and (S,7)- product of (S,7’)- normed doubt neutrosophic ideals of BC K/BCI-algebras are also discussed. 


Keywords: BC'K/BCI-algebra; doubt neutrosophic subalgebra (ideal); (.S,7')-normed doubt neutrosophic 
subalgebra (ideal). 


1. Introduction 


BC'K-algebras entered into mathematics in 1966 through the work of Imai and Iséki [1], 
and were applied to various mathematical fields, such as group theory, topology, functional 


analysis and probability theory, etc. In the same way, the concept of a BC'I-algebra, which is 
a generalization of a BC’ K-algebra, was proposed by Iséki [2]. Zadeh |3} introduced the idea of 





fuzzy set theory in 1965, where the degree of membership is discussed, and Xi |4| introduced 
fuzzy subalgebras and ideals in BC K/BCT-algebras in 1991. Later on, fuzzy sets have been 
generalized to intuitionistic fuzzy sets |5| by adding a non-membership function by Atanassov 
in 1986 and this concept has been applied to BCK/BCI-algebras by Jun and Kim [6]. 

As anew idea and based on the concept defined by Xi [4], Jun in 1994 introduced the 
notions of doubt fuzzy subalgebras and ideals in BC K/BCI-algebras. Bej and Pal |8| intro- 
duced the concepts of doubt intuitionistic fuzzy subalgebras and ideals in BC'kK/ BC I-algebras. 
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Al-Masarwah and Ahmad (9) introduced the concepts of doubt bipolar fuzzy subalgebras and 
ideals in BC kK /BCI-algebras. After that, many other researchers used these ideas and pub- 
lished numerous articles in different branches of algebraic structures [10}}14). 

Triangular norms were formulated by Schweizer and Sklar to model the distances in 
probabilistic metric spaces. Triangular norms play an important role in many fields of mathe- 
matics, statistics, cooperative games, decision making and artificial intelligence [16]. In partic- 
ular, in fuzzy set theory, t-conorm (S$) and t-norm (7) have been widely used for fuzzy logic, 
fuzzy relation equations and fuzzy operations. In algebraic structures, Senapati proposed 
the idea of (imaginable) T-fuzzy subalgebras and (imaginable) T-fuzzy closed ideals of BG- 
algebras. Kim presented the intuitionistic (S, 7')-normed fuzzy subalgebras in BCk/BCI- 
algebras using triangular norms. Also, Kutukcu and Tuna [19], presented a new classification 
of intuitionistic fuzzy subalgebras, ideals and implicative ideals in BCK/BClI-algebras. 

Neutrosophy, a new branch of science that deals with indeterminacy, was launched 
by Smarandache in 1998. ‘This concept is a generalization of the classical set, fuzzy set and 
intuitionistic fuzzy set. Neutrosophic set theory has been applied to several fields of mathe- 
matics including decision making [22}124), pattern recognition and medical diagnosis and 
others [26}/31). In the aspect of algebraic structures, the papers address neutrosophic 
algebraic structures in BC'K/BC'I-algebras. 





As no studies have been reported so far to generalize the above mentioned concepts, so the 
aim of this present article is: 

(1) To propose the concept of (S,7')-normed doubt neutrosophic subalgebras and (5S, 7T)- 
normed doubt neutrosophic ideals of BC-k/BCI-algebras as a generalization of (S, 7')-normed 
intutionistic fuzzy subalgebras and ideals of BC-kK/BCI-algebras. 

(2) To consider images and preimages of (5,7")- normed doubt neutrosophic ideals under 
homomorphism. 

(3) To define and discuss the direct product and (S,7')- product of (S,7')- normed doubt 
neutrosophic ideals of BC K/ BC I-algebras. 

To do so, the rest of the article is structured as follows: In Section [2| we review some basic 
notions. In Section |3} we introduce the notions of (.$,7')- normed doubt neutrosophic subalge- 
bras and ideals of BCK /BCTI-algebras and then describe some of the characteristic properties. 
Furthermore, we consider images and preimages of (S,7')- normed doubt neutrosophic ideals 
under homomorphism. In Section |4| we discuss the direct product and (S,7')- product of 
(S,7)- normed doubt neutrosophic ideals of BCK/BCT-algebras. Finally, in Section |5} we 


present the conclusion and future works of the study. 
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2. Preliminaries 


In the current section, we remember some of the basic notions of BC kK /BC'I-algebras which 
will be very helpful in further study of the paper. Let X be a BCK/BCI-algebra in what 
follows, unless otherwise stated. 

By a BC I-algebra, we mean a set X with a special element 0 and a binary operation x, for 
all p,q,s € X, that satisfies the following axioms: 

(I) [(*q) * (p*s)| *(s*q) =0, 
(II) [p* (p*q)|*q=0, 
(III) pxp=0O, 
(IV) pxq=0 and q*p=O0 imply p=gq. 

If a BCI-algebra X satisfies 0 * p = 0, then X is called a BC’K-algebra. In a BC K/BCI- 
algebra, p* 0 = p holds. A partial ordering < ona BCK/BCI-algebra X can be defined by 
p <q if and only if p*q=0. A non-empty subset K of a BCK/BCI-algebra X is called a 
subalgebra of X if px q € K,Vp,q © X, and an ideal of X if Vp,q € X, 

(1) 0€EK, 
(2) pxqe kK and qe K imply pe kK. 


Definition 2.1. A neutrosophic set in a non-empty set X (see [14]) is a structure of the form: 


B= {(p; Br(p), Br(p), Br(p)) |p € Xf, 


where Br, By, Br : X — [0,1]. We shall use the symbol B = (Br, By, Br), for the neutrosophic 
set B = {(p; Br(p), Br(p), Br(p)) |p € X}. 


If B = (Br, Br, Br) is a neutrosophic set in X, then OB = (Br, By, BF) and OB = 


(BS, Br, Br) are also neutrosophic sets in X. 


Definition 2.2 ( [15}). A function T : [0,1] x [0,1] — [0,1] is called a triangular norm, if it 
satisfies the following conditions: Vp, q.s € [0, 1], 

(1) 7(0,0) = 0,7(1,1) = 1, 

(2) T(p, Tq, 8)) = TTP, 4), 8), 

(3) Tp, q) = Tap), 

(4) Tp, ¢q) < T(p, s) if 

If T(p,0) = p and T(p,1) = p for all p € [0,1], then T is called a t-conorm and a t-norm, 

respectively. Throughout this paper, denote S and T' as a t-conorm and a t-norm, respectively. 


Some examples of t-conorms and t-norms are: 


(1) Sy(p, gq) = max{p, q} and Thy (p,q) = min{p, gq}. 
(2) Sz7(p,q) = min{p+q,1} and Tz (p,q) = max{p+q-—1, 0}. 
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(3) Sp(p,q) =p +q—pq and Tp(p, q) = pq. 
A t-conorm S and a t-norm T are associated [39], i.e., S(p,q) = 1-T(1—p, 1-q), Vp, ¢ € [0, 1]. 


Lemma 2.3 ( |40]). For any p,q € [0,1], we have 0 < max{p,g} < S(p,q) < 1 and 0 < 
T (p,q) < min{p, gf < 1. 


Definition 2.4 ( [7]). A fuzzy set A of X is called a doubt fuzzy subalgebra of X if A(p *« q) 
max{A(p), A\(q)} Vp,q € X, and a doubt fuzzy ideal of X if A(0) < A(p) < max{A(p * gq), A(q)} 
Vp,qE X. 


IA 


Definition 2.5 ( [41]). A neutrosophic set B = (Br, B;, Br) of X is called a neutrosophic 
subalgebra of X if for all p,q € X, 


(1) Br(p*q) = min{ Br(p), Br(q)}, 
(2) Br(p*q) = min{ Br(p), Br(q)}, 
(3) Br(p*q) < max{Br(p), Br(q)}. 


Definition 2.6 ( |41]). A neutrosophic set B = (Br, B;, Br) of X is called a neutrosophic 
ideal of X if for all p,q € X, 


(1) Br(0) > Br(p) = min{ Br(p * q), Br(q)}. 
(2) Br(O) = Br(p) = min{ Br(p * q), Bi(q@)}, 
(3) Br(0) < Br(p) < max{Br(p * q), Br(q)}- 


3. (S,T)-Normed doubt neutrosophic ideals 


Definition 3.1. A neutrosophic set B = (Br, Br;, Br) of X is called a doubt neutrosophic 
subalgebra of X if for all p,q © X, 


(1) Br(p*q) < max{Br(p), Br(q)$, 
(2) Br(p*q) < max{By(p), Br(q)$, 
(3) Br(p*q) = min{ Br(p), Br(q)}. 


Definition 3.2. A neutrosophic set B = (Br, Br, Br) of X is called a doubt neutrosophic 
subalgebra of X with respect to a t-conorm S and a t-norm T (or simply, an (S,7')-normed 


doubt neutrosophic subalgebra of X ) if for all p,q € X, 


(1) Br(p*q) < S(Br(p), Br(q)), 
(2) Br(p*q) < S(Br(p), Br(q)), 
(3) Br(p*q) = T(Br(p), Br(q)). 


Definition 3.3. A neutrosophic set B = (Br, Br;, Br) of X is called a doubt neutrosophic 
ideal of X if for all p,q € X, 


(1) Br(0) < Br(p) < max{Br(p * q), Br(q)}, 


Al-Masarwah and Ahmad, Structures on Doubt Neutrosophic Ideals of BC kK /BCI-Algebras 
under (.S,7')-Norms 





Neutrosophic Sets and Systems, Vol. 33, 2020 279 


(2) By(O) < Br(p) < max{Br(p * q), Br(q)$, 
(3) Br(0) > Br(p) => min{Br(p * q), Br(q)}- 


Definition 3.4. A neutrosophic set B = (Br, Br;, Br) of X is called a doubt neutrosophic 
ideal of X with respect to a t-conorm S$ and a t-norm T (or simply, an (S,7')-normed doubt 
neutrosophic ideal of X) if for all p,q € X, 

(1) Br(0) < Br(p) < S(Br(p * q), Br(q)), 

(2) Br(0) < Br(p) < S(Br(p * gq), Br(q)), 

(3) Br(0) > Br(p) = T(Br(p* q), Br(q))- 


Example 3.5. Consider a given BC K-algebra X = {0,k,1,m} in Table [1] 


TABLE 1. Tabular representation of a BC'K-algebra X = {0,k,1,m}. 


~ 7 O| x 

~ FF C|]O 
3s TF Oo O| 
3s OO O]= 


m 
0 
k 
l 
0 


Define a neutrosophic set B = (Br, By, Br) of X by Table |2} 


TABLE 2. Neutrosophic set B = (Br, By, Br). 


X Br(p) Br(p) Br(p) 
0 0 0 1 
k 0.50 0.40 0.33 
1 0.50 0.40 0.33 
m 1 0.90 0 


Clearly, Br(0) < Br(p) < Su(Br(p * q), Br(q)), Br(0) < Br(p) < Su(Br(p * g), Br(q)) and 
Br(0) a Br(p) me Ty (Br(p e q), Br(q)) for all Dd e X. Hence, B= (Br, By, Br) is an 
(Sz, Tz, )-normed doubt neutrosophic ideal of X. Also, note that a t-conorm Sy and a t-norm 


Ty, are not associated. 


Remark 3.6. Example holds even with the t-conorm Sj and t-norm Jy. Hence, B = 
(Br, Br, Br) is an (Sy, Ty )-normed doubt neutrosophic ideal of X. 


Remark 3.7. Every doubt neutrosophic ideal of X is an (.S,7")-normed doubt neutrosophic 


ideal of X, but the converse is not true. 
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Example 3.8. Consider a given BC K-algebra X = {0,1,2,3,4} in Table |3} 


TABLE 3. Tabular representation of a BC’K-algebra X = {0,1, 2,3, 4}. 


* QO 1 2 3 4 
0 0 0 0 0 0 
1 101 0 0 
222 0 0 0 
3 3 2 1 0 0 
44444 0 


Define a neutrosophic set B = (Br, By, Br) of X by Table [4] 


TABLE 4. Neutrosophic set B = (Br, By, Br). 


X Br(p) Br(p) Br(p) 
0 0.50 0.50 0.33 
1 0.50 0.50 0.33 
2 0.50 0.50 0.33 
3. 0.75 0.75 0.25 
4 0.75 0.75 0.25 


Clearly, Br(0) < Br(p) < Sz(Br(p* ¢), Br(q)), Br(0) < Br(p) < Sr(Br(p * q), Br(q)) and 
Br(0) = Br(p) Z Tp(Br(p * q), Br(q)) for all Pde X. Hence, B= (Br, By, Br) is an 
(S;,,7p)-normed doubt neutrosophic ideal of X, but it is not a doubt neutrosophic ideal of X. 


Lemma 3.9. Jf B = (Br, Br, Br) is an (S,T)-normed doubt neutrosophic ideal of X, then so 


is OB = (Br, Br, BS), where a t-conorm S and a t-norm T are associated. 


Proof. Let B = (Br, Br, Br) be an (S,T)-normed doubt neutrosophic ideal of X. Then, 
Br(0) < Br(p)Vp € X and so 1 — B(0) < 1— BS(p). Hence, BE(0) > BS (p). Also, for all 
p,q € X, we have Br(p) < S(Br(p*¢q), Br(q)) and so 1— BS(p) < S(1— BS (p*q), 1— BS (q)) 
which implies B&(p) > 1 — S(1 — B&(p « q),1 — BF(q)). Since S and T are associated, we 
have Bo(p) > T(BS(p * gq), Bo(q)). Thus, OB = (Br, B;, BS) is an (S,T)-normed doubt 
neutrosophic ideal of X. 5 


Lemma 3.10. If B = (Br, By, Br) is an (S,T)-normed doubt neutrosophic ideal of X, then 


so is OB = (BS, Br, Br), where a t-conorm S and a t-norm T are associated. 


Proof. The proof is similar to the proof of Lemma 0 





Al-Masarwah and Ahmad, Structures on Doubt Neutrosophic Ideals of BC kK /BCI-Algebras 
under (.S,7')-Norms 


Neutrosophic Sets and Systems, Vol. 33, 2020 281 


Combining Lemmas and |3.10| we deduce that: 


Theorem 3.11. A neutrosophic set B = (Br, Br, Br) is an (S,T)-normed doubt neutrosophic 
ideal of X if and only if 0B and OB are (S,T)-normed doubt neutrosophic ideals of X, where 


a t-conorm S and at-norm T are associated. 


Lemma 3.12. Every (S,T)-normed doubt neutrosophic ideal B = (Br, Br, Br) of X satisfies: 
for allp,q€ X, 


p<q= Br(p) < Br(q), Br(p) < Br(q) and Br(q) = Br(p). 
Proof. Let p,q € X be such that p < q. Then, p x gq = 0 and so 
Br(p) < S(Br(p* q), Br(q)) = S(Br(0), Br(q)) < Br(q), 
Br(p) < S(Br(p * q), Br(q)) = S(Br(0), Br(q)) < Brg), 


and 


Br(p) = T(Br(p* @), Be(q)) = T(Br(0), Be(q)) = Br(q)- 


This completes the proof. 5 


Theorem 3.13. Every (S,T)-normed doubt neutrosophic ideal of X is an (S,T)-normed doubt 


neutrosophic subalgebra of X. 


Proof. Let B = (Br, Br, Br) be an (S, T)-normed doubt neutrosophic ideal of X. Since pxq < p 
Vp,q € X, it follows from Lemma [3.12 that Br(p * q)) < Br(p), Br(p * q)) < Br(p) and 
Br(p*q)) = Br(p). Then, 


Br(p*q)) < Br(p) < S(Br(p* ¢), Br(q)) < S(Br(p), Br(q)), 

Br(p*q)) < Br(p) < S(Br(p * q), Br(q)) < S(Br(p), Br(q)), 
and 

Br(p* q)) = Br(p) = T(Br(p* q), Br(q@)) = T(Br(p), Br(q)). 


Hence, B = (Br, B;, Br) is an (S,T)-normed doubt neutrosophic subalgebra of X. 5 


Remark 3.14. The converse of Theorem is not hold in general. 


Example 3.15. Reconsider the BC K-algebra X given in Example|3.5| Define a neutrosophic 
set B = (Br, Br, Br) of X by Table|5} 


Al-Masarwah and Ahmad, Structures on Doubt Neutrosophic Ideals of BC kK /BCI-Algebras 
under (.S,7')-Norms 





Neutrosophic Sets and Systems, Vol. 33, 2020 282 


TABLE 5. Neutrosophic set B = (Br, Br, Br). 


X Br(p) Br(p) Br(p) 
0 O 0 1 
k 0.50 0.50 0.33 
1 1 ( 
m 1 1 0 


Clearly, B = (Br, Br, Br) is an (Sy, 7)¢)-normed doubt neutrosophic subalgebra of X, but 


it is not (Sjz, 7y7)-normed doubt neutrosophic ideal of X, since 


Br(l) =. max{ Br(l *K ke), Br(k)}, 
Br(l) =1 2 max{ By(I * k), Br(k)}, 


and 


Definition 3.16. A mapping 6: X > Y of BCK/BC'1-algebras is said to be a homomorphism 
if O(p * q) = O(p) * O(q)Vp,q € X. If 9: X > Y is a homomorphism, then 6(0) = 0. 


Let 6: X — Y be a homomorphism of BC K/BCI-algebras. For any neutrosophic set 
B = (Br, B;, Br) in Y, we define a new neutrosophic set B[@] = (Br|6|, Br|@], Br|@]) such 
that for all p € X, 


Br|6| : X — [0,1], Br|4](p) = Br(A(p)), 
B;|6] : X — [0,1], Br|O|(p) = Br(9(p)), 
Br\O|: X — [0,1], Br|6\(p) = Br(O(p)). 


Theorem 3.17. Let 6 : X — Y be a homomorphism of BCK/BCI-algebras. — If 
B = (Br,Br,Br) is an (S,T)-normed doubt neutrosophic ideal of Y, then B[@] = 
(Br|0|, By|6], Br[@]) is an (S,T)-normed doubt neutrosophic ideal of X. 


Proof. We first have 


Br|6](0) = Br(6(0)) = Br(O) < Br(@(p)) = Brlé\(p), 
B7|6](0) = Br(@(0)) = Br(0) < Br(O(p)) = Br[4](p), 
Br|6](0) = Br(9(0)) = Br(O) = Br(4(p)) = Brlé](y) 
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for all p,q € X. Let p,q © X. Then, 


Br|6](p) = Br(O(p)) 


IA 


S(Br(4(p) * 8(q)), Br(@(q))) 
S(Br(@(p * ¢)), Br(9(q))) 
S(Br[6\(p * q), Br[6](q)), 


B7[O\(p) = Br(O(p)) 


IA 


S(Br(6(p) * 0(q)), Br(A(q))) 
S(Br(9(p * q)), Br(9(q))) 
S(Br|8|(p * q), Br[8|(q)) 


and 


IV 


BrlO|(p) = Br(O(p)) 


T(Br(O(p) * 9(q)), Br(A(q))) 
T(Br(O(p * q)), Br(@(q))) 
T(Br[6|(p * q), Br[6\(q)).- 


Therefore, B|0| = (Br[6], B76], Br[@]) is an (S,T7)-normed doubt neutrosophic ideal of X. 5 


Theorem 3.18. Let 6: X — Y be an onto homomorphism of BCK/BCI-algebras and let 
B = (Br, Br, Br) be a neutrosophic set of Y. If B\6| = (Br|6|, Br\@], Br[@]) 1s an (S,T)- 
normed doubt neutrosophic ideal of X, then B = (Br, Br, Br) is an (S,T)-normed doubt 
neutrosophic ideal of Y. 


Proof. For any b € Y, there exists a € X such that O(a) = b. Then, 


Br(0) = Br(@(0)) = Br|@|(0) < Br[6](a) = Br(O(a)) = Br(b), 
Br(0) = Br(A(0)) = B7[@](0) < B7[@](a) = Br(O(a)) = Br(6), 
Br(0) = Br(9(0)) = Brl@|(0) => BrlO|(a) = Br(O(a)) = Br(d). 


Let p,q € Y. Then, 0(a) = p and 6(b) = q for some a,b € X. It follows that 


Br(p) = Br(@(a)) = BrlA}(a) 
S(Br|6\(a * b), Br|6](6)) 
S(Br(6(a * b)), Br(@(4))) 
S(Br(8(a) * (6), Br(4(6))) 
S(Br(p * q), Br(q)), 
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B1(p) = Br(6(a)) = B;[6\(a) 
< S(B;[6](a * b), By[](6)) 
= S(B;(0(a * b)), Br(0(b))) 

= $(B;(0(a) * 0(b)), Br(0(b))) 

= S(By(p * q), Br(q)) 


and 


> T(Br|6|(a * b), Br[@](b)) 


B ) 
O(a * b)), Br(8())) 
O(a) * 6(b)), Br(A(d))) 
p*q), Br(q)), 


Therefore, B = (Br, By, Br) is an (S,T)-normed doubt neutrosophic ideal of Y. 5 


ww & 
~ 
IN NON 


4. Product of (S,7)-normed doubt neutrosophic ideals 


In this section, we discuss the direct product and ($,7')- product of (.S,7')- normed doubt 
neutrosophic ideals of BC K/BCI-algebras. 


Lemma 4.1 ( |16]). Let S and T be a t-conorm and t-norm, respectively. Then, 


S(S(p, q),S(a, b)) = S(S(p, a), S(q, 2), 
I(T (p,q), T(a,)) = TL (p, a), TC, 6) 
for all p,q, a,b € [0,1]. 
Theorem 4.2. Let X = P, x P, be the direct product BCK/BCI-algebra of two BCK/BCI- 
algebras P, and Py. If B = (Br, Br, Br) (resp., C = (Cr,Cr,Cr)) is an (S,T)-normed 
doubt neutrosophic ideal of P, (resp., Po), then D = (Dr, D;, Dr) is an (S,T)-normed doubt 
neutrosophic ideal of X defined by Dp = Br x Cr, Dr; = By; x Cy, and Dr = Br xX Cr such 
that 
Dr(pi, p2) = (Br x Cr)(p1, p2) = S(Br(p1), Cr(p2)), 
Dr(pi, p2) = (Br x Cr)(p1, p2) = S(Br(p1), Cr(p2)), 
Dr(pi, p2) = (Br x Cr)(p1,p2) = T(Br(p1), Cr(p2)) 


for all (p1,p2) € X. 
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Proof. Let (pi, p2), (qi, 92) € Pi x Po. Since X = P, x Po is a BCK/BClT-algebra, we have 
Dr (0,0) = (Br x Cr)(0,0) = S(Br(0), Cr(0)) 

S(Br(p1), Cr(p2)) 

= S((Br x Cr) (pi, p2)) 


=D T(P1, p2), 


IA 


D;(0, 0) — (By x C’;) (0, 0) — S(By (0), C7(0)) 
S(Br(p1), Cr(p2)) 
= S((Br x Cr)(p1, p2)) 


IA 


= Dr(p1,P2), 
and 
Dp(0,0) = (Br x Cr)(0,0) = T(Br(0), Cr(0)) 

2 T(Br(pi), Cr(p2)) 
= T((Br x Cr)(p1,p2)) 
= Dr(p1,p2). 

Also, 


Dr(p1, p2) = (Br x Cr)(pi, p2) = S(Br(pi), Cr(p2)) 
S(Br(pi * m1), Br(a)), S(Cr (pe * 4g), Cr(a))) 
S(Br(p1 * 41); Cr(p2 * 42), 8(Br(a1),Cr(a))) 


5 
5 
= $((Br x Cr)(p1 * G1, 2 * G2), (Br x Cr)(H, @)) 
= 5(( 
5 


IA 


Br x Cr) ((pi,P2) * (41,42), (Br x Cr)(a1;@)) 


Dr((p1,P2) * (a1, @)), Dr(q1,42)), 


D7(p1,p2) = (Br X Cr)(p1, p2) = S(Br(p1), Cr(p2)) 
5(Br(p1 * 41), Br(m)), $(Cr(p2 * 42), Cr(a2)) 
(Br( ) 


S(Br(pr * 41); Cr(p2 * 2), $(Br(q), Cr(42)) ) 


IA 


Pi *q1 


(Br x Cr)(p1 * G1, p2 * G2), (Br x Cr)(qn, )) 
(Br x C1)((pisp2) * (ais 42)); (Br x Cr)(a1,42)) 


= $(Dr((pr, p2) * (41, 92)), Dr(a1, ®)), 


5 
5( 
“a 
“a 
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and 


Dr(p1, p2) = (Br x Cr)(p1, p2) = T(Br(p1), Cr(p2)) 
T(Br(p1 * 1), Br(a1)), T(Cr(p2 * 2), Cr(a2))) 
T(Br(pi * a1), Cr(p2 * q2)), T(Br(a), Cr(q))) 


r( 
r( 
= T( (Br x Cr)(pi * G1, P2 * G2), (Br x Cr)(q1,4)) 
rt 
r( 


This completes the proof. 5 


Definition 4.3. Let B = (Br, B;, Br) and C = (Cr, C7, Cr)) be two neutrosophic sets of a 
BCK/BCI-algebra X. Then, (S,T)- product of B and C, written as [B.C](s 7), are defined 
by 


[B.C]is.r) = ((Br-Crls, [Br-Cr]s, |Br.Crlr), 


where 

[Br.Cr|s(p) = S(Br(p), Cr(p)), 

|By.C1)s(p) = S(Br(p), Cr(p)) 
and 

[Br.Cr|r(p) = T(Br(p), Cr(p)) 
for all p € X. 


Theorem 4.4. Let S and T be at-conorm and s-norm, respectively. Let B = (Br, Br, Br) 
and C = (Cr,Cy,Cr)) be two (S,T)- normed doubt neutrosophic ideals of X. If Sy, is a 


t-conorm which dominates S, 1.e., 


Si(S(p, q); S(a, b)) < S(Si(p, a), Sy (q, b)) 


and T; is a t-norm which dominates T, 1.e., 


T(T'(p, q), T(a, b)) > T(Ti(p, a), T1(q, 6)) 


for all p,q, a,6 € |0,1], then ([Br.Cr]s,, |Br-Cr|s,,|Br-Cr|r,) is an (S,T)-normed doubt neu- 
trosophic ideal of X. 
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Proof. For any p € X, we have 
[Br.Cr]s, (0) = Si(Br(0),Cr(0)) < Si(Br(p), Cr(p)) = [Br-Cr]s, (p), 
|[Br.Cr]s, (0) = S1(B7(0), Cr(0)) < Si(Br(p), Cr(p)) = |Br-Cr]s, (p), 
[Br.Cr|r, (0) = Ti(Br(0), Cr(0)) = T1(Br(p), Cr(p)) = [Br.Cr]r, (p). 


Also, for all p,q € X, we have 


IBr.Cr|s, (p) = Si(Br(p), Cr(p)) 
< 51 (S(Br(p 4), Br(q)), 5(Br(p * 4), Br(q))) 
< 5 (S1(Br(p «q), Br(p * q)), Si(Br(q), Br(q))) 


= $([Br-Cr]s, (p = qd); [Br.Cr]s; (a). 


[Br-Cr|s,(p) = Si1(Br(p), Cr(p)) 
< 51 (S(Bi(p * 4), Br(q)), 5(Br(p * 4), Br(q))) 
- 5 ($1(Br(p «q), Br(p * q)), Si(Br(q), Br(q))) 
= $([Br-Ci]s,(p *4), [Br-Crls,(@)), 
and 

[Br.Cr|r, (p) = Ti(Br(p), Cr(p)) 
> T (T(Br(p *q), Br(q)), T(Br(p * 9), Br(q))) 
> T(Ti(Br(p +4), Br(p + @)), Ti(Br(q), Br(q))) 
=T ([Br-Cr]r,(p «4), [Br-Crlr,(4)). 


This completes the proof. 5 


5. Conclusions 


In this paper, we have introduced the notions of (5, 7')- normed doubt neutrosophic subal- 
gebras and ideals of BC K/BCI-algebras and described the characteristic properties. Then, 
we have considered images and preimages of (S,7')- normed doubt neutrosophic ideals under 
homomorphism. Moreover, we have discussed the direct product and (.$,7')- product of (5, T’)- 


normed doubt neutrosophic ideals of BCK/BC'I-algebras. We aim to extend our notions to 


(1) (S,7')- normed doubt generalized neutrosophic positive implicative ideals of BC K- 
algebras. 
(2) (S,7)- normed doubt generalized neutrosophic ideals of BCK /BCT-algebras. 
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(3) (S,7)- normed doubt cubic neutrosophic ideals of BC K/BCI-algebras. 
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Abstract: We recall and improve our 2019 concepts of n-Power Set of a Set, n-SuperHyperGraph, 
Plithogenic n-SuperHyperGraph, and n-ary HyperAlgebra, n-ary NeutroHyperAlgebra, n-ary 
AntiHyperAlgebra respectively, and we present several properties and examples connected with the 
real world. 


Keywords: n-Power Set of a Set, n-SuperHyperGraph (n-SHG), n-SHG-vertex, n-SHG-edge, 
Plithogenic n-SuperHyperGraph, n-ary HyperOperation, n-ary HyperAxiom, n-ary HyperAlgebra, 
n-ary NeutroHyperOperation, n-ary NeutroHyperAxiom, n-ary NeutroHyperAlgebra, n-ary 
AntiHyperOperation, n-ary AntiHyperAxiom, n-ary AntiHyperAlgebra 


1. Introduction 


In this paper, with respect to the classical HyperGraph (that contains HyperEdges), we add the 
SuperVertices (a group of vertices put all together form a SuperVertex), in order to form a 
SuperHyperGraph (SHG). Therefore, each SHG-vertex and each SHG-edge belong to P(V), where V 
is the set of vertices, and P(V) means the power set of V. 

Further on, since in our world we encounter complex and sophisticated groups of individuals 
and complex and sophisticated connections between them, we extend the SuperHyperGraph to 
n-SuperHyperGraph, by extending P(V) to P"(V) that is the n-power set of the set V (see below). 
Therefore, the n-SuperHyperGraph, through its n-SHG-vertices and n-SHG-edges that belong to 
P(V), can the best (so far) to model our complex and sophisticated reality. 

In the second part of the paper, we extend the classical HyperAlgebra to n-ary HyperAlgebra and its 
alternatives n-ary NeutroHyperAlgebra and n-ary AntiHyperAlgebra. 


2. n-Power Set of a Set 
Let U be a universe of discourse, and asubset V C U. Let n 21 be an integer. 
Let P(V) be the Power Set of the Set V (i.e. all subsets of V, including the empty set @ and the whole 
set V). This is the classical definition of power set. 
For example, if V = {a, b}, then P(V) ={@, a, b, {a, b} }. 
But we have extended the power set to n-Power Set of a Set [1]. 
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For n = 1, one has the notation (identity): P1(V) = P(V). 
For n = 2, the 2-Power Set of the Set V is defined as follows: 
P?2(V) = P(P(V). 
In our previous example, we get: 
P2(V) = P(P(V) = P({@, a, b, fa, b} }) ={9, 4, b, fa, b}; {0,4}, {9,b},1@, {a, b}}, {a, {a, b}}, {b, {a, b}}; 
{@,a, b},{Q, a, ta, b}}, {@, b, {a, b}}, {a, b, fa, b}}; {0,.4, b, fa, b}} }. 
Definition of n-Power Set of a Set 
In general, the n-Power Set of a Set V is defined as follows: 
P1(V) = P(P"(V)), for integer n 2 1. 


3. Definition of SuperHyperGraph (SHG) 
A SuperHyperGraph (SHG) [1] is an ordered pair SHG =(GCP(V), EC P(V)), where 

(i) V={Vi, V2, ..., Vn} is a finite set of m > 0 vertices, or an infinite set. 

(ii) | P(V) is the power set of V (all subset of V). Therefore, an SHG-vertex may be a single 
(classical) vertex, or a super-vertex (a subset of many vertices) that represents a 
eroup (organization), or even an indeterminate-vertex (unclear, unknown vertex); 
~ represents the null-vertex (vertex that has no element). 

(iii) E={E1, Ez, ..., En, for m= 1, is a family of subsets of V, and each Ej is an SHG-edge, 

Ei € P(V). An SHG-edge may be a (classical) edge, or a super-edge (edge between 
super-vertices) that represents connections between two groups (organizations), or 
hyper-super-edge) that represents connections between three or more groups 
(organizations), multi-edge, or even indeterminate-edge (unclear, unknown edge); 
@ represents the null-edge (edge that means there is no connection between the 


given vertices). 


4. Characterization of the SuperHyperGraph 
Therefore, a SuperHyperGraph (SHG) may have any of the below: 

-  SingleVertices (Vi), as in classical graphs, such as: V1, V2, etc.; 

-  SuperVertices (or SubsetVertices) (SVi), belonging to P(V), for example: SV13 = ViV3, SV257 = 
V2V57, etc. that we introduce now for the first time. A super-vertex may represent a group 
(organization, team, club, city, country, etc.) of many individuals; 

The comma between indexes distinguishes the single vertexes assembled together into a 
single SuperVertex. For example SV123 means the single vertex Si2 and single vertex S3 are 
put together to form a super-vertex. But SV1,23means the single vertices Si: and S23 are put 
together; while SV123 means S1, 52, 53 as single vertices are put together as a super-vertex. 

In no comma in between indexes, i.e. SVi23 means just a single vertex Vi23, whose index is 
123, or S$V123 = V223. 

-  IndeterminateVertices (i.e. unclear, unknown vertices); we denote them as: IV, IV2, etc. that 
we introduce now for the first time; 

-  NullVertex (i.e. vertex that has no elements, let’s for example assume an abandoned house, 


whose all occupants left), denoted by @V . 
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SingleEdges, as in classical graphs, i.e. edges connecting only two single-vertices, for 
example: E15 = {V1, Vs}, E23= {V2, V3}, etc.; 

HyperEdges, i.e. edges connecting three or more single-vertices, for example HE146 = {V1, V4 
Vo}, HE24,5,7,3,9 = {V2, V4, Vs, Vz, Vs, Vo}, etc. as in hypergraphs; 

SuperEdges (or SubsetEdges), i.e. edges connecting only two SHG-vertices (and at least one 
vertex is SuperVertex), for example SE13,6).45,79) = {SVi3,6, SV45,79$ connecting two 
SuperVertices, SE9,2,345) = {V9, SV2,345} connecting one SingleVertex Vo with one SuperVertex, 
SV2,345, etc. that we introduce now for the first time; 

HyperSuperEdges (or HyperSubsetEdges), i.e. edges connecting three or more vertices (and at 
least one vertex is SuperVertex, for example HSE3,45,236 = {V3, V45, V236}, HSE1234,456789,567,5679 = 
{SV 1234, SV 456789, SV567, SV5679}, etc. that we introduce now for the first time; 

MultiEdges, i.e. two or more edges connecting the same (single-/super-/indeterminate-) 
vertices; each vertex is characterized by many attribute values, thus with respect to each 
attribute value there is an edge, the more attribute values the more edges (= multiedge) 
between the same vertices; 

IndeterminateEdges (i.e. unclear, unknown edges; either we do not know their value, or we 
do not know what vertices they might connect): [E1, [E2z, etc. that we introduce now for the 
first time; 

NullEdge (i.e. edge that represents no connection between some given vertices; for example 


two people that have no connections between them whatsoever): denoted by @E . 


5. Definition of the n-SuperHyperGraph (n-SHG) 
A n-SuperHyperGraph (n-SHG) [1] is an ordered pair n-SHG = (Gn CP"(V), Enc P"(V)), where P"(V) 


is the n-power set of the set V, for integer n 2 1. 


6. 


Examples of 2-SuperHyperGraph, SuperVertex, IndeterminateVertex, SingleEdge, 


Indeterminate Edge, HyperEdge, SuperEdge, MultiEdge, 2-SuperHyperEdge 
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supervertex 


SV45 


superedge 


{Vi 23, Vas} = SEy2345 





{V3, Vs, Vet = HEs 56 
hyperedge 


Figure 1. 2-SuperHyperGraph, 
(I[E7,s = Indeterminate Edge between single vertices V7 and Vs, since the connecting curve is dotted, 
IVo is an Indeterminate Vertex (since the dot is not filled in), 
while MEs,is a MultiEdge (double edge in this case) between single vertices Vs and Vo. 


Let Vi and V2 be two single-vertices, characterized by the attributes a: = size, whose attribute 
values are {short, medium, long}, and a2 = color, whose attribute values are {red, yellow}. 
Thus we have the attributes values ( Size{short, medium, long}, Color{red, yellow} ), whence: V1(a1{s1, m1, 
li}, a2tr1, y1}), where s1 is the degree of short, mi degree of medium, li degree of long, while 11 is the 
degree of red and y1 is the degree of yellow of the vertex V1. 
And similarly V2( ai{s2z, mz, I2}, a2tr2, y2} ). 
The degrees may be fuzzy, neutrosophic etc. 

Example of fuzzy degree: 
Vi( ai{0.8, 0.2, 0.1}, a2f0.3, 0.5} ). 

Example of neutrosophic degree: 


Vi( art (0.7,0.3,0.0), (0.4,0.2,0.1),(0.3,0.1,0.1) }, a2t (0.5,0.1,0.3), (0.0,0.2,0.7) } ). 


Examples of the SVG-edges connecting single vertices Vi and V2 are below: 


O_o 
Vv, V> 


{V,,V2}= E12 


Figure 2. SingleEdge with respect to attributes a1 and az all together 
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ME 


Vi V, 
MEY 


Figure 3. MultiEdge: top edge with respect to attribute a1, and bottom edge with respect to attribute az 


ME; 3(s1) 


Figure 4. MultiEdge (= Refined MultiEdge from Figure 3): 
the top edge from Figure 3, corresponding to the attribute a, is split into three sub-edges with respect 
to the attribute ai values s1, m1, and 11; 
while the bottom edge from Figure 3, corresponding to the attribute a2, is split into two sub-edges 
with respect to the attribute az values 11, and y1. 


Depending on the application and on experts, one chooses amongst SingleEdge, MultiEdge, 
Refined-MultiEdge, Refined RefinedMultiEdge, etc. 


7. Plithogenic n-SuperHyperGraph 

As a consequence, we introduce for the first time the Plithogenic n-SuperHyperGraph. 
A Plithogenic n-SuperHyperGraph (n-PSHG) is a n-SuperHyperGraph whose each n-SHG-vertex 
and each n-SHG-edge are characterized by many distinct attributes values (a1, a2, ..., dp, p 2 1). 
Therefore one gets n-SHG-vertex(a1, a2, ..., ap) and n-SHG-edge(a1, a2, ..., ap). 
The attributes values degrees of appurtenance to the graph may be crisp / fuzzy / intuitionistic fuzzy 
/ picture fuzzy / spherical fuzzy / etc. / neutrosophic / refined neutrosophic / degrees with respect to 
each n-SHG-vertex and each n-SHG-edge respectively. 

For example, one has: 

Fuzzy-n-SHG-vertex(ai(t1), a2(t2), ..., ap(tp)) and Fuzzy-n-SHG-edge(ai(t1), a2(t2), ..., ap(tp)); 
Intuitionistic Fuzzy-n-SHG-vertex(ai(th, fi), a2(t2z, f2), ..., ap(tp, fr)) 
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and Intuitionistic Fuzzy-n-SHG-edge(ai(t1, fi), a2(te, f2), ..., ap(tp, fp)); 
Neutrosophic-n-SHG-vertex(ai(t1, 11, fi), a2(t2, 12, f2), ..., Ap(tp, tp, fp)) 

and Neutrosophic-n-SHG-edge(ai(ti, 11, fi), a2(t2, 12, f2), ..., ap(tp, tp, fo); 
etc. 


Whence we get: 


8. The Plithogenic ( Crisp / Fuzzy / Intuitionistic Fuzzy / Picture Fuzzy / Spherical Fuzzy / etc. / 
Neutrosophic / Refined Neutrosophic ) n-SuperHyperGraph. 


9. Introduction to n-ary HyperAlgebra 
Let U be a universe of discourse, a nonempty set S C U. Let P(S) be the power set of S (i.e. all 
subsets of S, including the empty set @ and the whole set S), and an integer n > 1. 

We formed [2] the following neutrosophic triplets, which are defined in below sections: 

(n-ary HyperOperation, n-ary NeutroHyperOperation, n-ary AntiHyperOperation), 

(n-ary HyperAxiom, n-ary NeutroHyperAxiom, n-ary AntiHyperAxiom), and 

(n-ary HyperAlgebra, n-ary NeutroHyperAlgebra, n-ary AntiHyperAlgebra). 


10. n-ary HyperOperation (n-ary HyperLaw) 
A n-ary HyperOperation (n-ary HyperLaw) *n is defined as: 


* 2S" — P(S), and 


*k 
Va,,45,-.5,4, €S onehas * (a,,a),...,a,) € P(S). 


The n-ary HyperOperation (n-ary HyperLaw) is well-defined. 


11. n-ary HyperAxiom 
A n-ary HyperAxiom is an axiom defined of S, with respect the above n-ary operation *n, that is true 


for all n-plets of S”. 


12. n-ary HyperAlgebra 
A n-ary HyperAlgebra (5, *n), is the S endowed with the above n-ary well-defined HyperOperation *:. 


13. Types of n-ary HyperAlgebras 
Adding one or more n-ary HyperAxioms to S we get different types of n-ary HyperAlgebras. 


14. n-ary NeutroHyperOperation (n-ary NeutroHyperLaw) 
A n-ary NeutroHyperOperation is a n-ary HyperOperation *» that is well-defined for some n-plets of S” 


lie. A(a,,a,,....4,) €S",* (a,,a,,...,4,) € P(S) ], 


and indeterminate [i.e. A(5,,5,,...,5,) €S",*, (b,,5,,...,5, ) = indeterminate] 
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or outer-defined [i.e. A(c,,C,,...,¢,) €S",* (C,,65,-..5€, ) € PCS) ] (or both), on other n-plets of S". 


15. n-ary NeutroHyperAxiom 

A n-ary NeutroHyperAxiom is an n-ary HyperAxiom defined of S, with respect the above n-ary 
operation *1, that is true for some n-plets of S", and indeterminate or false (or both) for other n-plets of 
oe 


16. n-ary NeutroHyperAlgebra is an n-ary HyperAlgebra that has some n-ary NeutroHyper- 


Operations or some n-ary NeutroHyperAxioms 


17. n-ary AntiHyperOperation (n-ary AntiHyperLaw) 
A n-ary AntiHyperOperation is a n-ary HyperOperation *: that is outer-defined for all n-plets of S” [i.e. 


V(S,5S55-+5,) ES 5 * (S,,555---58,) € PCS) J. 


18. n-ary AntiHyperAxiom 
A n-ary AntiHyperAxiom is an n-ary HyperAxiom defined of 5S, with respect the above n-ary 


operation *» that is false for all n-plets of S". 


19. n-ary AntiHyperAlgebra is an n-ary HyperAlgebra that has some n-ary AntiHyperOperations 


or some n-ary AntiHyperAxioms. 


20. Conclusion 

We have recalled our 2019 concepts of n-Power Set of a Set, n-SuperHyperGraph and 
Plithogenic n-SuperHyperGraph [1], afterwards the n-ary HyperAlgebra together with its 
alternatives n-ary NeutroHyperAlgebra and n-ary AntiHyperAlgebra [2], and we presented 
several properties, explanations, and examples inspired from the real world. 
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Abstract: In this article, neutrosophic triplet partial bipolar metric spaces are obtained. Then some definitions and examples are 
given for neutrosophic triplet partial bipolar metric space. Based on these definitions, new theorems are given and proved. In addition, 
neutrosophic triplet partial bipolar metric spaces have been shown to be different from classical partial metric space, neutrosophic 


triplet partial metric space and neutrosophic triplet metric space. Thus, we add a new structure in neutrosophic triplet theory. 


Keywords: triplet set, neutrosophic triplet metric space, bipolar metric space, neutrosophic triplet bipolar metric space, neutrosophic 
triplet partial metric space, neutrosophic triplet partial bipolar metric 


1 Introduction 


Smarandache obtained neutrosophic logic and set [1]. In neutrosophic theory, there is a degree of membership (t), 
there is a degree of indeterminacy (1) and there is a degree of non-membership (f). These degrees are defined in- 
dependently of each other. Therefore, neutrosophic logic and neutrosophic set help us to explain many uncertain- 
ties in our lives. In addition, many — researchers have made studies on this theory [2-27]. Recently, some re- 
searchers studied neutrosophic theory [50 - 53]. Also, Tey et al. studied novel neutrosophic data analytic hi- 
erarchy process for multi-criteria decision making method [54], Son et al. obtained on the stabilizability for a 
class of linear time-invariant systems under uncertainty [55], Tanuwiyaya et al. introduced novel single valued 
neutrosophic hesitant fuzzy time series model [56]. 


In fact, neutrosophic set is a generalized state of fuzzy [28] and intuitionistic fuzzy set [29]. 

Also, Smarandache and Ali obtained neutrosophic triplet set (NTS) and neutrosophic triplet groups (NTG) [30]. 
For every element “x” in NTS A, there exist a neutral of “x” and an opposite of “x”. Also, neutral of “x”? must be 
different from the classical neutral element. Therefore, the NTS is different from the classical set. Furthermore, a 
neutrosophic triplet (NT) “x” is showed by <x, neut(x), anti(x)>. Also, many researchers have obtained NT 
structures [31-44]. Recently, Sahin, Kargin Uz and Kili¢ have discussed neutrosophic triplet bipolar metric space 
[45]. 

Mutlu and Girdal introduced bipolar metric space [46] in 2016. Bipolar metric space is a generalization of met- 
ric space. Also, bipolar metric spaces have an important role in fixed point theory. Recently, Mutlu, Ozkan and 
Gurdal studied fixed point theorems on bipolar metric spaces [47]; Kishore, Agarwal, Rao, and Rao introduced 
contraction and fixed point theorems in bipolar metric spaces with applications [48]; Rao, Kishore and Kumar 
obtained Geraghty type contraction and common coupled fixed point theorems in bipolar metric spaces with 
applications to homotopy [49]. 

In this section, neutrosophic triplet partial bipolar metric space is introduced. Chapter 2 provides definitions and 
properties for bipolar metric space [46], neutrophic triplet sets [30], neutrophic triplet metric spaces [32], 


neutrosophic triplet partial metric space [36] and neutrosophic triplet b - metric space [45]. In chapter 3, 
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neutrosophic triplet partial bipolar metric space is described and some properties are given for neutrosophic 
triplet partial bipolar metric space. In addition, neutrosophic triplet partial bipolar metric spaces are shown to be 
different from classical partial metric space, neutrosophic triplet partial metric space and neutrosophic triplet 


metric space. We give conclusions in Chapter 4. 


2 Preliminaries 

Definition 2.1: [30] Let # be a binary operation. An NTS (X, #) is a set such that for x € X, 

1) There exists neutral of “x” such that x#neut(x) = neut(x)#x = x, 

11) There exists anti of “x” such that x#anti(x) = anti(x)#x = neut(x). 

Also, a neutrosophic triplet “x” is denoted by (x, neut(x), anti(x)). 

Definition 2.2: [32] Let (N,*) be an NTS and dy:NxN— R'U{0} be a function. If dy:NxN— R°U{0} and (N, *) 
satisfies the following conditions, then dy is called NTM. 

a)x*yeEN, 

b) dy(x, y)29, 

c) Ifx=y, then dy(x, y) = 0, 

d) dy (x, y) = dy(y, x), 

e) If there exits at least a y € N for each x, z EN such that dy(x, z) < dy(x, z*neut(y)), then 

dy(x, z*neut(y)) < dy(x, y) + dy(y, Z). 

In this case, ((N,*), dy) is called an NTMS. 

Definition 2.3: [36] Let (N,*) be a NTS. If d,:NxN— R°U{0} satisfies the following conditions, then d, isa 
NTpM. For all x, y,z EN, 

a) x*y EN, 

b) d, (x, y) = dy (x, x) 2 0, 

c) If d, (x, y)= dy (x, x) = d, (y, y) = 0, then there exists at least one pair of elements x, y EN such that x = y. 
d) dy (x, y) = dy (Y, X), 

e) If for each pair of x, z EN, there exists at least one y €N such that d, (x, z) <d, (x, z*neut(y)), then 
dy (x, Z*neut(y)) < dp (x, y) + dp (y, Z) - dy (Y; Y). 

In this case, ((N,*), d,) is called a NTpMS. 

Definition 2.4: [46] Let X and Y be nonempty sets and d:‘NxN— R"U{0} be a function. If d satisfies the 
following conditions, then d is called a bipolar metric (bM). 

1) For V(x,y) € X X Y, if d(x, y) = 0, then x = y, 

11) For Vu E X NY, du, u) = 0,7 

11) ForVuE XN Y, d(u,v) = d(v,u), 

iv) For (x,y), (x, y)EX XY, d(x, y) < d(x, y')+d(x',y') + d(x‘, y). 

In this case, (X, Y, d) is called a bipolar metric space (bMS). 
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Definition 2.5: [45] Let (X,*) and (Y,*) be two NTSs and let d:X x Y > R* U {0} be a function. If d, (X, *) 
and (Y,*) satify the following conditions, then d is called a neutrosophic triplet bipolar metric (NTbM). 
1) For Va,bE X,a*beEXx, 
forVc,dEY,c*d EY, 
ii) For Va € X and Vb € Y,if d(a,b) = 0, thena = b, 
11) For Vu € X NY, d(u,u)=0, 
iv) For Vu,v EX NY, d(u,v) = d(v,u). 
v) Let (x,y), (x', yy’) € X x Y. For each (x, y), if there exists at least one (x’, y’) such that 
d(x,y) < d(x,y * neut(y')) < d(x *neut(x’), y x neut(y’)) and 
d(x,y) < d(x * neut(x’), vy) < d(x * neut(x'), y * neut(y’)), 
then 
d(x * neut(x’),y * neut(y’)) < d(x,y')+d(x',y') + d(x',y). 
In this case, ((% Y),*), d) is called a neutrosophic triplet bipolar metric space (NTbMS). 


Definition 2.6: [45] Let (((X, Y), «), d) be a NTbMS. A left sequence (x,,) converges to a right point y 
(symbolically (x,,) — y or lim,,_,..(%,) = y ) if and only if for every ¢ > O there exists anny € N,, such that 
d(X,, Vv) < € for alln = no. Similarly, a right sequence (y,,) converges to a left point x (denoted as y, — x or 
lim,0(¥,) = x) if and only if, for every ¢ > 0 there exists an ng € N such that, whenever n = no, d(x, y,) < €. 
Also, if (u,) ~ u and (u,) — u, then (u,,) converges to point u ((u,,) 1s a central sequence). 

Definition 2.7: [45] Let (((X , Y), x), d) be an NTbDMS, (x,,) be a left sequence and (4,,) be a right sequence in 
this space. (Xp, Y;,) 18 called an NT bisequence. Furthermore, if (x,,) and (y,,) are convergent, then (x,,y,) 1S 
called an NT convergent bisequence. Also, if (x,,) and (y,,) converge to the same point, then (Xy, y,) 1s called 
an NT biconvergent bisequence. 

Definition 2.8: [45] Let (((X mo x), d) be an NTbMS and (x,,y,,) be an NT bisequence. (x,, y,,) is called an 
NT Cauchy bisequence if and only if for every ¢ > 0 there exists an ny € N, such that d(x, y,) < € for all 


Nn = Np. 


3 Neutrosophic Triplet Partial Bipolar Metric Space 

Definition 3.1: Let (X, *) and (Y,*) be two NTSs and let d,,:X X Y > R™ U {0} be a function. Ifd,,, (X% *) 
and (Y, *) satify the following conditions, then d,, is called a NT partial bipolar metric (NTpbM). 

i-) Foralla,bEX,a*beEXx, 

forallc,dEY ,c*d EY, 

ii-) For allx € X and ye Y, 

dnp (X,Y) 2 app(x,x) 2 0 and dp, (% y) 2 dy, (y, y) 29, 

lii-) If d,,(%, Y) = dyp (x, x) = d,,(, y) = 9, there exists at least one pair of elements x,y € X NY such that 
dnp (x,y) = 0, 
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iv-) For allx,y € X NY, dyp (X,Y) = dyp (YX), 

v-) Let (x,y), (x', y’) € X X Y. For each (x,y), if there exists at least one (x’, y’) such that 

Any (X,Y) S dyp (x,y x neut(y’)) < dp (x * neut(x"), y * neut(y’)) and 

dnp (X,Y) S dyp(x * neut(x"),y) S d,,(x * neut(x'), y * neut(y’)), 

then 

dp (x * neut(x'), y * neut(y')) < dyy(x,y') + dpy(x',y) + dy (x,y) — min (dpp (Xx, x') don, y’)f- 

In this case, ((%, Y),*) ; dp») is called a NTpbM space (NTpbMS). 

Example 3.2: Let X = {0,3,6,9,10,12} and Y = {0, 5, 6,10}. We show that (X,.) and (Y,.) are NTSs in 
(Zy5,.). 

For (X,.), NTs are (0, 0, 0), (3, 6, 12), (6, 6, 6), (9, 6, 9), (10,10,10), (12, 6, 3). 

Also, for (Y,.), NTs are (0, 0, 0), (5, 10, 5), (6, 6, 6), (10, 10, 10). 

Thus, (X,.) and (Y,.) are NTSs. 

Furthermore, we define the d,,:X x Y > R* U {0} function such that d,,(s,r) = max{|3* — 1], |3" — 1]}. We 
show that d is a NTpbM. 

-)00=0E€, O03 =O0EX, 06=O0EX, 09=O0EX, O10=O0EX, O012=0EX , 33=9EX, 
3.6=3E€X,39=12EX, 310 =OEX,3.12=6E€X,66=6EX, 69=9EX,610=0EX, 612 = 
12€X,9.9=6EX,910 =0EX,9.12 =3 € X,10.10 = 10 € X,12.10 =0EX,12.12=9EX. 

Thus, for alla,b € X,a.beE xX. 

Also, DO=OEY,O5=O0EY,06=O0EY,01I0O=~OEY,55=10E€Y, 5140=5E€Y,56=0€EY, 
10.10 =10€Y,106=O0E€Y,66=6EY 

Thus, for allc,d EY, c.d EY. 

i-)For allx EX, yEY,if 

dnp (x,y) = max{|3* — 1], |3” — 1]}, 

App (x, x) = max{|3* — 1], |3* — 1]}, 

dyp(y, ¥) = max{|3” — 1], |3” — 1}, 

then it is clear that 

dnp (X,Y) 2 dy, (x, x) 2 0 and 

dnp (%y¥) 2 App (yy) = 0. 

lii-)For dyp(%,y) = dyp(%,x) =dy,(y,y) =0 , if dy,(%,y) =0 , then there exists at least one pair 
XVEXNY. 

If dy» (x,y) = max{|3* — 1], |3” — 1]} = 0, then 3% — 1 = 0 and 3” —1=0. 

If 3* =1 and 3% =1, x,yE€XNY are pairs of elements, since x =0 EX and y=O€EY. 

iv) Forall,yEXNY ,dyp(% y) = dy, X) . 

dy» (x, ¥) = max{|3* — 1], [3% — 1]} = max{|3” — 1], [3% — 1} =dp,(.). 

v) It is clear that 
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dyp»(0,0) =O dp (0 ,0.neut(6)) =0O< dyp(0.neut(3), 0. neut(6) ) = d,,(0,0) = 0, 
dy» (0,0) = 0 < d,,(0.neut(3), 0) = 0 < d,,(0.neut (3), 0. neut(6)) = dy, (0,0) = 0. 
Also, 
dyp (0. neut (3), 0.neut(6)) = d,,(0,0) = 0 < d,,(0,6) + d,,(3, 6) + d,, (3, 0) — 
min {dyp (3, 3), dpp (6, 6)}. 
It is clear that 
dyp(0,5) = 0 < d,,(0,5. neut(10)) = d,, (0,5) = max{|3° — 1], [3° — 1)} 
< dyp(0.neut(6), 5.neut(10)) = d,,(0,5), 
dy» (0,5) =0 <d,,(0.neut(6),5) = d,,(0,5) = max{|3° — 1], [3° — 1]} 
< dyp(0.neut(6), 5.neut(10)) = d,,(0,5). 
Also, 
dyp(0.neut(6), 5.neut (10)) = d,,(0,5) S 
dp (0,10) + dy, (6,10) + d,, (6,5) — min{d,, (6, 6), d,,(10, 10)}. 
It is clear that 
dy» (0,10) < d,,(0,10.neut(5)) = d,,(0, 10) = max{|3° — 1], [31° — 1} 
< dy, (0.neut (3), 10. neut(5)) = d, (0, 10), 
dy» (0,10) = |37° — 1| < d,, (0. neut(3), 10) = d,,(0,10) = max{|3° — 1], |37° — 1)} 
< dy, (0.neut (3), 10. neut(5)) = dy, (0, 10) 
Also, 
dyp (0. neut(3), 10. neut(5)) = dp,(0,10) < d,,(0,5) + d,,(3,5) + d,(3,10) — min{d,, (3, 3), dp, (5,5)} 
It is clear that 
dp (0,6) = |3° — 1| < d,, (0,6. neut(6)) = dy, (0, 6) = max{|3° — 1], |3° — 1]} 
< dpyp (0. neut (3), 6. neut (6)) = dy, (0, 6), 
dy» (0,6) = [3° — 1| < d,,(0.neut(3), 6) = d,, (0,6) = max{|3° — 1], |3° — 1]} 
< dyp (0. neut (3), 6. neut (6)) = d,,(0, 6). 
Also, 
dyp(0.neut(3), 6. neut (6) ) = d,, (0,6) = 728 
< dy» (0,6) + dy, (3,6) + dp, (3,6) — min{d,, (3,3), dpp (6, 6} 
It is clear that 
dy» (3,0) = |33 — 1| < dp, (3,0. neut(5)) = dy, (3, 0) = max{|3? — 1], [3° — 1]} 
< d,p(3.neut(6), 0.neut(5)) = d,,(3, 0), 
dy» (3,0) = [3° — 1] = 26 < d,, (3. neut(6), 0) = d,,(3,0) = max{|3* — 1],|3° — 1]} = 26 
< dy, (3.neut (6), 0.neut(5)) = dyp(3, 0). 
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Also, 
dyp(3.neut(6), 0.neut(5)) = dy» (3,0) = 26 
< dyp (3,5) + dy, (6,5) + dp, (6,0) — min{d,, (6, 6), dp, (5, 5)}. 
It is clear that 
dy» (3,5) = |35 — 1| < dyy(3,5.neut(10)) = dy, (3,5) = max{|3? — 1], |35 — 1)} 
< dyp(3.neut(6), 5.neut(10)) = d,, (3,5), 
dy» (3,5) = [3° — 1| < dy, (3. neut(6),5) = d,, (3,5) = max{|3* — 1], |3° — 1)} 
< dyp(3.neut(6), 5.neut(10)) = dy, (3,5). 
Also, 
dp (3. neut (6), 5.neut(10)) < dy, (3,10) + d,, (6, 10) + d,,(6,5) — min{d,, (6, 6), d,,(10, 10)}. 
It is clear that 
dp (3,10) = [37° — 1] < d,,(3, 10. neut(5)) = dp, (3, 10) = max{|3 — 1], [32° — 1)} 
< dy, (3.neut (9), 10. neut(5)) = dy, (3, 10), 
dy» (3,10) = |37° — 1| < d,,(3.neut(9), 10) = d,,(3, 10) = max{|3? — 1], [37° — 1)} 
< dy, (3.neut (9), 10. neut(5)) = dy, (3, 10). 
Also, dyp(3.neut(9),10.neut(5)) < dy» (3,5) + dy, (9,5) + dp, (9,10) — min{d,, (9,9), dpy(5,5)} 
It is clear that 
dnp (3,6) = 13° — 1| < dp, (3,6. neut(6)) = dy, (3, 6) = max{|3? — 1], [3° — 1]} 
< dy, (3.neut (9), 6.neut(6)) = dyp (3, 6), 
dy» (3,6) = [3° — 1| < d,,(3.neut(9), 6) = d,,(3, 6) = max{|3* — 1], |3° — 1]} 
< d,p(3.neut(9), 6.neut(6)) = d,, (3, 6). 
Also, 
dyp (3. neut (9), 6. neut(6)) = dy, (3,6) < dyp(3,6) + dyp (9,6) + dp, (9,6) — min{d,, (9, 9), dpp (6, 6)} 
It is clear that 
dyp (6,0) = [3° — 1| < dp, (6,0. neut(5)) = dy, (6, 0) = max{|3° — 1], |3° — 1]} 
< dy, (6.neut (9), 0.neut(5)) = dyp (6, 0), 
dy» (6,0) = [3° — 1| < dy, (6.neut(9), 0) = d,, (6,0) = max{|3° — 1], |3° — 1]} 
< dy, (6.neut (9), 0.neut(5)) = dyp (6, 0). 
Also, 
dp (6. neut (9), 0.neut(5)) = dyp(6,0) < dy, (6,5) + d,,(9,5) + dy, (9,0) — min{d,, (9,9), dy (5, 5). 
It is clear that 
dyp(6,5) = |3° — 1| < dy, (6,5. neut(0)) = dy, (6,0) = max{|3° — 1], |3° — 1]} 
< dy, (6.neut(12),5.neut(0)) = dyp (6, 0), 
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dy» (6,5) = |3° —1| < dy, (6.neut(12),5) = d,,(6,5) = max{|3° — 1|, [3° — 1]} 
< dy, (6.neut(12),5.neut(0)) = dyp (6, 0). 
Also, 
dnp (6. neut(12),5. neut (0)) 
< dyp (6,0) d,,(6,0) + dy, (12,0) + d,, (12,5) — min{d,, (12, 12), d,,(0, 0)}. 


It is clear that 
dy» (6,10) = |37° — 1| < d,,(6, 10. neut(5)) = dp, (6,10) = max{|3° — 1, [32° — 1]} 
< dy, (6.neut(0), 10. neut(5)) = d,,(0, 10), 
dyp (6,10) = |37° — 1| < d,,(6.neut(0), 10) = d,,(0,10) = max{|3° — 1], |37° — 1} 
< dy, (6.neut(0), 10.neut(5)) = dyp(0, 10). 
Also, 
dp (6.neut(0), 10. neut(5)) = dy, (0,10) < d,,(6,5) + d,(0,5) +d,,(0,10) — min{d,, (0, 0), d,,(5,5)} 
It is clear that 
dyp (6,6) = |3° — 1| < dp, (6,6. neut(0)) = dy, (6,0) = max{|3® — 1], |3° — 1]} 
< dy, (6.neut (3), 6.neut(0)) = dyp(6, 0), 
dy» (6,6) = [3° — 1| < dy, (6.neut(3), 6) = d,, (6,6) = max{|3° — 1], |3° — 1]} 
< dyp (6. neut (3), 6.neut(0)) = dy» (6, 0). 
Also, 
dp (6. neut (3), 6. neut(0)) = dy, (6,0) < d,p(6,0) + d,,(3,0) + d,, (3,6) — min{d,, (3, 3), dp, (0, 0)} 
It is clear that 
dy» (9,0) = |3° — 1| < dy, (9, 0. neut(5)) = dy, (9, 0) = max{|3° — 1], [3° — 1)} 
< dy, (9.neut(12),0.neut(5)) = d,(9, 0), 
dyp (9,0) = |3? — 1| < d,,(9.neut(12),0) = d,,(9,0) = max{|3° — 1], |3° — 1}} 
< dy, (9.neut (12), 0.neut(5)) = dyp(9, 0). 
Also, 
dyp(9.neut(12), 0. neut(5)) = dyp,(9,0) S 
dy, (9,5) + dp, (12,5) + d,,(12,0) — min{d,, (12, 12),d,,(5, 5)}. 
It is clear that 
dnp (9,5) = |3° — 1| < dy, (9, 5. neut(0)) = dy, (9, 0) = max{|3° — 1], [3° — 1)} 
< dy, (9.neut(12),5.neut(0)) = dy» (9, 0), 
dyp (9,5) = |3? —1| < d,,(9.neut(12),5) = d,,(9,5) = max{|3? — 1], 3° —1]} 
< dy, (9.neut(12),5.neut(0)) = dyp(9, 0). 
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dyp(9.neut(12), 5.neut(0)) = dy» (9, 0) 
< dyp(9,0) + dy, (12,0) + dp, (12,5) — min{d,, (12, 12), d,, (0, 0)}. 
It is clear that 
dnp (9,10) = |37° — 1] < d,p(9, 10. neut(5)) = dy, (9,10) = max{|3? — 1], 131° — 1)} 
< dy, (9.neut(0), 10.neut(5)) = dy» (0, 10), 
dyp (9,10) = |37° — 1| < d,,(9.neut(0), 10) = d,,(0,10) = max{|3° — 1], |37° — 1} 
< dy, (9.neut(0), 10.neut(5)) = dy» (0, 10). 
Also, 
dyp(9.neut(0), 10. neut (5)) = d,,(0,10) s 
dnp (9,5) + dy, (0,5) + d,,(0, 10) — min{d,, (0, 0), d,,(5,5)}. 
It is clear that 
dnp (9,6) = |3° — 1| < dy, (9, 6. neut(5)) = dy, (9, 0) = max{|3° — 1], [3° — 1)} 
< dy, (9. neut(3), 6.neut(5)) = d,,(9, 0), 
dy» (9,6) = [3° —1| < d,,(9.neut(3), 6) = d,,(9,6) = max{|3? — 1], [3° — 1} 
< dyp(9.neut(3), 6.neut(5)) = dy» (9, 0). 
Also, 
dp (9. neut (3), 6.neut(5)) = dy, (9,0) < dy, (9,5) + dy» (3,5) + dp, (3,6) — min{d,, (3, 3), dp, (5,5)} 
It is clear that 
dp (10,0) = [31° — 1] < d,,(10, 0.neut(6)) = d,, (10,0) = max{|31° — 1], |3° — 1]} 
< d,,(10.neut(10), 0. neut(6)) = d,,(10, 0), 
dy» (10,0) = |3*° — 1] < d,,(10. neut(10), 0) = d,, (10,0) = max{|3"° — 1], [3° — 1]} 
< dy, (10. neut(10), 0. neut(6)) = dyp(10, 0). 
Also, 
dyp(10.neut(10), 0.neut(6)) = d,,(10,0) < 
dp (10, 6) + d,,(10, 6) + d,,(10,0) — min{d,,, (10, 10), d,, (6, 6)}. 
It is clear that 
dyp(10,5) = [37° — 1] < d,,(10, 5. neut(6)) = d,, (10,0) = max{|31° — 1], |3° — 1]} 
< d,,(10.neut(10), 5. newt (6)) = dy, (10, 0), 
dy» (10,5) = |3*° — 1] < d,, (10. neut(10),5) = d,,(10,5) = max{|3"° — 1], [3° — 1]} 
< d,,(10.neut(10), 5.neut(6)) = dy, (10, 0). 
Also, 
dyp(10.neut(10), 5.neut(6)) = d,,(10,0) < 
dp (10, 6) + d,, (10,6) + d,,(10,5) — min{d,, (10, 10), d,, (6, 6)}. 
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It is clear that 
dyp(10, 10) = [37° — 1] < d,,(10, 10. neut(5)) = d,,(10, 10) = max{|3*° — 1], 37° — 1)} 
< d,,(10.neut(3), 10. neut(5)) = d,,(0, 10), 
dy» (10,10) = |3*° — 1| < d,, (10. neut(3), 10) = d,,(0,10) = max{|3° — 1], |3*° — 1}} 
< d,,(10. neut(3), 10. newt(5)) = dy, (0, 10). 
Also, 
dyp(10.neut(3),10.neut(5)) = d,,(0,10) < 
dy, (10,5) + dp, (3,5) + dy, (3,10) — min{d,, (3, 3), dp, (5, 5)}. 
It is clear that 
dp (10,6) = [37° — 1] < d,,(10, 6.neut(0)) = d,,(10,0) = max{|31° — 1], |3° — 1]} 
< d,,(10. neut(5), 6. neut(0)) = dy, (10, 0), 
dy» (10,6) = |3*° — 1| < d,, (10. neut(S), 6) = d,,(10, 6) = max{|3"° — 1], [3° — 1)} 
< d,,(10.neut(5), 6. neut(0)) = d,,(10, 0). 
Also, 
dyp(10.neut(5), 6.neut(0)) = d,,(10,0) < 
dyp (10, 0) + dy, (5,0) + dp (5,6) — min{d,,(5,5), dy, (0, 0)}. 
It is clear that 
dyp (12,0) = 1314 — 1] < d,,(12, 0. neut(5)) = dy, (12,0) = max{|3?? — 1], [3° — 1]} 
< d,,(12. neut(6), 0.neut(5)) = dy, (12, 0), 
dyp (12,0) = |3** — 1| < d,, (12. neut(6),0) = d,,(12, 0) = max{|3"* — 1], |3° — 1)} 
< d,,(12.neut(6), 0.neut(5)) = d,,(12, 0). 
Also, 
dyp(12.neut(6), 0.neut(5)) = d,,(12,0) < 
dyp (12,5) + dy, (6,5) + dy, (6,0) — min{d,,(6, 6), dy» (5, 5)}. 
It is clear that 
dyp (12,5) = [314 — 1] < d,,(12,5.neut(10)) = dy, (12,5) = max{|3!? — 1], [35 — 1]} 
< d,,(12.neut(3), 5.neut(10)) = dy, (12,5), 
dp (12,5) = |3* — 1] < d,,(12. neut(3),5) = d,,(12,5) = max{|3"* — 1], |3° — 1)} 
< d,,(12.neut(3), 5.neut(10)) = dy, (12, 5). 
Also, 
dyp(12.neut(3),5.neut(10)) = d,,(12,5) < 
dq,,(12,10) + dpp (3,10) + d,,(3,5) — min{dy» (3,3), dp, (10,10) }. 
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dyp(12,10) = [31 — 1] < d,,(12, 10. neut(0)) = d,,(12, 0) = max{|31? — 1], |3° — 1]} 
< dyp(12.neut(6), 10. neut(0)) = dy, (12, 0), 
dyp (12,10) = [314 — 1] < d,,(12.neut(6), 10) = d,,(12,10) = max{|3*? — 1], [37° — 1]} 
< d,,(12.neut(6), 10. neut(0)) = dy, (12, 0). 
Also, 
dyp(12.neut(6),10.neut(0)) = d,,(12,0) < 
dyp (12,0) + d,, (6,0) + d,,(6, 10) — min{d,p, (6, 6), d,,,(10, 10)}. 
It is clear that 
dy» (12,6) = [312 — 1] < d,,(12, 6.neut(10)) = d,, (12,0) = max{|3!? — 1], 3° — 1]} 
< d,,(12.neut(9), 6.neut(10)) = dy, (12, 0), 
dyp (12,6) = |3** — 1| < d,, (12. neut(9), 6) = d,,(12, 6) = max{|3"* — 1], |3° — 1)} 
< d,,(12.neut(9), 6.neut(10)) = dy, (12, 0). 
Also, 
dyp(12.neut(9), 6.neut(10)) = d,,(12,0) < 
dp (12, 10) + dy, (9,10) + d,, (9,6) — min{d,, (9, 9), dp (10, 10)}. 
Thus, for each (x,y), if there exists at least a (x’, y’) such that 
dnp (X,¥) Sdyp (x,y * neut(y’)) < dy» (x * neut(x’), y * neut(y’)) 
dnp (X,Y) S dyp (x * neut(x"),y) S d,,(x * neut(x'), y * neut(y’)), 
then 
dp (x * neut(x’), y *neut(y')) < dyy(%,y") + dpy(',y') + App (X,Y) — min{dpy (x', x"), dno", yD}. 
Therefore, d,,, is an NT pbM and (((x ; Y),*), dp») is an NTpbMS. 
Corollary 3.3: 
1) The NTpbMS differs from the NTPMS due to the 1 -), 11-) and v-) conditions in the NTpbMS. 
2) The NTpbMS differs from the NTMS. Because the triangle inequality in the NTMS differs from the triangle 
inequality in the NTpbMS. 
3) The NTpbMS differs from the NTbMS. Because the triangle inequality in the NTbMS differs from the 
triangle inequality in the NITpbMS. Also, ina NTpbMS, it can be that d,,,(x, x) # 0. 
Theorem 3.4: Let (((X, Y),*), dpp) be a NTpbMS. If the following conditions are satisfied, then ((X,*), dyp) 
isa NTpMS. 
a) Y =X. 
b) y’ = x’, by the triangle equality in Definition 3.1. 
Proof: 
i) (((X, Y),*), dpp) is a NTpbMS implies that for all a,b € X,a*b €X and for allc,d €Y,c*d EY. Also, 


from condition a) it is clear that for alla,c E€ X=Y,a*cExXx=Y. 
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ii) Since (((X,Y), *), dp) isa NTpbMS, for all a € X and forall b EY, 
dyp(a,b) 2 d,,(a,a) = 0 and 
dyp(a,b) 2 d,,(b,b) 2 0 and is obvious by condition (a) 
For all,b € X ,d,,(a,b) 2 d,,(a,a) 2 0. 
iii) Since (((X, V+) apa) is a NTpbMS, for d,,(a,b) = d,,(a,a) =d,,(b,b) = 0, if d,,(a,b) = 0; then 
there exists at least one pair of a,b € X NY, and also from condition a), if y = x, then d,,(a,b) = d,,(a,a) = 
dy» (b, b) = 0 there exists at least one pair of a,b € X NX = X such that d,,(a,b) = 0. 
iv) Since (((X, Y),*), dp) is a NTpbMS, we have for alla,bE XNY, d,,(a,b) =d,,(b,a). Also, from 
condition a), we can write X N Y = X. Thus, for all x,y € X, dy, (a,b) = dy, (b, a). 
v) Since (((X Y),*), dyp) is a NTpbMS, for each (a, b), if there exists at least a (a’, b’) such that 
dyp(a,b) < dy, (a, b x neut (b')) < d,,(a * neut(a’), b * neut(b’)) and 
dyp (a,b) < d,,(a * neut(a’),b) < d,,(a * neut(a’), b * neut(b’)), 
then 
dpp(a * neut(a’),b * neut(b')) < d,,(a,b') + d,,(a',b’) + d,,(a',b) — min (ds5 (a’,a’), dyp(b’, By}: 
From condition b), we can write that 
dnp (a,b) < dy, (a,b * neut(b’)) < 
dyp(a * neut(a’), b * neut (b‘)) < d,,(a,b') + d,(a’,a')+d,,(a',b) — min {dp (a’, a’), dyp(b’, b')} ~ 
dp (a, b') + dyp(a',b) — min {dyp(a’,a') ,d,,(b', b’)} . 
Also, from condition a), if there exists at leasta b’ € Y = X for each a, b € Y = X such that 
dyp(a, b) < d,,(a, b*neut(b')), then 
dyp(a, b*neut(b’)) < dyp(a, a’) + dyp(a’, b)- min {d,p(a’,a’), dyp(a',a')} = dyp(a, a’) + dy, (a’, b). 
Thus, ((X,*), dyp) 1s a NTpMS. 
Theorem 3.5: Let (((X, Y), *), dpp) be a NTpbMS. If (XNY, *) is a NTS, then (((X NY, X NY), *),dpyp) is 
a NTpbMS. 
Proof: We suppose that (XN Y, *) is a NTS. 
i) Since (((X, Y),*), dp) is a NTpbMS, for all a,b € X,a*b €X and for allc,d €Y,c*d EY. Thus, it is 
clear that Va,cEXNY, axcEXny. 
ii) Since (((X, Y),*), dyp) is a NTpbMS, for all a € X and for all c € Y, if dy, (a,c) = d,,(a, a) = 0, then 
dyp (a,c) 2 d,,(c,c) 2 0. 
Thus, itis clear that forallaEe XnNY, cEXNY; 
dyp (a,c) 2 d,,(a,a) 2 0 and d,,(a,c) 2 d,,(c,c) = 0. 
111) Since (((X, Y),*), dyp) is a NTpbMS, if d,, (a,b) =dyp(a, a) = d,,(b, b) = 0, then there exists at least one 
pair of elements a,b E€XNY such that d,, (a,b ) = O. Thus, it is clear that for 
dnp (a,b) = dyp (A, 2) = dyp(b, b) = 0, there exists at least one pair of a,b € (X NY) X (X NY). 
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iv) Since (((X, Y),*), dy») is a NTpbMS, we have for all a,b € X NY, d,b(a,b) = dyp(b, a). Thus, it is clear 
that for allasbE (XNY)N(XNY)=XNY,d,,(4,b) = dyp(b, a). 

v) Now, let (a,b), (a’,b’) € X X Y. For each (a, b), if there exists at least one (a’, b’) such that 

dyp(a,b) < dy, (a, b x neut (b')) < d,,(a * neut(a'), b * neut(b’)) and 

dyp (a,b) < d,p,(a * neut(a’),b) < d,,(a * neut(a’), b * neut(b’)), 

then 

dyp(a * neut(a’), b * neut(b')) < d,,(a,b') + d,,(a’,b’) + d,,(a', b) — min {dp (a’,a'), dyp(b’, b')}. 
Thus, it is clear that for each (a,bD)E(XNY)X(XNY) , if there’ exists at least one 
(a’,b’) € (X NY) X (X NY) such that 

dyp(a,b) S dyp(a, b * neut (b')) ; 

dyp(a,b) < d,,(a * neut(a’), b) and 

dyp (a,b) < d,,(a * neut(a’), b * neut(b’)), then 

dyp(a * neut(a’),b * neut(b')) < d,,(a,b') + d,,(a’, b’) + d,,(a',b) — min (dsp (a’,a’), dyp(b’, By: 
Thus, (((X NY, XNY), *),dyp) is an NTpbMS. 

Theorem 3.6: Let (((X, Y),*),d) a NTbMS. Then, for k € R*, dyp»(x,y) = d(x,y) + k isa NTpbM. 
Proof: 

1) Forall,b€X,a*be€EX and forallc,d €Y ,c*d €Y since dis a neutrosophic triplet bipolar metric. 
11) For all x € X and forall y € Y, 

Any (x,y) 2 d(x,x) = 0 and 

din(iy) 2dy,y) 20. 

Because; 

Ary (x,y) = d(x, y) +k, 

Any (x, x) = d(x,x) +k, 

dip y) 2dy,y) +k, 

d(x,x) =Oand d(y,y) = Ofor allx,yEXxny. 


li) If dy (X,Y) = Agp (XX) = dey (yy) # O the proof is straightforward, since 

Ay (x, x) = d(x,x) +k >0 (d(x,x) = 0) 

dinyy) =adOy)+k>0 (diy,y) =0). 

iv) Forallx,yEXNY , dyy(%,Y) = dyy(y,X) . 

This is because of the fact that d;,,,(x,y) =d(x,y) +k and d(x,y) = d(y,x) forVx,yEXNY. 

v) Let V(x, vy), (x’,y') € X X Y . Foreach (x,y) € X x Y, If there exists at least one (x’, y’) € X X Y such that 


diy (X,Y) S diy (x,y * neut(y')), 


icp (XY) S App (x * neut (x"), y), 


diy (X,Y) S Ax (x * neut(x’), y * neut(y')), 
then 
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Ap (X,Y) S dxp (x * neut(x’), y * neut(y’)) < 
dep X,Y") + dey (X',y') + dey (X',y) — min{d yy (x', x’), Agy (y',y’)}. 
AS dp (%y) = d(x, y) +k and d(x * neut(x'),y *neut(y’)) < d(x,y') + d(x',y’) + d(x’, y), we obtain 
that 
ep (x * neut(x’),y * neut(y’)) < 

d(xy)tkt+dxy)+k+dx'y) +k - min{dyy (x, x"), deny y')} = 

d(x,y') + d(x',y') + d(x',y) + 3k — min{dyp(x', x’), dip y')} = 

d(x,y') + d(x',y') + d(x’, y) + 3k —min{d(x',x') +k,diy’,y') + k}= 

d(x,y') + d(x',y') + d(x’, y) + 3k —min{k, k} = 

d(x,y') + d(x',y') + d(x’, y) + 3k -—k= 

d(x,y')+d(x,y')+d(x',y)+2k. 

In this case, 

kp (x « neut(x'), y * neut(y’)) < Aiep (X,Y") + dyn (X',y!) + dy (X',y) — min{ kp (x", x’), Ley (yiy')}. 
Corollary 3.7: A NTpbMS can be obtained from a NTbMS. 

Definition 3.8: Let (((x ; Y),*), dp») be a NTpbMS. A left sequence (x,.) converges to a right point y 


(symbolically (x,) — y or lim,,_,..(*,) = y) if and only if for every ¢ > 0 there exists ann g € N , such that 
dnp (Xn, Y) < € -min (ass (x, x), dap, y) }for alln > no. Similarly, a right sequence (y,,) converges to a left 
point x (denoted as y,, — x or lim,_..(¥,,) = x) if and only if, for every ¢ > 0 there exists an Ng € N such that, 
whenever n = 19, App (X, Yn) < E€- min {dp (x, xX), dyn (y, y)}. Also, if (u,) 7 u and (u,) ~u, then (wu, ) 
converges to point u ((u,,) is a central sequence). 

Definition 3.9: Let (((X a ey «), dyp) be a NTpbMS, (x,,) be a left sequence and (y,,) be a right sequence in 
this space. (Xp, Yy,) 1s called a NT partial bisequence. Furthermore, if (x,,) and (3,,) are convergent, then (Xp, Yn) 
is called a NT partial convergent bisequence. Also, if (x,,) and (¥,,) converge to same point, then (Xp, y,) 1S 
called a NT partial biconvergent bisequence. 

Definition 3.10: Let (((X, Y); «), dy») be a NIpbMS and (x,, yy) be a NT partial bisequence. (x), yy) 1s 
called an NT partial Cauchy bisequence if and only if for every ¢ > 0, there exists an ng E N , such that 
dnp (Xn» Ym) < € -min {dyp (x, xX), dyn (y, y)} for alln,m = No. 


Definition 3.11: Let (((x ; Y),*), dpp) be a NTpbMS. In this space, if each (x,, y,,) NT partial Cauchy bise- 


quence is a NT partial convergent Cauchy bisequence, then (((x ; Y),*), d, ») is called complete NT partial 


bipolar metric space. 


Conclusion 
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In this study we first obtained NTpbMS. We show that NTpbMS is different from NTpMS and NTMS. Also, we 
show that a NTpbMS will provide the properties of a NTbMS under which conditions are met. Thus, we added a 
new structure to neutrosophic triple structures. Also, thanks to this study, researchers can obtain new fixed point 
theories, neutrosophic triplet partial bipolar normed space, neutrosophic triplet partial bipolar inner product 
space. 

Abbreviations 

bM: bipolar metric 

bMS: bipolar metric space 

pMS: partial metric space 

NT: Neutrosophic triplet 

NTS: Neutrosophic triplet set 

NTM: Neutrosophic triplet metric 

NTMS: Neutrosophic triplet metric space 

NTpM: Neutrosophic triplet partial metric 

NTpMS: Neutrosophic triplet partial metric space 

NTbM: Neutrosophic triplet bipolar metric 

NTbMS: Neutrosophic triplet bipolar metric space 

NTpbMS: Neutrosophic triplet partial bipolar metric space 
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Abstract: In this paper, the concepts of a Neutro-Bl-algebra and Anti-Bl-algebra are introduced, 
and some related properties are investigated. We show that the class of Neutro-Bl-algebra is an 
alternative of the class of Bl-algebras. 
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1. Introduction 


1.1. Bl-algebras 


In 2017, A. Borumand Saeid et al. introduced Bl-algebras as an extension of both a (dual) 
implication algebras and an implicative BCK-algebra, and they investigated some ideals and 
congruence relations [1]. They showed that every implicative BCK-algebra is a Bl-algebra, but the 
converse is not valid in general. Recently, A. Rezaei et al. introduced the concept of a (branchwise) 
commutative Bl -algebra and showed that commutative BI -algebras form a class of lower 
semilattices and showed that every commutative B/-algebra is a commutative BH-algebra [2]. 


1.2 Neutrosophy 


Neutrosophy is a new branch of philosophy that generalized the dialectics and took into 
consideration not only the dynamics of opposites, but the dynamics of opposites and their neutrals 
introduced by Smarandache in 1998 [5]. Neutrosophic Logic / Set / Probability / Statistics etc. are all 
based on it. 

One of the most striking trends in the neutrosophic theory is the hybridization of neutrosophic 
set with other potential sets such as rough set, bipolar set, soft set, vague set, etc. The different 
hybrid structures such as rough neutrosophic set, single valued neutrosophic rough set, bipolar 
neutrosophic set, single valued neutrosophic vague set, etc. are proposed in the literature in a short 
period of time. Neutrosophic set has been a very important tool in all various areas of data mining, 
decision making, e-learning, engineering, computer science, graph theory, medical diagnosis, 
probability theory, topology, social science, etc. 


1.3 NeutroLaw, NeutroOperation, NeutroAxiom, and NeutroAlgebra 


In this section, we review the basic definitions and some elementary aspects that are necessary 
for this paper. 
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The Neutrosophy’s Triplet is (<A>, <neutroA>, <antiA>), where <A> may be an item (concept, 
idea, proposition, theory, structure, algebra, etc.), <antiA> the opposite of <A>, while <neutroA> 
{also the notation <neutA> was employed before} the neutral between these opposites. 

Based on the above triplet the following Neutrosophic Principle one has: a law of composition 
defined on a given set may be true (T) for some set’s elements, indeterminate (J) for other set’s 
elements, and false (F) for the remainder of the set’s elements; we call it NeutroLaw. 

A law of composition defined on a given sets, such that the law is false (F) for set’s elements is 
called AntiLaw. 

Similarly, an operation defined on a given set may be well-defined for some set’s elements, 
indeterminate for other set’s elements, and outer-defined for the remainder of the set’s elements; we 
call it NeutroOperation. 

While, an operation defined on a given set that is outer-defined for all set’s elements is called 
AntiOperation. 

In classical algebraic structures, the laws of compositions or operations defined on a given set 
are automatically well-defined [i.e. true (T) for all set’s elements], but this is idealistic. 

Consequently, an axiom (let’s say Commutativity, or Associativity, etc.) defined on a given set, 
may be true (T) for some set’s elements, indeterminate (/) for other set’s elements, and false (F) 
for the remainder of the set’s elements; we call it NeutroAxiom. 

In classical algebraic structures, similarly an axiom defined on a given set is automatically true 
(T) for all set’s elements, but this is idealistic too. 

A NeutroAlgebra is a set endowed with some NeutroLaw (NeutroOperation) or some 
NeutroAxiom. 

The NeutroLaw, NeutroOperation, NeutroAxiom, NeutroAlgebra and respectively AntiLaw, 
AntiOperation, AntiAxiom and AntiAlgebra were introduced by Smarandache in 2019 [4] and 
afterwards he recalled, improved and extended them in 2020 [5]. 


2. Neutro-BI-algebras, Anti-BI-Algebras 


In this section, we apply Neutrosophic theory to generalize the concept of a Bl/-algebra. Some 
new concepts as, Neutro-sub- BIJ -algebra, Anti-sub- BI -algebra, Neutro- BI -algebra, 
sub-Neutro- BI -algebra, NutroLow-sub-Neutro- BI -algebra, AntiLow-sub-Neutro- BI -algebra, 
Anti- BI -algebra,  sub-Anti- BI -algebra, NeutroLow-sub-Anti- BI -algebra and 
AntiLow-sub-Anti-Bl-algebra are proposed. 


Definition 2.1. (Definition of classical BI-algebras [1]) 


An algebra (X,*,0) of type (2,0) (i.e. X isanonempty set, * is a binary operation and 
0 is aconstant element of X) is said to be a Bl-algebra if it satisfies the following axioms: 

(B) (vx € X)(x * x = 0), 

(BI) (Vx,y © X)@ * (y * x) = x). 

Example 2.2. ([{1]) 

(i) Let X beaset with 0 € X. Define a binary operation * on X By 


0 ifx=y; 
x ifx#y. 


x*yY= 
Then (X,*,0) isa Bl-algebra. 


(ii) Let S be anonempty set and P(S) be the power set of S. Then (P(S),—,@) isa Bl-algebra. 
Since A—A=Q and for every AE P(S). Also, A—(B-—A) =AN(BNA‘)S =AN (BS UA) =A, 
for every A,B € P(S). Thus, (B) and (BI) hold. 
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Definition 2.3. (Definition of classical sub-BI-algebras) 


Let (X,*,0) be a Bl-algebra. A nonempty set S of X is said to be a sub-Bl-algebra of X if 
(Vx,yvES)(x * yES). 


Wenote that X and {0} are sub-B/-algebra. 


Example 2.4. Let X := {0,a,b,c}bea set with the following table. 


Table 1 





Then (X,*,0) isa Bl-algebra. We can see that S = {0,a,b} is asub-algebra of X, T = {0,a,ch}is 


notasub-algebra, since, a,c €T, butc * a= DET. 


Definition 2.5. (Definition of Neutro-sub-BI-algebras) 


Let (X,*,0) bea Bl-Algebra. A nonempty set NS of X is said to be a Neutro-sub-Bl-algebra of 
X if (Ax,y € NS)(x * y € NS)and (Ax,y € NS) such that x*y € NS or x * y =indeterminate. 

We note that X and {0} are not Neutro-sub-Bl-algebras. Since * is a binary operation, and so 
x *y €X, forall x,y € X. Also, there are no x,y € {0} such that x * y € {0}. 

Example 2.6. Consider the Bl-algebra (X,*,0) given in Example 24. S={0,a,c} is a 
Neutro-sub-Bl-algebra, since 0*a =0€S,a*0=ae€ES andc*O0=ce€S,butc*a=beES. 

Definition 2.7. (Definition of Anti-sub-BI-algebras) 

Let (X,*,0) be a Bl-algebra. A nonempty set AS of X is said to be an Anti-sub-Bl-algebra of X 
if (Vx,y € AS)(x *y € AS). 


We note that X and {0} are not Anti-sub-Bl-algebra. Since * is a binary operation, and so 
x*y €X,forall x,y € X. Also, (Vx,y € {0})(x *y € {0}). 


Example 2.8. Consider the BI -algebra (X,*,0) given in Example 2.4. S= {c} is an 
Antisub-Bl-algebra, since c*c =O€S. 

In classical algebraic structures, a Law (Operation) defined on a given set is automatically 
well-defined (i.e. true for all set’s elements), but this is idealistic; in reality we have many more 
cases where the law (or operation) are not true for all set’s elements. In NeutroAlgebra, a law 
(operation) may be well-defined (T) for some set’s elements, indeterminate (J) for other set’s 
elements, and outer-defined (F) for the other set’s elements. We call it NeutroLaw 
(NeutroOperation). 

In classical algebraic structures, an Axiom defined on a given set is automatically true for all 
set’s elements, but this is idealistic too. In NeutroAlgebra, an axiom may be true for some of the 


set’s elements, indeterminate (/) for other set’s elements, and false (F) for other set’s elements. 
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We call it NeutroAxiom. 

A NeutroAlgebra is a set endowed with some NeutroLaw (NeutroOperation) or 
NeutroAxiom. NeutroAlgebra better reflects our imperfect, partial, indeterminate reality. 

There are several NeutroAxioms that can be defined on a Bl-algebra. We neutrosophically 
convert its first two classical axioms: (B) into (NB), and (BI) into (NBI). Afterwards, the 
classical axiom (BI) is completed negated in two different ways (ABI/1) and (ABI/2) respectively. 

e (NB) (Ax € NX)(x *y x =0) and (Ax € NX)(x *y x # 0), 

¢ (NBII) (Ax, y © NX)(x *y (VY *y x) = x) and Gx, y € NX)(X *y GY *y X) # X), 

e (ABI1) (Vx € NX,Ay € NX)(x *y (y *y xX) #X), 

e (ABI2) (Ax € NX,Vy € NX)(x *y (V *y X) FX). 

In this paper we consider the following: 

Definition 2.9. (Definition of Neutro-B]-algebras) 

An algebra (NX,*v,0y) of type (2,0) (ie. NX is anonempty set, *y is a binary operation and 


Oy is a constant element of X) is said to be a Neutro-Bl-algebra if it satisfies the following 


NeutroAxioms: 
(NB) (Ax €ENX)(xX *y x= Oy) and (Ax € NX)(x *y x # Oy or indeterminate), 
(NBI) (Ax,y © NX)(X *y (y *y X) = x) and (Ax,y € NX)(X *y (vy *y xX) #X Or indeterminate). 
Example 2.10. 
(i) Let NX:= { Oy, a,b,c}be a set with the following table. 
Table 2 





Then (NX, *y, Oy) is a Neutro-Bl-algebra. Since a *y a= Oyand b*+y b=a # Oy. Also, 


A*y (b*y a) =a*y b=aand Cc *y (Dey C) =C*yD=bD #e. 


(ii) Let IR be the set of real numbers. Define a binary operation *, on R by x*yy=x+yHl. 
Then (R,*,y,0) is a Neutro-Bl-algebra. Since if x = 0, then 0*+,0=0+0+1=1#0,andif x= 
—0.5, then x*yx=x+x+1=2x+1=-1+1= 0, so (NB) holds. For (NBJ), let x ER. If 
y=-x-—2, then x *y (y*y Xx) =x, andif y # —x —2, then x *y (y*y X) #X. 


(iii) Consider the Bl-algebra given in Example 2.2 (ii), it is not a Neutro-Bl-algebra. Since (NB) 
and (NBI) are not valid. 


(iv) Let S be a nonempty set and P(S) be the power set of S. Then (P(S),N,@) is a 
Neutro-Bl/-algebra. Since 9N@ = @, and for every A# 9, ANA=A#Q. Further, if A & B, then 
AN(BNA)=ANA=A. Also, since A,A° €E P(S), we get AN(ASNA)=ANOD=QOF#A. Thus, 
(NB) and (NBI) hold. Moreover, by a similar argument (P(S), U, 9), is not a Bl-algebra, but is a 
Neutro-Bl-algebra. 


(v) Similarly, (P(S),N,S) and (P(S),U,S) are Neutro-B/-algebras. 
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(vi) Let R be the set of real numbers. Define a binary operation *, on R by x *y y=x*-y. 
Then (R,*y,0) isnot a Bl-algebra. Since 3 *y 3 = 3-3 =6 #0, s0 (B) is not valid. If x € {0,1}, 
then x *, x = 0. If x € {0,1}, x *, x #0. Hence (NB) holds. If x € {—y, y}, then x *y (y *y xX) =X. 
If x€é{-y,y}, then x*\y(y*yx)#x. Thus, (NBI) is valid. Therefore, (R,*y,0) is a 
Neutro-Bl-algebra. 


(vii) Let R be the set of real numbers. Define a binary operation *, on R by x*y y=x*-y. 
Then (R,*y,0) is not a Bl-algebra. Since 3 *y 3 = 3° —-3 = 24 #0, so (B) is not valid. If x € 
{—1,0,1}, then x*yx=0. If x € {-1,0,1}, x*,x+#0. Hence (NB) holds. If x =y, then 
X*y (V*y xX) =x. If x #y, then x *y (vy *y xX) # xX. Thus, (NBI) is valid. Therefore, (IR,*,,0) is a 
Neutro-Bl-algebra. 


Definition 2.11. (Definition of sub-Neutro-BI-algebras) 


Let (NX,*y,0) be a Neutro- B/ -algebra. A nonempty set NS of NX is said to be a 
sub-Neutro-Bl-algebra of NX if (Vx,y € NS)(x *y y € NS) and NS is itself a Neutro-B/-algebras. 

Note that NX is a sub-Neutro-Bl-algebra, because *y is a binary operation, and so it is close. 
{ Ov }is not a sub-Neutro-Bl-algebra, since it is not a Neutro-Bl-algebra because Oy = Oy *y Oy € 
{ Oy}. 

Example 212. Consider the Neutro-Bl-algebra (NX,*y, Oy) given in Example 2.10 (i). NS = 
{0y,a,b}is a sub-Neutro-Bl-algebra of NX, but NT = { 0y,b,c}is not a sub-Neutro-BI-algebra, 
since bE NT, b*yb=aé€ NT. 

Definition 2.13. (Definition of NeutroLaw-sub-Neutro-BI-algebras) 

Let (NX,*y,0y) be a Neutro- BJ -algebra. A nonempty set NS of NX is said to be a 
NeutroLaw-sub-Neutro-Bl-algebra of NX if (Ax,y € NS)(x *y y € NS)and (Ax, y € NS)(x *y y € NS). 

{As a parenthesis, we recall that NS had to be itself a Neutro-Bl-algebra, and this could 
occur by NS satisfying one or more of the following: the (NB) NeutroAxiom, the 
(NBI) NeutroAxiom, or the NeutroLaw. We chose, as a particular definition, the 
NeutroLaw.} 

We note that neither NX nor {0} are NeutroLaw-sub-Neutro-algebra. 

Example 2.14. From Example 2.12, NT = {0y,b,c} is a NeutroLaw-sub-Neutro-Bl-algebra. 
Since b*,C=bE€ENT andb*y b=aé€G NT. 

Definition 215. (Definition of AntiLaw-sub-Neutro-BI-algebras) 

Let (NX,*y,0y) be a Neutro- Bl -algebra. A nonempty set AS of NX is said to be an 
AntiLaw-sub-Neutro-Bl-algebra of X if (Wx,y € AS)(x *y y € AS). 

{Similarly, as a parenthesis, we recall that AS had to be itself an Anti-Bl-algebra, and 
this could occur by AS satisfying one or more of the following: the (AB) AntiAxiom, the 
(NBI) AntiAxiom, or the AntiLaw. We chose, as a particular definition, the AntiLaw.} 

In this case NX is not an AntiLaw-sub-Neutro-Bl-algebra, but {0,y}may or may not be an 
AntiLaw-sub-Neutro-algebra. If Oy *y Oy € {Oy}, then it is not an AntiLaw-sub-Neutro-algebra. If 
On *y On € { Oy}, then it is. 
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Example 2.16. Let NX: = { 0y,a,b,c}be a set with the following table. 
Table 3 





Then (NX,*y, Oy) isa Neutro-Bl-algebra. AS = {b,c} is an AntiLaw-sub-Neutro-B]-algebra, 


because b*y b= b*yc=c*yb=c*yc=a€EAs. 


Definition 217. (Definition of Anti-BI-algebras) 


An algebra (AX,*,,0,) of type (2,0) (ie. AX is a nonempty set, *, isa binary operation and 0, 
is a constant element of AX) is said to be an Anti-Bl-algebra if it satisfies the following AntiAxioms, 

(AB) (Wx € AX)(x *, x #0,), 

(ABI) (Wx,y © AX)(X *4 (Vy #4 X) #X). 

Example 2.18. 

(i) Let N be the natural number and AX:= N U {0}. Define a binary operation * on AX by 
X*,y=xX+yt1. Then (AX,*,,0) is an Anti-Bl-algebra. Since x*,x =x+y+1#0, for all x€ 
AX, and x *4 (y*#4x)=xX*4(vtxt1)=x4+%4+y4+1)4+1=2x+y+2 £0, forall x,y € AX. 

(ii) Let S be a nonempty set and P(S) be the power set of S. Define the binary operation A 
(i.e. symmetric difference) by AAB = (AUB) — (ANB) for every A,B € P(S). Then (P(S),A,S) is 
not a Bl-algebra neither Neutro-Bl-algebra nor Anti-Bl-algebra. Since AAA = @ # S for every A € 
P(S) we get (AB) hold, and so (B) and (NB) are not valid. Also, for every A,B € P(S) — {O}, we 
have AA(BAA) = B #4, and since @ € P(S), we get @A(@AGD) = @. Thus, (ABI) is not valid. 

(iii) Similarly, (P(S),A,9) isnota Bl-algebra neither Neutro-Bl-algebra nor Anti-Bl-algebra. 

(iv) Let S be anonempty set and P(S) be the power set of S. Define the binary operation V 
as AVB = (AUB) UC, for every A,B € P(S), where C is a given set of P(S) and C ¢ {@,A, B}. 
Then (P(S) — {S},V,@) is an Anti-Bl-algebra. Since AVA = (AU A) UC =AUC, which can never be 
equal to @ since C# @. Hence (AB) holds. Also, AV(BVA) # A and so (ABI) holds. 

(v) Let R be the set of real numbers. Define a binary operation *, on R by x *,y =x? +1. 
Then (R,*,,0) isnota Bl-algebra. Since 3 x, 3 = 3*+1=10+#0,s0 (B) isnot valid. Let x,y € R, 
then x*#,x=x?7+1+#0 and x*,(y*,x) =x *, (y*7 +1) =x*+1+#0. Thus, (R *,,0) is an 
Anti-Bl-algebra. 

(vi) Let R be the set of real numbers. Define a binary operation *, on R by x*,y =x? +1. 
Then (R,*,,0) isnota Bl-algebra. Since 3 *, 3 = 3*+1=10#0,s0 (B) isnot valid. Let x,y € R, 
then x *,x = x?+1+#0, thus one has (AB), and x *, (vy *, x) = x *, (v7 +1) = x?+1#0, or one 
has (ABI). Therefore, (R,*,,0) is an Anti-Bl-algebra. 

Definition 219. (Definition of sub-Anti-BI-algebras) 

Let (AX,*,,0,) be an Anti- BIJ -algebra. A nonempty set AS of AX is said to be a 
sub-Anti-Bl-algebra of X if (Vx, y € AS)(x *, y € AS). 

We note that AX is a sub-Anti-Bl-algebra, but {0,} is not a sub-Anti-Bl-algebra, since 
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O, *4 0, E {0g}- 

Example 2.20. Consider the Anti-Bl-algebra (AX,*,,0) given in Example 2.18 (i). N is a 
sub-Anti-Bl-algebra of AX. Since x t+, y=xX+y+t+1EN, forall x,yeEN. 

Definition 221. (Definition of NeutroLaw-sub-Anti-BI-algebras) 

Let (AX,*,,0,) be an Anti- BJ -algebra. A nonempty set AS of AX is said to be a 
NeutroLaw-sub-Anti-Bl-algebra of X if (Ax,y € AS)(x *, y € AS) and (Ax, y € AS)(x *, y € AS). 

In this case AX and {0,}are not NeutroLaw-sub-Anti-Bl-algebras. Since Ax, y € AX such that 


x *, y € AX, and similarly for {0,}. 
Example 2.22. Let AX: = {0,,a, b,c} be aset with the following table. 
Table 4 





Then (AX,*,,0,) isan Anti-Bl-algebra. NS = {a,b} is a NeutroLaw-sub-Anti-Bl-algebra, since 
a*,b=be€ENS andb*,a=c €NS. 


Definition 2.23. (Definition of AntiLaw-sub-Anti-BI-algebras) 


Let (AX,*,,0) be an Anti- BJ -algebra. A nonempty set AS of AX is said to be an 
AntiLaw-sub-Anti-Bl-algebra of X if (Vx,y € AS)(x *, y € AS). 

In this case AX is not an AntiLaw-sub-Anti- B/ -algebra, but {0,} may or may not be an 
AntiLaw-sub-Anti-Bl-algebra. If 0, *, 0, € {0,4}, then it is not an AntiLaw-sub-Anti-algebra. If 
0, *4 0, € {04}, then it is. 

Example 2.24. Consider the Anti-Bl-algebra (AX,*, *,0,) given in Example 2.22. AS = {0,}is 
an AntiLaw-sub-Anti-Bl-algebra of AX, since 0,4 *4 0, = b € AS. 


Note. It is obvious that the concepts of Bl-algebra and Anti-Bl-algebra are different. In the 
following example we show that the concept of Neutro-B/-algebra is different from the concepts of 


BlI-algebra and Anti-Bl-algebra. 


Example 2.25. Let X = R— {0}, endowed with the real division + of numbers. (X,+) is well 
defined, since there is no division by zero. Put x := 3 and y := 2, we obtain 2+ (3+ 2) = - 2; 


and so (BI) is not valid. Then (X,+,—1) is not a Bl-algebra, but it is a Neutro-Bl-algebra, since if 
x=y:= +1, then x+y = (+1) + (41) =14-1. If x =3 and y:=—3, then x+y =3+(-3)= 
—1, and so (NB) holds. For (VBI), again x = y = —1, we get (—1) + ((-1) + (—1)) = —1, and if 


x:=4 and y:=7, wehave 4+(7+4)= ~ #4,so (NBI) holds. Also, we can see that (X,+,—1) is 


not an Anti-Bl-algebra, since (AB) and (ABI) are not valid. 
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3. The Neutrosophic Triplet of Bl-algebra 


In 2020, F. Smarandache defined a novel definition of Neutrosophic Triplet of (Algebra, 
NeutroAlgebra, AntiAlgebra) [4]. In this section we give a particular example, when the Algebra is 
replaced by a Bl-algebra, and we get (Bl-algebra, Neutro-Bl-algebra, Anti-Bl-algebra) as below. 


Definition 3.1. Let U be a nonempty universe of discourse, and X, NX and AX be nonempty 
sets of U, and an operation * defined on the set X, and the same operation restrained to the set NX 
(denoted as *Nn) and to the set AX (denoted as *a) respectively. A triplet (X, NX, AX) endowed with a 
triplet of binary operations (*,*,,*,) and a triplet of constants (0,0,,0,) is said to be The 
Neutrosophic Triplet of BI-algebra for briefly NT-BI-algebra if it satisfies the following Axioms 
{(B), (BI)}, NeutroAxioms {(NB), (NBI)}, or AntiAxioms {(AB), (AB/)} respectively: 


(B) (Wx EX)(x*x=0), 
(BI) (Wx,y EX)(x* (y*x) =X), 
(NB) (Ax €ENX)(x *yx =Oy) and (Ax € NX)(x *y x # Oy or is indeterminate), 
(NBI) (Ax,y € NX)(x *y (V*y X) =X) and 
(dx,y © NX)(X *y (Y *y X) #X Oris indeterminate), 
(AB) (Vx € AX)(x *,x #0,), 
(ABI) (Wx,y © AX)(X *4 (Vy *4X) #X). 
Definition 3.2. A triplet ((S,* ,0), (NS,*y, Oy), (AS,*4,*4)), where S © X, NS © NX and AS € AX 
is said to be a sub-NT-BlI-algebra of NT-Bl-algebra ((X,* ,0), (NX,*y, On), (AX,*4,*4)) if: 
(i) (S,*,0) isa sub-Bl-algebra of (X,* ,0), 
(ii) (VS,*y,0y) is a sub-Neutro-Bl-algebra of (NX,*y, Oy), 


(iii) (VS,*,,0,) is an sub-Anti-Bl-algebra of (AX,*,,0,). 


4. Conclusions 


In this paper, we introduced the notions of new types of sub- BI -algebras. Also, 
Neutro- BI -algebras, sub-Neutro- BI -algebras, NeutroLow-sub-Neutro- BI -algebras, 
AntiLow-sub-Neutro- BI _ -algebras, Anti-Bl-algebras, sub-Anti- BI _ -algebras, 
NeutroLow-sub-Anti- BI] -algebras, AntiLow-sub-Anti- B] -algebras are studied and by several 
examples showed that the notions are different. Finally, the concept of a Neutrosophic Triplet of 
Bl-algebra is defined. For future work we would define some types of NeutroFilters, Neutroldeals, 
AntiFilters, Antildeals in the Neutrosophic Triplet of Bl-algebras. 


Acknowledgments: The first author has been supported by Payame Noor University (Grant No. /47416/7). 


Conflicts of Interest: The authors declare no conflict of interest. 


Akbar Rezaei, Florentin Smarandache, The Neutrosophic Triplet of Bl-algebras 


Neutrosophic Sets and Systems, Vol. 33, 2020 322 


References 


1. Borumand Saeid A.; Kim H.S.; Rezaei A. On Bl-algebras, An. St. Univ. Ovidius Constanta 25 (2017), 177-194. 
https://doi.org/10.1515/auom-2017-0014. 

2.  Rezaei A; Radfar A; Soleymani S. On commutative BI-algebras, Submitted. 

3. Smarandache F. Introduction to NeutroAlgebraic Structures and AntiAlgebraic Structures, Neutrosophic Sets 
and Systems, 31 (2020), pp. 1-16. DOL: 10.5281/zenodo0.3638232. 

4. | Smarandache F. NeutroAlgebra is a Generalization of Partial Algebra, International Journal of Neutrosophic 
Science, 2 (1) (2020), pp. 8-17. http://fs.unm.edu/NeutroAlgebra.pdf. 

5. Smarandache F. Neutrosophy. Neutrosophic Probability, Set, and Logic, ProQuest Information, Ann Arbor, MI, 
USA, 1998. http://fs.unm.edu/eBook-Neutrosophics6.pdf. 


Received: Apr 04, 2020. Accepted: May 07, 2020 


Akbar Rezaei, Florentin Smarandache, The Neutrosophic Triplet of Bl-algebras 


Neutrosophic Sets and Systems, Vol. 33, 2020 


UNSS 0. University of New Mexico 


ny “ 





A Novel Plithogenic MCDM Framework for Evaluating the 
Performance of IoT Based Supply Chain 


Mohamed Grida*!, Rehab Mohamed? and Abdel Nasser H. Zaied? 


‘Faculty of Engineering, Zagazig University; Zagazig, Sharkia, Egypt, Email: mogrida@zu.edu.eg 
2Faculty of Computers and Informatics, Zagazig University; Sharkia, Egypt, Email: rehab_argawy@zu.edu.eg 
3Faculty of Computers and Informatics, Zagazig University; Sharkia, Egypt, Email: nasserhr@zu.edu.eg 

*Correspondence: mogtida@zu.edu.eg; Tel.:+201009996160 


Abstract: The Internet of Things (IoT) is used in the Supply chain management (SCM) systems to 
respond to the globalization of complex and dynamic markets and competitiveness in various supply 
chain scopes. Despite the current buzz about IoT and its role in the supply chain, there is not enough 
empirical data or extensive expertise to guide its implementation. Therefore, this paper addresses the 
ambiguity of assessing the performance of the loT based supply chain by integrating plithogenic set 
with both Best-Worst (BWM) and Vlse Kriterijumska Optimizacija Kompromisno Resenje (VIKOR) 
methods in a decision-making framework tailored for this field. The framework is based on 23 criteria 
that measure different aspects of the performance. The performance of the framework is assessed 
according to the plithogenic set theory and to the neutrosophic set theory using a case study of 
comparing the performance of IoT implantation with the SC of five e-commerce companies using three 
experts. The case study shows that the proposed framework has more consideration of the 
contradiction degree of each criteria to improve the accuracy of the evaluation results. 


Keywords: supply chain management (SCM), Internet of Things (IoT), Multi-criteria decision-making 
(MCDM), VIKOR method, BWM, Plithogenic set 


1. Introduction 


Intensive competition is generated as a result of the globalization of international trade market, 
which increases challenging marketplace requirements. In order to obtain the competition 
requirements, it is necessary to develop an efficient and coordinated supply chain. 


The supply chain (SC) is an integration of business processes (i.e., supplying, producing, 
distributing, and storing), that is converting raw material to final product or service that is utilized by 
customers which satisfy their needs. The SC is usually depicted by the flow of information, finance, and 
material through its stages, while the SCM is the organizing, implementing and monitoring of the 
networks [1]. Many supply chains are suffering from supply-demand incompatibility, overstocking, 
delivery delays, and many other issues. That is why traditional supply chains seem to be more complex, 
uncertain, and susceptible [2]. Thus, it becomes significant to develop a smarter and coordinated supply 
chain that integrates data, information, physical entities, and business processes altogether. 


The variety of organization’s standards, purposes, interests, and market strategies leads to 
ambiguous definitions of the IoT. Kevin Ashton (1999) imagined an interconnected physical world 
through the internet that enables sensors and platforms which allow a real-time feedback, in order to 
consolidate the monitoring and to secure communication [3]. The loT may be defined as: “an intelligent 
infrastructure linking objects, information, and people through the computer networks, and where the 
RFID technology found the basis for its realization [4]”. The main steps toward IoT are data collection, 
the 
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transmission of data across the network, and data processing [5]. Data collection is the first step 
that is responsible for gathering the data about the network objects through main technologies such as 
sensors, RFID technology, or Near Field Communication (NFC) technology [3]. The moment that 
sensing technologies collected the data, it must be transmitted across the network through wired (e.g., 
coaxial cables, and optical fibers) or wireless (e.g., Wi-Fi) technologies [6]. In the last phase, transmitted 
data must be processed and then forwarded to the application. 

The SCM based on IoT refers to the connection of physical objects in order to monitor the 
interaction of a firm with its supply chain, by focusing on information sharing toward facilitating the 
control and the coordination of supply chain processes [2]. The lol based supply chain would possess 
the ability to have great connection across all supply chain phases, and provide intelligent decision- 
making in order to meet the customer expectations. The IoT is applied in a variety of fields such as 
transportation, energy, healthcare, retail, manufacturing, agriculture, and others. 


Understanding the performance of IoT based SC requires effectively measuring the performance 
of all alternatives according to several sets of criteria. The evaluation of IoT based supply chain requires 
considering several aspects such as security, technological infrastructure, the functionality of the 
supply chain, and others that distinguish it from the traditional supply chain. As in many evaluations 
and decision-making problems, there is a defect of uncertain, vague, and incomplete information that 
may lead to anon-optimal decision. Thus, integrating the plithogenic set with neutrosophic set’s triple 
components (truth-membership, falsity-membership, and indeterminacy-membership) should provide 
more accurate assessment results. Plithogenic set increases the accuracy and efficiency of decision- 
making. Plithogeny, introduced by Florentin Smarandache in 2017, is a generalization of neutrosophy. 
The plithogenic set is a set of elements, such that each element x is characterized by attribute values v 
that have a corresponding contradiction degree c(v, D) between them and a dominant attribute value 
D, and by an appurtenance degree d(x, v) of element x to the plithogenic set [7, 22]. 


For measuring the performance of IoT based SC, this research proposed a framework that integrates 
the best-worst method (BWM) and Vlse Kriterijumska Optimizacija Kompromisno Resenje (VIKOR) 
method under plithogenic environment. We present the BWM and VIKOR in the plithogenic 
environment because most of the evaluations face a problem of uncertainty of expert’s judgment, where 
contradiction degree provides more accurate aggregation results of their evaluations. Thus, the features 
of the plithogenic set should efficiently lessen the problem of ambiguity and take into consideration the 
different judgments of decision-makers, helping to choose the optimal decision and obtain the best 
assessment of the IoT based supply chains. 

The present research is organized as follows: Section 2 reviews some literature regarding the 
internet of things and its effect on the supply chain. Section 3 presents the background of the methods. 
Section 4 presents the steps of the proposed integrated framework for measuring the loT based supply 
chain. Section 5 presents a case study of the proposed framework to evaluate the Ecommerce supply 
chain based on the IoT. The conclusions and the future directions of the research are presented in 
Section 6. 


2. Literature review 


There are many studies that focus on IoT and supply chain. For instance, Musa et al. (2016) 
reviewed the importance of RFID technology in SCM [8]. Zhou et al. (2015) introduce a framework of 
traceability of the supply chain based on IoT [9]. Zhang et al. (2017) studied the importance of real-time 
data acquiring based on IoT in the field of perishable foods [10]. Papert et al. (2017) developed a 
hypothetical IoT ecosystem model in order to assess the firms to establish their own ecosystem [11]. Li 
et al. (2017) proposed an efficient management platform to track and trace the pre-packaged food SC 
based on IoT [12]. Chen (2019) evaluated the performance of IoIT based supply chain finance risk 
management performance using the fuzzy QFD method [13]. 
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Different MCDM techniques have been applied in IoT context. Mashal et al. (2019) applied the AHP 
method to evaluate smart objects, applications, and providers of IoT [14]. Uslu et al. (2019) applied AHP 
and ANP methods in order to evaluate the difficulties faced by enterprises when adopting the IoT [15]. 
In order to evaluate the internet of cloud sensors search and selection, Nunes et al. (2017) used SAW, 
TOPSIS, and VIKOR methods [16]. Mohammadzadeh et al. (2018) applied the ANP method under 
fuzzy environment to recognise the most significant oT technology challenges in Iran [17]. Nabeeh et 
al. (2019) applied neutrosophic AHP in order to evaluate the influential factors of IoT in enterprises as 
shown in Figure 1 [18]. On the other side, Ly et al. (2018) evaluate the success factors of loT systems 
using fuzzy AHP method [19]. 

One of the major issues is uncertainty in the evaluation problems that may confuse decision- 
makers. As a generalization of the fuzzy set and intuitionistic fuzzy set, Florentin Smarandache 
introduced the neutrosophic set (1998) [20]. Van et al. (2018) proposed the application of neutrosophic 
QFD in order to solve the problem of green supplier selection [21]. They also studied the influence of 
IoT on the SC using neutrosophic AHP and neutrosophic DEMATEL [2]. The characteristics of the 
neutrosophic set are clearly detailed as follows. 








commis ES : 


Figure 1: Effective Factors for lol enterprise adoption [18] 


3. Methods 


In this study, two MCDM methods (BWM and VIKOR) are employed in order to measure IoT based 
supply chain performance. These methods are based on the plithogenic set in order to increase the 
precision of the evaluation procedure and solve the uncertainty problem in the assessment. 


5A Basic concepts of the neutrosophic set 


Definition 1. Let X be a universe of discourse. A single valued neutrosophic set (SVNS) N over X 
is an object with the form N = {(x,Ty(x), Iy(x), Fy(x)):x € X}, where Ty(x):X > [0,1], Iy(x):X > 
[0,1] and Fy(x):X > [0,1] with 0 < Ty(x*) + Iy(%) + Fy(x) S 3 for all x € X, where TN(x), IN(x) and 
FN(x) represent the truth-membership function, indeterminacy-membership function, and falsity- 
membership function, respectively. A Single Valued Neutrosophic (SVN) number is represented as A = 
(a,b,c) wherea,b,c €[0,1Janda+b+c 3. 

Definition 2. Let 4 = ((a1, a2, a3); a, 0, B) be a SVNS, with truth membership Ta(x), indeterminate 
membership Ia(x), and falsity membership function Fa(x) as follows: 
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hk acre 6, ifa,<x<a, 
(az—-a1) ae Te 
ee “9 ——-4, ifa,sx<a; 
otherwise 
(Q27x) ae, ; 
, a eae ifa,<x<a, 
if x =a, 
F(x) = as a3) : 3 
a(X) = ‘ana,) Pa ifa,<x<a, (3) 
1 otherwise 


Definition 3. Let 4 = ((al1,a2,a3);a,0,,B,) and b = ((b1,b2,b3); ay, 6,,B8,) be two triangular 
neutrosophic numbers (TNN). Then, we have: 
» Addition of two TNN : 


4+ b=((al+b1,a2 + b2,a3 + b3);a_.N ay,,0q UV O5,Ba U By) (4) 
Subtraction of two TNN : 
A— b=((al — b3,a2 — b2,a3 — b1);aqN Ay,, Oq VU Oy, Ba U By) (5) 
» Inverse of two TNN: 
= t= (== ai ~); Aq,9q, Ba), Where (a # 0) (6) 


* Multiplication of two TNN: 
((a1b1, a2b2,a3b3); a, N ay, ,Oq UV 94, Ba U By) if (a3 > 0,b3 > 0) 

Ab = < ((a1b3, a2b2,a3b1);a, Nay,,9q U O5,Ba U By) if (a3 < 0,b3 > 0) (7) 
((a3b3, a2b2,a1b1); a, N ay, , Og UV 94, Ba U By) if (a3 < 0,b3 < 0) 

= Division of two TNN: 


(=, =, =); Xa N ay,,9q U 6,,Ba U Bp) if (a3 > 0,b3 > 0) 


= 4 (HS): a, 1 y,,0q U Op, Ba U By) if (a3 < 0,b3 > 0) (8) 


3 a2 al : 
(==, 5); 41 ay,,0q U 85, Ba U By) if (a3 < 0,b3 < 0) 
3.2 Basic concepts of the plithogenic set 


Smarandache (2017) introduced a generalization of neutrosophy that denotes to genesis, 
construction, improvement and advances of new objects from syntheses of conflicting or non- 
conflicting multiple old objects [22] which is known as plithogeny. The plithogenic set operations are 
plithogenic intersection Ap, plithogenic union Vp, plithogenic complement —p, plithogenic inclusion -, 
and plithogenic equality o. 

In order to obtain more accurate results, the plithogenic set provides high consideration of 
uncertainty of information due to its two main features, the contradiction degree and the appurtenance 
degree. Contradiction (dissimilarity) degree function c(v,D) distinguishes between each attribute value 
and the dominant (greatest preferred) attribute value. The attribute value contradiction degree function 
c(v1, v2) isc: VxV — [0, 1], sustaining the next axioms: 

-  c(vl, v1) =0, contradiction degree between the same the attribute values is zero; 
- c(vl, v2)=c(v2, v1), symbolizing the distinction between two attribute values v1 and v2. 

Abdel-Basset et al. (2019) proposed a model to be applied to measure the performance of hospitals 
in Zagazig city in Egypt using the VIKOR method according to 11 evaluation standards based on 
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plithogenic set [23]. Another application of the plithogenic set was applied in SC sustainability 
evaluation based on QFD [24]. 
Definition 4. [25] Let 4 = (a1, a2,a3) and b= (b1, b2, b3) be two plithogenic sets; operations are: 
= Plithogenic intersection: 
((aix ,j2,4j3), 1 Sts n) Ap (biz, biz, big), 1 St SN) 


2 ((ai Np bin 5 (iz Apr big) + = (ain Vi Diz) Qin Ve bs), 1<i<n. (9) 


=»  Plithogenic union: 
((Ai1 diz, diz), 1 Si Sn) Vp (iz, Diz, big), 1S i Sn) 


= ((ai Ve Dia 5 (ip Ap biz) += (diy Vp Diz), Gin Ap bi), 1sisn. (10) 

where 
ai, Ap biy= [1 — Cp, V1))-trorm Mp, V1) + Cp, V1): tconorm (Vp, 1) (11) 
Qi Vp bi, = [1 — C(¥p, V1 )]- Cconorm 1 V1) + Cp, V1): tnorm Vd V1) (12) 


where, tnorm=aAFb=ab, tconorm aVFb=a+b-—ab 
» Plithogenic complement (negation): 
A((4i,Gi2,4i3), 1 Sisn)= ((@z,a2,4),1 <i <n) (13) 
The appurtenance degree d(x,v) of attribute value v is: xe P, d: PxV— P (0, 1]z), 
so d(x, v) is a subset of [0, 1]z, and P([0, 1] z) is the power set of [0, 1] z, where z = 1, 2, 3, for fuzzy, 
intuitionistic fuzzy, and neutrosophic degrees of appurtenance respectively. 


3.3 The Best-Worst Method (BWM) 


BWM is one of the most efficient and useful methods in multi-criteria decision-making. The model 
of this method is used to find the weight of each selection criteria. The BWM was applied in several 
fields of research such as engineering sustainability [26], financial performance evaluation [27], 
sustainable supplier selection and order allocation [28], evaluating the community sustainability of 
supply chains [29], and Location Selection for Wind Farms [30]. 

In addition, there are several researches that used the BWM under the neutrosophic environment 
and applied it in different topics. For instance, Yucesan et al. (2019) applied neutrosophic BWM in the 
evaluation of the implant manufacturing according to five groups of criteria [31], while Lou et al. (2019) 
proposed an integrated MCDM framework based on the BWM in order to solve the personnel selection 
problem [32]. 

The best-worst method is based on pairwise comparisons of the selection standards on the basis of 
the decision-maker’s preference. Thus, the BWM value is requiring fewer comparisons than the analytic 
hierarchy process (AHP). In order to handle the drawback of discrepancy in AHP comparison, decision- 
makers should identify the most preferred criterion (best) and the least preferred criterion (worst) and 
then stratify the pairwise comparison between these two criteria and the other criteria [33]. Moreover, 
BWM consists of less complexity of comparisons as it exploits only whole numbers. Finally, BWM is 
notable because the redundant comparisons are eradicated. [34]. The phases of the BWM are as follows: 
e Step 1. The first step decision-maker identifies the set of selection criteria based on the problem 

nature N = {ci, c, ..., Cn} 

e Step 2. Determine the best and the worst criteria. 

e Step 3. Obtain the best-to-other vector AB = (aB1, aB2, ...,aBn), which is decision-maker’s judgment 
of the best criterion in comparison with other criteria - using a (1-9) scale, where aBn designates 
the judgment of the best criterion over criterion n. It is obvious that aBB = 1. 

e Step 4. Establish the others-to-worst vector Aw = (aw1, aw2, ..., awn), which is decision-maker’s 
judgment of all criteria in comparison with the worst one - using a (1-9) scale, where awn 
designates the preference of criterion n over the worst criterion. It is also obvious that aww = 1. 

e Step 5. Use the nonlinear programming model to find the optimal criteria weights (W1*, W2*, ..., 
Wn‘* ). 

Min € 
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S.t. 

OBI < €, for allj 

mt — ay < ¢€, for allj 

DW; =1 (14) 


w; = 0 , for all} 


3.4 The Vise Kritertjumska Optimizacija Kompromisno Resenje (VIKOR) method 


VIKOR, proposed by Opricovic (1998), is a useful method to solve complex MCDM problems with 
inconsistent criteria that can assist decision maker to find the optimal alternative. There are several 
studies that applied the VIKOR method in different topics under uncertain environment. Hussain et al. 
(2019) integrated the VIKOR method with interval neutrosophic numbers in situations that need 
consideration of indeterminacy along with the certainty and uncertainty [35]. Wang et al. (2019) 
proposed a framework according to the VIKOR method based on the linguistic neutrosophic set, and 
it was applied in selecting problems of fault handling point [36]. 

The ranking of the alternatives is based on their distance to the ideal alternative. The main steps of 
VIKOR method are described as follows and illustrated in Figure 2: 

e Step 1: Decision-maker evaluates the alternatives based on the selection standards. Build the 
decision matrix based on the decision-maker’s assessment according to the weight of each criterion 
in contrast to the alternatives to be assessed. 

e Step 2: Normalize the decision matrix using Equation 15. 


GC nae "f nal) (15) 


where m is the number of alternatives and n is the number of criteria. 

e Step 3: Distinguish the beneficial and non-beneficial criteria based on the problem nature and the 
decision-maker’s preference. Determine the best values f;"and worst values f; of criteria. If fj is 
beneficial criteria, then f;° = max( fi iy) and f; = min( fi ) . On the other hand, if f; is non-beneficial 
criteria, then f;° = min(f; j) and f; = max( fj i) , 

e Step 4: Calculate the values of S; (maximum group utility) and R; (minimum individual regret of 
the opponent) by Equation 16 and 17: 














_ fi-fij 
= = Ww; * fp (16) 
oe Pr ie | 
R, = max Iw, oa (17) 
where w; id the weight of criteria expressing their importance. 
e Step 5: Calculate the value of concordance index Q; by Equation 18. 
sj;-s* R;-R* 
co’ c= + (1 —¥) a (18) 


where S~ = max;S;, S* = min,S;, RT = max;R; , R* = min;R;, and v is the weight of strategy of 
maximum group utility, usually equal to 0.5. 
e Step 6: The alternatives are ranked according to Q; descending order, where the optimal alternative 
has the minimum Q value. 
e Step 7: There are two conditions that should be satisfied in regard to this rank: 
Condition 1 (acceptable advantage): 
Q(A*) — Q(41) = — (19) 
where A* is the first alternative in Q ranking and A’ is the second, and m is the number of 
alternatives. 
Condition 2 (acceptable stability): as the ranking of Q, A* must be the superior in the ranking of S and 
R. In case that one condition is not satisfied, a set of alternatives is proposed: 
If condition 2 is not satisfied, then A* and A* are compromise solutions; 
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If condition 1 is not satisfied, then A‘, A’, ..., A” are compromise solutions, where A™ is determined 


by Equation 20. 
Q(A™) — Q(44) < (20) 


Determine the set of alternatives G=1, 2, ..., m) Determine the set of criteria (j=1, 2, ..., n) 


Construct the decision matrix Z = [x; i] 


mxn 


Determine the best values fy and the worst values ie of criteria 


Calculate S;, R; and Q; 












A',A’,...,A™ are 


Q(A?) - Q(41) = —? 
om compromise solutions 


i 2 
Check the acceptable A and A oc 
stability compromise solutions 


A’ is the optimal solution 


Figure 2: Flow Chart of VIKOR Method 


4. Proposed framework 


This research proposes an integrated framework to assess the performance of the supply chain 
based on the IoT under uncertainty environment. The BWM method identifies the weights of the 
performance criteria based on the pairwise comparison of the best and worst criteria among the rest of 
the criteria, while VIKOR method evaluates the performance of the loT based supply chains according 
to the selection criteria. The importance of this approach lies in handling the high level of uncertainty 
resulted from the scarce of expertise in the field. Plithogenic set it powerful in handling uncertain 
judgments by considering the truth-membership function, falsity-membership function, and 
indeterminacy-membership function. In addition, the features of the plithogenic set operations provide 
more accurate results. This framework utilizes the advantages of plithogenic set operation, BWM, and 
VIKOR method to provide a more accurate evaluation. The steps of the proposed framework are as 
described below and illustrated in Figure 3: 
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> Phase 1: As in all evaluation problems, acquire the evaluation information by integrating a 
committee of decision-makers. DM = { d,,d,...,d,}. Define a set of criteria that measures the 
performance of the IoT based SC. C = {c,,¢p,...,C,}, and the alternatives (IoT based supply chains) 
that need to be evaluated A = {a,,Q),...,Am}. 

In this research, the proposed framework examines the performance of the IoT based supply chain 
according to 23 criteria (Table 2) that measure the financial cost, service quality, resource consumption, 
degree of customer satisfaction, functionality, technological infrastructure, and security. For validating 
the proposed framework we rank five Ecommerce companies that are managed according to loT based 
supply chain rendering to their performance. 


Table 1: Evaluation Criteria of loT based supply chain [37, 38] 
Main aspects Criteria 


Financial cost A Hardware costs Al 
Software costs A2 
Implementation costs A3 
Maintenance cost A4 

Service quality B Service level B1 
Service flexibility B2 
System reliability B3 
Distribution network quality B4 

Resource consumption C Total number of services Cl 
Rate of actual work C2 
Request frequency /min C3 


Degree of customer satisfaction D Time delivery rate D1 
Order accuracy D2 


Complaint response time D3 
After-sales support D4 
Functionality E Technical compliance of the devices E1 
Operational feasibility of devices E2 
Technological infrastructure F Competence of the system F1 


the association abilities with other systems F2 
the transferability of the system F3 


Security G Level of access control G1 
the level of device verification G2 
the level of encryption G3 
> Phase 2: Apply the BWM (as discussed in section 3.3) to compute the weights of the criteria that 
measure the performance of the IoT based supply chain. 
e Step 1: Regulate the most preferred and the least preferred criteria according to the decision- 
maker’s preference. 
e Step 2: Construct the Best-to-Other vector and Others-to-Worst vector. 
e Step 3: Use the BWM model (14) to find the weight vector. 
> Phase 3: Construct the evaluation matrix based on plithogenic aggregation operation. 


Table 2: Triangular neutrosophic scale for decision matrix 
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Importance Linguistic variable Triangular neutrosophic scale 
Very Weakly important (VWI) ((0.10, 0.2,0.3), 0.1,0.2,0.15) 
Weakly important (WI) ((0.15,0.3,0.50), 0.6,0.2,0.3) 
Partially important (PI) ((0.40,0.35,0.50), 0.6,0.1,0.2) 
Equal important (EI) (0.5,0.6,0.70),0.8,0.1,0.1) 
Strong important (SI) ((0.65,0.7,0.80),0.9,0.2,0.1) 
Very strongly important (VSI) ((0.8,0.75,0.95),0.7,0.2,0.2) 
Absolutely important (AI) ((0.95,0.90,0.95),0.9,0.10,0.10) 


e Step 1: Construct the evaluation matrices in order to evaluate alternatives according to the 
corresponding criteria by decision-makers based on triangular neutrosophic scale as shown in 
Table 1. 

e Step 2: In this step, aggregate the evaluation matrices using plithogenic operator as shown in 
Equations 10, 11, and 12. In this step, the contradiction degree of each criterion should be 
considered in order to provide more accurate aggregation results. 

e Step 3: To make the computations easier, apply the de-neutrosophication of the aggregated 
evaluation matrix using Equation 21 

S(a)==(a, +b, +4) x (2+a-@-8) (21) 
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Figure 3: Phases of the Proposed Framework 


>» Phase 4: Using VIKOR method, rank the IoT based SCs based on their performance evaluation. 
e Step 1: Define the best values and the worst values of criteria. 
e Step 2: Calculate S; and R;. 
e Step 3: Rank the alternatives based on the concordance index Q; 
e Step 4: Check the conditions to find compromise solutions. 


Mohamed Grida, Rehab Mohamed, Abdelnaser Zaid, A Novel Plithogenic MCDM Framework for Evaluating the Performance 


of loT Based Supply Chain 


Neutrosophic Sets and Systems, Vol. 33, 2020 


5. Case study: Evaluation of IoT based Ecommerce supply chains 


333 


The proposed framework based on the plithogenic set is used to measure the loT based Ecommerce 
supply chains performance. The evaluation is obtained by a group of three experts (e): Ecommerce 
management expert (e,), IT expert (e2), and supply chain expert (e3). After the response to questions 
are collected, the assessment of Ecommerce companies managed according to loT based supply chain 


is conducted as follows: 


>» Phase 1: The performance evaluation of the IoT based Ecommerce supply chain is based on 23 
criteria. Evaluate the five companies according to their performance. The judgment of the 
performance is based on three experts. 

> Phase 2: In order to evaluate the weights of the 23 criteria, BWM is applied. Experts define the 
competence of the system as the most sufficient criterion, and the level of device verification as the 
least important criterion. According to the importance rating scale, best-to-other and others-to- 
worst vectors where determined as in Table 3 and 4. After applying BWM model, the weight vector 
resulted is presented in Table 5 and Figure 4. As results show, the competence of the system (F1) 
has the highest weight (0.10961), while the level of device verification (G1) has the lowest weight 


(0.00645). 


Best-to- Al A2 
Others 


0.1 0.5 
F1 D1 D2 
0.8 0.7 


Others-to-Worst 
Al 
A2 
A3 
A4 
Bl 
B2 
B3 
B4 
Cl 
C2 
C3 


Criteria 
Al 
A2 
A3 


A3 


0.2 
D3 
0.4 


Table 3: Best-to-Others Vector 


A4 Bl B2 


0.5 0.6 0.2 
D4 El | 
0.4 0.5 0.4 


Table 4: Others-to-Worst Vector 


0.9 
0.4 
0.9 
0.4 
0.3 
0.8 
0.8 
0.3 
0.6 
0.3 
0.2 


B3 


0.3 


Fl 


0.1 


G2 
D1 
D2 
D3 
D4 
El 
E2 
F1 
F2 
F3 
G1 
G2 
G3 


B4 


0.6 
F2 
0.5 


Table 5: Evaluation Criteria Weights 


weight 
0.10861 
0.03224 
0.08059 


Criteria 


D1 
D2 
D3 


Cl 


0.4 
F3 
0.3 


Weight 
0.02015 
0.02303 
0.04030 


C2 


0.6 
G1 
0.3 


0.2 
0.2 
0.6 
0.5 
0.5 
0.6 
0.9 
0.4 
0.7 
0.7 
0.1 
0.2 
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0.8 
G2 
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G3 
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A4 0.03224 D4 0.04030 
B1 0.02686 El 0.03224 
B2 0.08059 E2 0.04030 
B3 0.05373 F1 0.10961 
B4 0.02686 F2 0.03224 
Cl 0.04030 F3 0.05373 
C2 0.02686 G1 0.05373 
C3 0.02015 G2 0.00645 

G3 0.01791 
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Figure 4; Weights of the Criteria 


> Phase 3: Construct the evaluation matrix according to the three expert’s judgments based on the 


triangular neutrosophic linguistic scale in Table 1, as shown in Table 6. Then, the plithogenic 
ageregation operator is used in combining the evaluations of the three experts. The equidistant 
contradiction degree (the dominant attribute value is 0) of the criteria was defined to ensure more 
accurate aggregation, as shown in Table 7. Using Equation 21, calculate the crisp evaluation matrix 
as shown in Table 8. 

Phase 4: In this phase, the target is to rank the five Ecommerce companies by VIKOR. Table 9 shows 
the normalized evaluation matrix. The values of S;, R; and Q; were calculated as shown in Table 10 
using Equations 16, 17, and 18 respectively. The w; values, found by BWM in phase 2, was 
determined from Table 5. As the results show, company 5 in the top of the ranking, while company 
3 at the end. According to VIKOR conditions, company 5 has the best rank, and it satisfies condition 
1 (0.27649 — 0 > 1/4), and also satisfies condition 2 (company 1 is superior in ranking of S and R 
as well as Q), so company 1 is the optimal solution. 


5.1 Results Discussion and Sensitivity Analysis 


As the results of BWM show, the competence of the system and the hardware costs are the most 
important metric considered to evaluate the loT based Ecommerce supply chains. The second level 
of lol based Ecommerce supply chains performance measure is implementation costs and service 
flexibility. The last level of criteria consist of the level of device verification and level of encryption, 
with weights 0.00645 and 0.01791, respectively. 

According to VIKOR method results, the ranking of companies varies based on parameter v. The 
ranking of Ecommerce companies based on their performance as follows (v=0.5): company 5> 
company 1 > company 4 > company 2 > company 3, as Figure 5 shows. 


Mohamed Grida, Rehab Mohamed, Abdelnaser Zaid, A Novel Plithogenic MCDM Framework for Evaluating the Performance 


of loT Based Supply Chain 


Neutrosophic Sets and Systems, Vol. 33, 2020 335 


e Itis important to mention the impact of chaining the weight of the strategy v within interval [0, 1]. 
The sensitivity analysis on v is shown in Table 11. As Figure 6 shows, usually company 5 is in the 
top of ranking while company 2 is at the end. 

e One of the main contributions of this framework is using the plithogenic aggregation operation 
based on the contradiction degree between the criteria. In order to show the importance of the 
proposed framework, a comparison with neutrosophic set is constructed on the same steps of the 
framework (Figure 7). The results of the proposed framework under neutrosophic set show that 
the ranking of Ecommerce companies based on their performance are as follows (v=0.5) company 
2> company 3 > company 1 > company 4 > company 5 (Table 12). 
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DM1 SI PI EI Al PI 
DM2 WI WI WI El SI 
DM3 VSI EI AI AI VWI 
DM1 VSI AI SI VSI SI 
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((0.416,0.74,1); 0.75,0.2, 0.175) 
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Table 6: Three Expert's Evaluation Matrix 
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Table 7: Aggregated Evaluation Matrix 
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WI 


E1 
VSI 
VSI 

VWI 

SI 

VSI 
VWI 

EI 

VSI 
VWI 

SI 

VSI 
VWI 

EI 
VSI 

Al 


E2 F1 F2 F3 G1 G2 G3 
VSI SI PI WI AI VS SI 
VSI Al EI VSI AI AI Al 

VWI EI VWI VWI EI EI VWI 

EI VSI WI WI VSI EI PI 

VSI Al EI VSI AI AIM Al 
VWI EI VWI VWI EI EI VWI 
EI SI EI EI PI WI VWI 
VSI Al EI VSI AI VSI AT 
VWI EI VWI VWI EI EI VWI 
VSI EI PI PI WI WI VWI 
VSI Al EI VSI AI VSI ATI 
VWI EI EI Al EI EI EI 

EI EI PI PI VSI El EI 
VSI Al EI VSI AI AI Al 
VSI EL VWI VWI EI EI Al 


0.957 


G3 
((0.944,0.513,0.3); 0.45,0.175, 0.15) 
((0.913,0.413,0.17); 0.425,0.15, 0.15) 
((0.89,0.375,0.113); 0.3,0.175, 0.138) 
((0.938,0.575,0.245); 0.65,0.125, 0.113) 
((0.994,0.825,0.659); 0.875,0.1, 0.1) 
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Company 1 
Company 2 
Company 3 
Company 4 
Company 5 


Al 
0.59708 
0.49348 
0.63917 
0.70182 
0.48720 


A2 
0.50577 
0.42727 
0.67507 
0.38793 
0.40808 


A3 
0.37252 
0.57815 
0.69131 
0.66507 
0.59677 


Company 1 
Company 2 
Company 3 
Company 4 
Company 5 
Best (f*) 
Worst (f~ ) 


Alternatives 
Company 1 
Company 2 
Company 3 
Company 4 
Company 5 


Al 
0.0405045 
0.0283441 
0.0487870 
0.0533448 
0.0288259 
0.0283441 
0.0533448 


Si 
0.428163 
0.482287 
0.608172 
0.438928 
0.341968 


Table 8: Crisp Evaluation Matrix 


A4 
0.64020 
0.79660 
0.66567 
0.72577 
0.67318 


B1 
0.36431 
0.32154 
0.43550 
0.34632 
0.30154 


B2 
0.32495 
0.65168 
0.45347 
0.36052 
0.32495 


Table 9: Normalized Evaluation Matrix 


A2 
0.029064 
0.021248 

0.05442 
0.016299 
0.020224 
0.016299 

0.05442 


A3 
0.015767 
0.038905 

0.05707 
0.047904 
0.043251 
0.015767 

0.05707 


Table 10: VIKOR Method Results 


Rank (S) R; 
Z 0.0756318 
4 0.10960727 
5 0.10706501 
3 0.10860727 
1 0.06552981 


F1 F2 F3 
0.71670 0.28558 0.33604 
0.72738 0.25231 0.33604 
0.71670 0.40111 0.52102 
0.68751 0.52324 0.71330 
0.68751 0.28558 0.40886 
G1 G2 G3 
0.069514 0.062172 0.024749 
0.063173 0.056269 0.018385 
0.040245 0.028223 0.013994 
0.038248 0.031895 0.030411 
0.065915 0.058712 0.083386 
0.038248 0.028223 0.013994 
0.069514 0.062172 0.083386 
Rank ( R) Q; (v=0.5) Rank (Q) 
2 0.27649 2 
5 0.76355 4 
3 0.97116 5 
4 0.67077 3 
1 0.00000 1 
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G1 
0.78219 
0.73672 
0.58052 
0.59427 
0.73672 


G2 
0.73973 
0.69531 
0.48615 
0.54268 
0.69531 


G3 
0.46672 
0.39744 
0.34233 
0.52990 
0.82862 
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Figure 5: Ranking of 5 Companies 
Table 11: The Ranking of Companies using different v values 
v=0 v=0.25 v=0.5 v=0.75 v=1 
Alternatives Qi Rank Qi Rank Qi Rank Qi Rank Qi Rank 
Company1 = 0.22919 2 0.25284 2 0.27649 2 0.30014 2 0.32379 2 
Company2 1.00000 5 0.88178 4 0.76355 4 0.64533 4 0.52711 4 
Company3 0.94232 3 0.95674 5 0.97116 %) 0.98558 2) 1.00000 5 
Company4 0.97731 4 0.82404 3 0.67077 3 0.51750 3 0.36423 3 
Company5 0.00000 1 0.00000 1 0.00000 1 0.00000 1 0.00000 1 
Yo 
a 
5 
4 
E 
Pa: a 
P / 
7 7 oe company 5 
_~ company 4 
l jn company 3 
~~ company 2 
0. tin company | 


V=0.5 V=0.25 V=0.75 V=1 V=0 


m™company! Scompany2 Scompany3 Scompany4 company 5 


Figure 6: The Ranking of Companies using different v values 


Mohamed Grida, Rehab Mohamed, Abdelnaser Zaid, A Novel Plithogenic MCDM Framework for Evaluating the Performance 
of loT Based Supply Chain 


Neutrosophic Sets and Systems, Vol. 33, 2020 339 


Table 12: The Ranking of Companies using different v values according to neutrosophic set theory 


v=0 v=0.25 v=0.5 v=0.75 v=1 
Alternatives Qi Rank Qi Rank Qi Rank Qi Rank Qi Rank 
Company 1 0.61344 3 0.58151 3 0.54959 3 0.51766 4 0.48574 4 
Company 2 0.00000 1 0.00000 1 0.00000 1 0.00000 1 0.00000 1 
Company 3 0.32677 2 0.28984 2 0.25291 Z. 0.21597 2 0.17904 2 
Company 4 0.98666 4 0.79200 4 0.59735 4 0.40269 3 0.20803 3 
Company 5 1.00000 5 1.00000 5 1.00000 5 1.00000 5 1.00000 5 


RANK 
SS) ee iN 


— 


0 | a | | 


Company | Company 2 Company 3 Company 4 Company 5 


m= Neutrosophic Set Theory m Plithogenic Set Theory 


Figure 7; Comparison of Companies ranking using plithogenic set theory vs. neutrosophic set theory 


6. Conclusion 


This study formulates the problem of performance evaluation of loT based supply chains as 
an MCDM by using a hybrid BWM and VIKOR methods. Most evaluation problems present 
insufficiencies from the existence of different decision-makers, alternatives, and criteria. That is why 
the proposed framework is based on the plithogenic set. The neutrosophic theory provides highly 
accurate results in vague, uncertain, inconsistent and incomplete information which exists in real life 
judgments. Meanwhile, it takes into account the truth, indeterminacy and falsity degrees for each 
evaluation. 


VIKOR method helps evaluating the alternatives weights compared to the evaluation 
criteria. The weights of the criteria were calculated using the BWM. The proposed framework presents 
an accurate result which is useful in large scale problems with large criteria and alternatives. The first 
phase of this framework defines the evaluation information, such as a group of experts, criteria, and 
alternatives. The second phase comprises the calculation of weights by using BWM method based on 
the plithogenic set. The final phase, based also on the plithogenic set, ranks the alternatives according 
to their performance. 


A case study of lo! based Ecommerce supply chain assessment validates the accuracy and 
reliability of the suggested framework. Based on the literature, there are 23 criteria that measure the 
performance of the five Ecommerce companies. According to three experts’ judgments and using a 
proposed framework based on the BWM, the results show that the top three evaluation criteria are: 
competence of the system F1, hardware costs Al, implementation costs A3. These criteria have a higher 
priority to be considered in the evaluation of loT based supply chains. 
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In this proposed framework, the weight of the decision-makers is not considered. So, decision- 


makers’ weights should be considered to have a more accurate judgment in such evaluation processes. 


In addition, to prove the validity and to improve the accuracy of the proposed framework, it can be 


applied to other fields. 
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